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HERMITE-HADAMARD TYPE INEQUALITIES FOR
(p1, h1)-(p2, hy)-CONVEX FUNCTIONS ON THE CO-ORDINATES

WENGUI YANG

Abstract. In this paper, we establish some Hermite-Hadamard type inequalities for (py, h;)-
(p2, h2)-convex function on the co-ordinates. Furthermore, some inequalities of Hermite-
Hadamard type involving product of two convex functions on the co-ordinates are also
considered. The results presented here would provide extensions of those given in earlier
works.

1. Introduction

The following double integral inequality

b
f(a;b)sﬁf Fdx< M, (L1)

which holds for any convex function f : [a, b] € R — R, is well known in the literature as the
Hermite-Hadamard inequality, see [1, 2]. Since Hermite-Hadamard’s inequality for convex
functions has been considered the most useful inequality in mathematical analysis, it has
received renewed attention in recent years and a remarkable variety of refinements and gen-
eralizations have been found, we would like to refer the reader to the papers [3, 4, 5, 6, 7, 8,
9, 10, 11, 12] and the references cited therein. For example, Dragomir and Fitzpatrick [13]
proved the variant of the Hermite-Hadamard inequality holds for s-convex functions in the
second sense. Sarikaya et al. [14] obtained that variant of the Hadamard inequality holds for
an h-convex function.

Fang and Shi [15] introduced the definition of (p, h)-convex function.

Definition 1.1. Let /: ] — R be a nonnegative and non-zero function. We say that f: I — R s
a (p, h)-convex function or that f belongs to the class ghx(h, p, I), if f is nonnegative and

fax? +1- a)y’”]%) <sh@fx)+hd-a)f(y), 1.2)
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forall x,y € I and a € (0,1). Similarly, if the inequality sign in (1.2) is reversed, then f is said
to be a (p, h)-concave function or belong to the class ghv(h, p, I).

In [15], Fang and Shi obtained the following Hermite-Hadamard type inequalities of (p, h)-
convex function.

Theorem 1.1. If f € ghx(h, p,I) N Li([a, b]) for a,b € I with a < b, then we have

o155 ) 5t

b 1
p-1
20 5 S prar ). * flxydx< [f(a)+f(b)]f0 h(t)dt. (1.3)

Furthermore, they established the following inequality of Hermite-Hadamard type in-
volving product of two convex functions.

Theorem 1.2. Suppose that f and g are functions such that f € ghx(h,p,I),€ ghx(k, p, 1),
fgnLi(la,b]), and hkn Li([0,1]), with a,b € I and a < b, then we have
p
bpP — pp
where M(a, b) = f(a)g(a) + f(b)g(b) and N(a,b) = f(a)g(b) + f(b)g(a).

b 1 1
f xp_lf(x)g(x)deM(a,b)/ h(t)k(t)dt+N(a,b)/ h(t)k(1-10dt,
a 0 0

Let us consider now a bidimensional interval A = [a, b] x [¢, d] € R? with a < b and ¢ < d.
In [16], Dragomir introduced co-ordinated convex function in the following way:

Definition 1.2. A mapping f : A — R is said to be convex on the co-ordinates on A if the
inequality

fx+A-yru+Q-nNw)<trfx,u)+tA-nNfxw+rQ-0fp,u)+A-0A0-rf(y,w),
holds for all #,r € [0,1] and (x, u), (y, w) € A.

For such a mapping Dragomir [16] proved the following Hermite-Hadamard type in-
equalities:

Theorem 1.3. Suppose that f : A — R is convex on the co-ordinates on A. Then one has the
inequalities:

f(“;b,cgd)s%(biafabf(x,c;d)dwdl_cfcdf(“zb,y)dy)

1 b pd
= (b—a)(d—c)fa f flx y)dxdy

< l(Lfbf(x c)dx+;/bf(x d)dx
_4 b_a a ’ b_a a ’

1 4 1 4

- fla,0)+ f(a,d)+ f(b,c)+ f(b,d)
< n )
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This idea of Dragomir inspired many researchers to extend various generalizations of
convex functions on co-ordinates. In 2008, Alomari and Darus [17] defined the co-ordinated

s-convexity in the second sense as follows:

Definition 1.3. A mapping f : A — R is said to be s-convex in the second sense on the co-

ordinates on A if the inequality

fx+A-0Dy,ru+1-rw)
<rfu+t’A-nN*fe,w)+r’' Q-0 f(p,u+A-0°A-r’f,w),

holds for all ¢, r € [0,1], (x, u), (¥, w) € A and for some fixed s € [0, 1].

For such a mapping they proved the following Hermite-Hadamard type inequalities:

Theorem 1.4. Suppose that f : A — R is co-ordinated s-convex on A. Then one has the inequal-

ities:

(R 2 e e gt [ 7))

b pd
= - a)(d c)f f fooy)dxdy

cdx+ —f flx,d)dx

2(s+ 1)

—f f(a,y)dy+—f f(b,y)dy)

f(a,c)+f(a d)+ f(b,c)+ f(b, d)
(s+1)2

For refinements and counterparts of other type convex functions on the co-ordinates, see
[18, 19, 20, 21, 22, 23, 24, 25].
In [26], Latif and Alomari established Hadamard-type inequalities for product of two con-

vex functions on the co-ordinates as follow:

Theorem 1.5. Suppose that f,g : A — [0,00) are convex functions on the co-ordinates on A.

Then one has the inequalities:
b pd
(b-a)(d-c) f f [, yglx, ydxdy
- %L(a' hedr 1_18M(“» b,c,d)+ %N(a, b,c,d),

and
a+b c+d

d
4f( 2 2 ) (b— a)(d C)f f fx, g, y)dxdy
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+£L(a, b,c,d) + lM(a, b,c,d) + gN(a, b,c,d),
36 36 9
where
L(a,b,c,d) = f(a,c)g(a,c)+ f(b,c)g(b,c) + f(a,d)g(a,d)+ f(b,d)g(b,qd),
M(a,b,c,d) = f(a,c)g(a,d)+ f(a,d)g(a,c)+ f(b,c)g(b,d)+ f(b,d)g(b,c)
+f(b,c)gla,c)+ f(b,d)gla,d)+ f(a,c)gb,c)+ f(a,d)gb,d),
N(a,b,c,d) = f(b,c)gla,d)+ f(b,d)g(a,c)+ f(a,c)gb,d)+ f(a,d)gb,c).

In [27], Odemir and Akdemir established Hermite-Hadamard-type inequalities for prod-

uct of convex functions and s-convex functions of 2-variables on the co-ordinates as follow:

Theorem 1.6. f: A — [0,00) be s;-convex function on the co-ordinates and g : A — [0,00) be
So-convex function on the co-ordinates with a < b, ¢ < d for some fixed sy, s € (0,1]. Then one

has the inequalities:

1 b pd
(b-a)(d—-c) f f fx, y)glx, y)dxdy

1 B(s;+1,50+2
L(a,b,c,d)+M

s —— M(a,b,c,d)+[B(s1+1,5 +2)]*N(a, b,c,d),
(s1+s2+1) S1+s+1

and let f : A — [0,00) be convex function on the co-ordinates and g : A — [0,00) be s-convex
function on the co-ordinates with a < b, ¢ < d for some fixed s € (0,1]. Then one has the in-
equality:

a+b c+d 1 b rd
225 . < f f ’ ’ d d

f( 2 2 )<(b—a)(d—c) . . f(xy)g(xy) xdy
"‘LL(abcd)+sz"_?’—s+3
(S+1)2(S+2)2 S (s+1)2(s+2)2

s°+4s5+3
T
(s+1)2(s+2)?

M(a,b,c,d)
N(a,b,c,d),

where L(a,b,c,d), M(a,b,c,d), N(a,b,c,d) are defined in Theorem 1.5, and B(x, *) is Beta
function.

Now we first give a definition of (p, h)-convex functions on A.

Definition 1.4. Let h: ] — R be a nonnegative and non-zero function. A mapping f : A — Ris

said to be (p, h)-convex on the co-ordinates on A if the inequality
FIAXP + A=) yP17, AuP + A - D wP17) < hQ) £, u) + h( - D) f (3, w),

holds for all A € [0, 1] and (x, u), (y, w) € A.
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Furthermore, we introduce the definition of (p, k1)-(p2, h2)-convex functions on the co-

ordinates on A.

Definition 1.5. Let hy, hy : ] — R be two nonnegative and non-zero functions. A mapping f :
A — Ris said to be (p1, h1)-(p2, h2)-convex on the co-ordinates on A if if the partial mappings
fyla,bl = R, f,(w) = f(u,y) and fx : [c,d] — R, fi(v) = f(x,v), are (p1, h1)-convex with
respect to u and (p», hy)-convex with respect to v, respectively, for all y € [¢,d] and x € [a, D].

From the above definition it follows that if f is a co-ordinated (p;, h1)-(p2, h2)-convex

function, then

F(1ExP + = 0y, ruP? + (- rywP?) %)
< h(Dha(r) f(x, u) + hy (O ho (1= 1) f(x, w) + (1 = D ha(r) f (y, w)
+hi(1-0hy(1-1)f(y, w). (1.4)

Similar to the proof of [16, 17], it is easily to see that every (p, h)-convex mapping f: A — Ris
(p, h)-(p, h)-convex on the co-ordinates, but converse is not general true.

Motivated by the results mentioned above, the main aim of this paper is to establish
some new Hermite-Hadamard type inequalities for (pi, 11)-(p2, h2)-convex function on the
co-ordinates on A. Furthermore, some inequalities of Hermite-Hadamard type involving
product of two convex functions on the co-ordinates are also considered. The results pre-
sented here would provide extensions of those given in earlier works.

2. Main results

In this section, we will give the Hermite-Hadamard type inequalities by using (py, h1)-
(p2, hy)-convex functions of two variables on the co-ordinates on A.

Theorem 2.1. Suppose that f: A — R is (p1, h1)-(p2, he)-convex function on the co-ordinates
on A. Then one has the inequalities:

1

1 P14 pPry-- P2 4 gP2 L
4 (3) (1) (=—1"1=—1")

b rd
p1p2 -1 a1
= (bPr — aP1)(dPz — cP2) fa fc xRy f(x y)dxdy

1 1
<1f(@0)+ fad)+ fb.o)+ fba] [ hodt [ oo @
0 0
Proof. According to (1.4) with x”' = saP' + (1 - s)b”', yP' = (1 - s)aP' + sbP', uP? = zcP> + (1 -
2)dP?, wP2=(1-2z)cP>+zdP?and t=r1r = %, we find that

(52 [ ))
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< hl(%)hz(%)(f([sapl + (1= $)bPPT, [2¢P + (1= 2)dP2]7)

+f([sa” +(1 - s)b’”l]ﬂll, [(1-2)cP? + dez]é)
L FU( = 8)aPt + sbP1I7T, [zcP + (1 — 2)dP2]7)
pll

+(A=98)aP +sbP v, [(1—2)cP? + zde]F’_IZ)). (2.2)

Integrating (2.2) with respect to (s, z) on [0, 1] x [0, 1], we obtain

P14 pP ﬁ P2 4 b2 é
(===~
< hl(%)hz(%)(/ol/olf([sapl +(1=$)bP)T, [ze” + (1 - 2)dP] 7 )dsdz

1 1 : X
+f f fsaP + (1 —=s)bP' 17, [(1-2)cP? + zdP?| 2 )dsdz
o Jo
1 pl : :
+f f fU—s)aPr +sbP e, zcP? + (1 - z)dP?1r2)dsdz
o Jo
1 1 . X
+f f U -s)aP* +sbP e, (1—z)cP* + zd’”z]ﬁ)dsdz). 2.3)
o Jo

Using the change of the variable in (2.3), we get

aP +bP g (e dP gy Apipphi(3)he(3) (Pt Ly
([ 2 ] ’[ 2 ] )S(bl’l—a’”l)(dm—cpz)fafc * yu o ydxdy,

which the first inequality is proved. For the proof of the second inequality in (2.1), we first note
that since fisa (p1, h1)-(p2, h2)-convex function on the co-ordinates on A, then, by using (1.4)
with x=a, y=b, u=cand w = d, it yields that

FlleaP + @A - ObP1P [rcP? + (1 r)dPe17z)
< h(D)ha(r) f(a,c) + h(Dha(1=1)f(a,d) + hi (1 - D) ha(r) f (b, €)
+hi(1-0hy(1-1)f(b,d). (2.4)

Similarly, we have

Flita? + @ = BP0, (1= r)cP + rdPe) 7 )
< hi(Dhy(1=r1)f(a,c)+h (Dha(r)f(a,d) +h(1—1)h(1-71)f(b, )
+hi (1= 0ha(r) f (b, ), (2.5)

FLQ= D@ + D717, [reP + (1= a7
< hy(1= Dha (M) f(a, ¢+ 7y (= Dhs (L= 1) f (@, d) + i (D ha(r) £ (B, ©)
iR 2.6)
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and 1 1
fla=0aP +ebP e, [(1-r)cP? + rdP?] )
< hi(1-0hy(A1-1)f(a,c)+hi (1 - hy(r)fa,d)+ h (D ha(1—71)f(b,c)
+hi()ha(r) f (b, d). 2.7)

Adding the inequalities (2.4)-(2.7), we have

F(ltaP + Q= DbP 7, [P + (1= 1)dP172) + f((taP + (= DbP P, [(1 = r)eP? + rdP?] 72 )
+ (1A= 0aP + P [reP2 + (1 - 1)dP2) 7 ) + F(I(L— DaP* + thP |77, [(1 = r)cP? + rdP2) 7 )
< I (Oho(r) + by (Dha (1= 1) + 1y (1= Dha (1) + By (1 = Do (1= P1If (@, ¢) + f(a,d)
+f(b,0) + f(b,d)]. 2.8)

Integrating (2.8) with respect to (£, 7) on [0,1] x [0, 1] and using the change of the variable, we

get
b pd
p1p2 pr=1 . pa-1
(bPr — aPr)(dP: —clﬂz)fa fc XMy f(x y)dxdy
1 1
< [f(a,c)+f(a,d)+f(b,c)+f(b,d)]f hl(t)dtf ho()dt.

0 0

The proof is completed. 0

By using different method, the following inequalities will be obtained.

Theorem 2.2. Suppose that f : A — R is (p1, h1)-(p2, he)-convex function on the co-ordinates

on A. Then one has the inequalities:

Py pPryL oP2 g gpe L
4h1(5h(%) ([al_;_ l]m’[cz_; 2]n2)

b P2 4 P2 L
= 10 )(Zﬁlﬁ am)fa ! lf(x’[¥]m)dx

d p1 p1,L
p2 _ aP'+b
st [ AL e
4h1(§)(dp2—dp2) c 2
b pd
p1p2 pi—1,,p2-1
~ (bPr — aPV)(dP> —CPZ)L ﬁ x y fxy)dxdy

—pl b pl_l b pl—l 1
Sz(bpl—am)(f X f(x,c)dx+fa X f(x,d)dxf hy () d t

Z(dpz—cpz f v lf(a y)dy+f ¥y lf(b ndy f hi(0)dt

< [f(a,0) + f(a,d)+ f(b,c)+ f(b,d)] f hy(t)dt f ha(t)dt. 2.9)
0 0
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Proof. Since f: A — Ris (p1, h1)-(p2, h2)-convex function on the co-ordinates on A, it follows
that the mapping f; : [c,d] — R, fx(¥) = f(x,), is (p2, hy)-convex on [c,d] for all x € [a, b].
Then by using inequalities (1.3), we can write

1 cP2 +dP2 1 3;
P2 p2—1
th(%)fx([ —|")= 5 fy feydy= fx(c)+fx(d)1f ha()dt, Vx € [a, b,

That is,

1lf(x’|:Cp2-|2-dp2]plz) r[ yPe- lf(xy)dy
2

< [f(x, c)+f(x,d)]f ho(t)dt, Vx € [a, b). (2.10)
0

Multiplying both sides of (2.10) by lf’,,llx o ~and integrating with respect to x over [a, b], respec-
tively, we have

b p2 p2 L
: p1 fxpl_lf(x’[c +d ]pz)dx
2Ry () (bPr - aP) Ja 2

b rd
p1p2 pi—1 . po—1
~ (bPr — aP)(dP2 _sz)fa fc Xy f(x, ydxdy
L b ]71—1 b ]71—1 1
= ( X f g dx+ [ xPTf(x, d)dx) hy (fd. 2.11)
bPr —aP Ja a 0

A similar arguments applied for the mapping f) : [a, b] — R, f},(x) = f(x,y), we get

d P pyL
p2 f po—1 ([ @7+ DV 5 J
2 Syar—ary Je 7 === v)ax

b pd
plpz )f f xpl_lypz_lf(X,y)dXdy
a C

= (b —aP)(dP2 — P2

- P (fd P=1f(a,y)d +fd Pl (b, y)d )flh(t)dt (2.12)
T dp2—cr2\J, y s Y Yy 0 ! ' '

c

Summing the inequalities (2.11) and (2.12), we get the second and the third inequalities in
(2.9).

Now, by using the first inequality in (1.3), we also have

L 2 g [ P o

2]11 (%) 2 2 1—aPr Jg, 2
and . p
1 aPr + pPr —1 cP2 + d4P2 7 D2 pa=1 aPt + pPr
th(%)f([ 2 ] ’ [ 2 ] ) = dapz — cbz j; Y f([ 2 ] y)dy (2.14)
Multiplying both sides of (2.13) and (2.14) by 7 ( ; an nd —— TNE) ( 5 , respectively, and adding the

obtained results, we get the first inequality in (2.9).
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Finally, by using the second inequality in (1.3), we can also state that

P1
bpPr — gl

P1
bpPr — gl

d 1
ﬁfc Y fla, ydy < [f(a,C)+f(a,d)]f0 ha(t)dt,

b 1
[ oax = (r@a+ fwen [ mr,
a 0

, 1
f P71 fx,d)dx < [f(a,d)+f(b,d)]f hi()dt,
, 0

and o p . .
m[c Yy f (b, y)dy < [f(b,0) +f(b,d)]f0 ha(t)dt,

which give, by addition, the last inequality in (2.9). The proofis completed. O

Remark 1. In Theorem 2.2, letting p; = p» =1 and h, (¢) = hy(t) = t, Theorem 2.2 reduces to
Theorem 1.3. In Theorem 2.2, letting p; = p2 =1 and h, (t) = hy(t) = t°, Theorem 2.2 reduces
to Theorem 1.4.

Similarly, from the proof of Theorem 2.1, we can obtain the following theorem.

Theorem 2.3. Suppose that f: A — R is (p1, h1)-(p2, he)-convex function on the co-ordinates
on A. Then one has the inequalities:

1

1 alr+bP e reP2+dP ey (P L,y a1
f ) ffx’”l ¥y w(x, y)dxdy
OO Sl T

b prd
< f f xpl_lypz_lf(x, Nw(x,y)dxdy
a C

xpl — apl ) ypz _sz
o

b pd
1—1,,p2—1
S[f(a,c)+f(a,d)+f(b,c)+f(b,d)]fafcx” O e L1 s

)w(x,y)dxdy.
where w : A — [0,00) is a symmetric function with respect to ([ <2 ]ﬁ, [2542] i), that is,
w([mm+(1—t)bpl]ﬁ,[rcP2+(1—r)dP2]$) = w([(l—t)a!’l+tbP1]n_11,[rcP2+(1—r)dP2]v_lz) =
1 1 1 1
w([taP + (1 —0)bPr |, [A=r)cP? +rdP2 |72 ) = w([(1 - aP + tbPr] w1, [(1 - r)cP? + rdP?]?2).

3. Some inequalities involving product of two convex functions

In this section, we will consider some inequalities of Hermite-Hadamard type involving

product of two convex functions on the co-ordinates on A.

Theorem 3.1. Suppose that f,g: A — [0,00) are (p1, h1)-(p2, ho)-convex and (p1, k1) -(p2, ko) -
convex functions on the co-ordinates on A, respectively. Then one has the inequality:

p1p2
(bPr — aPV)(dPz — cP2

b pd
)f f Pyl f(x, y) g (x, y)dxdy
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1 1
< Ml(d,b,c,d)f hl(l')kl(l')dtf ho(D) ko (t)dt
0 0
1 1
+M2(a,b,c,d)f hl(t)kl(t)dtf ho()ko(1—1)dt
0 0
1 1
+M3(a,b,c,d)/ hl(t)kl(l—t)dtf ho(B) ko (t)dt
0 0

+My(a, b, c, d)/1 hi () (1- t)dl‘f1 hy (ko (1-0)dt, 3.1
where ' '
Mi(a,b,c,d) = f(a,c)gla,c)+ f(b,c)gb,c)+ f(a,d)gla,d)+ f(b,d)g(b,d),
Ms(a,b,c,d) = f(a,c)gla,d)+ f(a,d)g(a,c)+ f(b,c)gb,d)+ f(b,d)g(b,c),
Ms(a,b,c,d) = f(a,c)g(b,c)+ f(a,d)gb,d)+ f(b,c)gla,c)+ f(b,d)g(a,d),
My(a,b,c,d) = f(a,c)gb,d)+ f(a,d)g(b,c)+ f(b,c)g(a,d)+ f(b,d)g(a,c).

Proof. Since f is (p1, h1)-(p2, h2)-convex on the co-ordinates and g is (p1, k1)-(p2, k2)-convex

on the coordinates on A, it follows that

f(lza” +(1 - DB [reP? +(1— r)dPZ]i)

< h(Dha(r) f(a,c)+ h (Dhay(1-1) f(a,d) + hy(1- 1) ha(r) f (b, ¢) + hi(1- ) ha(1-1) f (b, d), (3.2)
and 1 X

g(ltaP + (1 - )b" 171, [rcP + (1 —r)dP*]72)

< ki(ka(r)gla,c) +ki(Dko(1-1)g(a,d)+ ki(1-ka(r)g(b,c) + kiy(1- ko, (1-1)g(b,d). (3.3)

Multiplying (3.2) and (3.3) and integrating the obtained result with respect to (¢,r) on [0, 1] x
[0,1], we obtain our inequality (3.1). a

Theorem 3.2. Suppose that f,g: A — [0,00) are (p1, h1)-(p2, ho)-convex and (p1, k1)-(p2, k») -
convex functions on the co-ordinates on A, respectively. Then one has the inequality:

1 ([apl + bP ]pll [sz +dp2]pi2)g([apl +bpP ]le [sz +dp2]piz)
4l (3) k(3 k1 (3)k2(3) 2 2 2 T2
b pd
— p1p2 pi—1_p2—1 dxd
(bm—apl)(dpz_cpz)/afc Xy f yydxdy
< Oy (hy, hy, k1, k) My (a, b, c,d) + Qa(hy, hy, ky, ko) Ma(a, b, ¢, d)
+Q3(hy, ho, k1, ko) Ms(a, b, ¢, d) + Qa(hy, ho, k1, ko) Ma(a, b, ¢, d), (3.4)

where My (a,b,c,d), Mz(a,b,c,d), Ms(a,b,c,d) and My(a, b, c,d) are defined in Theorem 3.1,
and

1 1 1 1
Ql(hl,hz,kl,k2)=f hl(t)hz(r)dtf kl(r)kzu—r)dwf hl(r)hz(l—t)drf k(D (Dd
0 0 0 0
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1 1
+f hl(l')hz(l—t)dtf ki(Hka(1-1)drt,
0 0
1 1 1 1
Qz(hl,hz,kl,kz)zf hlmhzmdrf kl(t)kz(t)dt+f hlmhzu—ndrf K (Dks (1)t
0 0 0 0
1 1
+/ hl(t)hz(l—t)dtf kiOk,(1-1)dt,
0 0
1 1 1 1
Qa(hl,hz,kl,kz)zf hlmhzmdrf kl(t)kz(t)dt+f hlmhzmdrf k(D ks (1— D)t
0 0 0 0

1 1
+f hl(l')hz(l—t)dl’f ki(Hka(1-1)drt,
0 0
and 1 1 1 1
94(h1,h2,k1,kz):f hlmhzmdrf kl(r)kzmdwf hlmhz(t)drf K (Dka(1 - )t
0 0 0 0

1 1
+f hl(l')hz(l—t)dl’f ki1(Hky(t)dt.
0 0

Proof. Since f is (p1, h1)-(p2, he)-convex on the co-ordinates and g is (py, k1)-(p2, k2)-convex
on the coordinates on A, it follows that f} : [a, b] — [0,00), f,(x) = f(x,y) and f; : [c,d] —
[0,00), fx(¥) = f(x,y) are are (p1, h1)-convex and (p2, h2)-convex on [a, b] and [c, d], respec-
tively, where x € [a, b], y € [c,d]. Similarly, gy : [a, bl — [0,00), g,(x) = g(x, y) and gy : [c,d] —
[0,00), gx(y) = g(x,y) are are (p1, k1)-convex and (p», k2)-convex on [a, b] and [c, d], respec-

tively, where x € [a, b], y € [c, d].

Using Theorem 7 in [15] and multiplying both sides of the inequalities by m, we
2 2
get
pbp%pdpL pbn%pdpL
4h1(%)h2(%1)k1(%)k2(%) ([a; ][%Hg([u] [==17)
b P2 4 qP2 -+ P2 4 qP2 -+
_zkl(l)kz(gl(bpl—am)f xm lf(x’[¥]pz)g(x’[¥]m)dx
P2 4 qP P2 4 qb2 L
a5 el 5T
( [sz+dl72]pl2) ( [sz+dpz]pl2)]f I (O ho(l - Dt
P2 4 P P2 4 P
Zkl( )kz( ) f(a’[c 2 4 2] )g(b’[c 2 4 2] )
+f(b,[@]’%)g(a,[%]t) fo hy (D ho(D)dt. 3.5)
and 1 P14 pPrq-L P2 4 qP2 2 P14 pprq-L P2 4 P2 2
aP' + orcPr+ 7 aP' + rorcPr+ s
4 (D h (D k(D ka(d) (= e )
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P1+bl71 ) ([am;bm]ﬁ’y)dy

p2—
2Dy )(dpz o) / Y

_2h1(;hz(%) f([ap erb ] ’C)g([ap ;bp] )
([ %,d)g([“m;rbm " ]f k1 (0k(1- D dt
+2h1(;hz(%) [f([am;bm],,—ﬂ’c)g([ap ;bp ] ’d)
([ a5

Now, by adding (3.5) and (3.6), we obtain

1 aP +bP o (cPr+dP oy aPr +bP o P2+ dP g
2h () ha () k1 (3)k2(3) ([ 2 ] [ 2 ] )g([ 2 ] [ 2 ] )
p1 b cP2 + dpz B3 cP2 + d4P2
_2k1<%)k2<%)<bm—am)f ( ] )g(x[ )

d P14 ph1 P14 pPr
_2h1(%)h2(§)2(dpz—cpz)f ([a ; ] y)g([a ; ] )y
P2 4 A4P2 5 P2 4 4Pz 5
S2k1(§k2()[( [C ; ]p)g(“’[c ; ],,)

( [C"’2+d’”2 s ( [C"’2+d’”2

” ] f hi(Hh,(1-t)dt

Zkl( )kz( ) 2

|
e
(b5
(

Je
5l [ 5]
)

2 ( [61’72+d/’72 2

/ hi()hy(D)dt

a” +bP ap + b7
2h1( )hz()[ [ 2 ] 'C)
([ p1+b171] d) ([ p1+bp1 ] f (61— fdt
Clp +bp ap + b 4
2h1( )hz( )[ 2 ] ’ )
([“m;bm]”ll,d) ([“m;bm fh(t)kz(t)dt 3.7

Applying Theorem 1.2 to each term of right hand side of the above inequality (3.7), we have

2k1(;k2(%) (a [sz -’Z-dpz ] é)g(a’ [sz ;dpz ] ”%) = dpzp—chz fcd Y fa,y)gla,ydy
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1
+[f(a,0)g(a,6)+f(a,d)g(a,d)]f0 ki(Dk,(1-10)dt

1
+[f(a,c)gla,d)+ f(a,d)g(a, c)]f0 k(D ko(t)dt, (3.8

1 f( ’[Cl’z_;_dpz]é)g(b,[cl’z_;_dpz

1 da
P2 p2 p=1¢(p b d
2k (D ka(D) 2 7 )dez—cvzfc ¥ YEbydy

1
+[f(b,c)g(b,c) + f(b,d)g(b,d)] fo k() ko(1=0)dt+[f(b,c)g(b,d)

1
+f(b,d)g(b,0)]f0 ki(Dkx(0)dt, (3.9)
1 cP2 4 4pr: i cP2 4 4r: é P2 fd pa=1
Zkl(%)kz(%) (a’[ 2 ] ) (b’[ 2 ] )S dar: —cp: J, y fla,y)g(b,y)dy

1
+1f (@ gb,0) + fla,d)g(b,d)] fo k(D ks(1— D)t

1
+[f(a,c)gb,d)+ f(a,d)gb, )] /o k() k2 () dt, (3.10)

2k1(;k2(%)f( ’ [sz -’Z-dpz ] ’”—12) (a, [sz -’Z-dpz ]é) = dpzp—chz fcd Y b ygla,ydy

1
H1f (b, 0gla,)+ fb,d)g(a,d)] fo k(D ka(1— D)t

1
+1f (b, O)gla, d)+ f(b,d)g(a, )] fO k(D (D)d1, (3.11)
1 aP' +bPr 5 aP' +bPr 15 p1 b pi-1
2 (D ha(D) [F==1" el =] ’C)Sbm—amfa Aty adx

1
+[f(a,0)g(a,6)+f(b,C)g(b,C)]f0 hi()h,(1-0)dt

1
+[f(a,6)g(b,c)+f(b,c)g(a,c)]f0 hi(hy(n)dt, (3.12)
1 aP' +bP 5 aP' +bP o P /b pi-1
2h1(%)h2(%) ([ 2 ] ,d)g([ 2 ] ’d) = b —ar J, * flx,d)g(x, d)dx

1
+[f(a,d)gla,d)+ f(b,d)g(b, d)]fo h(Oh,(1-0)dt+[f(a,d)g(b,d)

1
+f b dgaa) [ mwhaods (3.13)
1 aP' + Py aP' + bPr 5 p1 fb -1
2l Do) =" el ) =gz |, 7 0t o

1
+1f (@ Agla,d)+ f(b,c)gb,d)] fo I (s (1= Dd 1t

1
+[f(a,c0)gb,d)+ f(b,c)g(a,d)] fo hi (D hy(D)dt, (3.14)
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and

g (5 el 5] )= 2

b
P f(x, d)glx, o) dx
2k (3)h2(3) 2 2 bm_aplfa fx,dg

1
+[f(a,d)g(a,c)+f(b,d)g(b,c)]f0 hi(Oha(1-0dt
1
+[f(a,d)g(b,0)+f(b,d)g(a,6)]/0 hi(Dha(Ddt. (3.15)

Using the inequalities (3.8)-(3.15) in (3.7), we get

1 p1 4 ph Ll P2 4 4Pz L p1 4 ph Ll P2 4 4Pz L
2k (3)ha2 (3K (5) k2 (5) ([a ; ]p ’[C ; ]pz)g([a ; ]p ’[C ; ]pz)
1

b P2 4 4Pz L P2 4 4Pz L
_2k1(%)k2(;1(bpl—apl)fa xpl lf(x’[czz 2]p2)g(x’[62; 2]p2)dx

a P14 pP1 - P4 pPr L
_2h1(%)h2(§)2(dpz—cpz)fc yP2 1f([a1;. l]pl’y)g([al_g l]m,y)dy

d d 1
<P (f ypz‘lf(a,y)g(a,y)dy+f ypz‘lf(b,y)g(b,y)dy)f (0o (1 - dt
dpPz —cP2 \ J. c 0

d da 1
+—t2 (f y”z_lf(a,y)g(b,y)dy+/ y’”z_lf(b,y)g(a,y)dy)f GLAGEE
dprz —cP2 ), c 0

P1
bpPr — g’

b b 1
+bl71’i1ap1(L xpl_lf(x»c)g(x,d)dx+fa xpl_lf(x,d)g(x,c)dx)fo ki(Oka(D)dt

+

b b 1
(f xpl_lf(x,c)g(x,c)dx+f xpl—lf(x’d)g(x,d)dx)f ki(Dk(1-0)dt
a a 0

1 1
+2M1(d,b,0,d)f hl(t)hz(l—l’)dtf kit)ko(1—-0)dt
0 0

1 1
+2M2(a,b,c,d)f hl(t)hz(l—l‘)dt/ ki) ko (D)dt
0 0

1 1
+2M3(a,b,c,d)/ hl(t)hz(t)dt/ ki(Dk,(1-1)dt
0 0

1 1
+2M4(a,b,c,d)f hl(t)hg(t)dtf ko (D ko (D)dt, (3.16)
0 0
and
1 ([apl+bpl]ﬁ [sz_i_dpz]p—lz)g([apl_‘_bpl]ﬁ [sz_‘_dpg]i)
21 (3) k2 (k1 (3)k2(3) 2 2 2 T2

1 1

P | L Pl P

2k D)

d 21 P L P pyL
_ p2 f pa—1 aP' + bP' 5 aP' + bP' 5 d
2 DB ar—cr Je ” e R

d d !
<P (f ypz—lf(a,y)g(a,Y)dy+f y’”z‘lf(b,y)g(b,y)dy)f h(h(1-0dt
dpPz —cP2 \ |, c 0
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+—Cp2f yP271 f(a,y)g(b, y)dy+f yP2=1 £ (b, y)g(a,y)dyf hi (D ha(D)dt

dap:
p1 (/ xpl_lf(x,c)g(x,c)dx+f

[ Ay
bpl_apl a

b b
P1 (f x’”l_lf(x,c)g(x,d)dx+f

+7
bP1 — ght a

x”l_lf(x,d)g(x,d)dxfo k() ko(1 - t)dt
P E(x, d) g (x, c)dx)fol ke (Dka(D)d t
+2M1(a,b,c,d)f01 Iy (6) B (1 - t)dtfol K (Dka(1 - D)t

+2M2(a,b,c,d)f01 (o (1 - t)dtfol k(O ()t

+2Ms(a, b, c,d)fol hl(t)hz(t)dtfol k(D2 (1— Ot

+2My(a, b,c, d)fo1 hl(t)hz(t)dtfol ko (D)o (D) dl . (3.17)

cP2 + P2
2

1
ch2ydr2 | 2
2k ( )kz( )f(x’ 2 ] )g(x'

and integrating over [a, b], we have

By applylng Theorem 7in [15] to ] ) multiplying both

sides by %

bpl aP1

b P2 4 qP2 L P2 4 4Pz L
2k1(%)kz(;1(bl’1—apl)fa ! 1f(x,[¥]”2)g(x’[¥]”2)dx

b pd
_ p1p2 =1 pp-1
(bpl—apl)(dpz_cpg)fa fc Xy f(x, y)dxdy

b b 1
Sﬁ(ﬁ xpl_lf(x,c)g(x,c)dx+fa xpl‘lf(x,d)g(x,d)dx)fo k(DKo (1 - Dt

b b
P1 (f xpl_lf(x,c)g(x,d)dx+f

+7
bP1 — gP a

1
xpl‘lf(x,d)g(x,c)dx)f k1 (Dko(D)dt. (3.18)
0

Similarly by applying Theorem 7 in [15] to e I’lz( )f([ “m;bm ] ﬁ,y)g([@] pll,y), mul-

pay??
dpr2 —cP2

- Pr4+bPr o P14 pP1 -
f [ W (e

b pd
_ pip2 pi=1 . pp—1

< W f yP2~ 1f(a ygla, y)dy+f yP L (b, ) g(b, y)dyf hi(Dho(1-t)dt

tiplying both sides by " and integrating over [c, d], we have

+dp2_cpz f sz_lf(a,y)g(b,y)dwf y’”‘lf(lw)g(a,y)dyfO hi () ha()dt. (3.19)

Adding (3.16)-(3.19), we get

1 Py pPrL oP2 gy gpe L Py pPrL oP2 gy gpe L
4 (3)ha2(3) k1 (3) k2 (3) ([a er ]m’[c ; ") ([a er ]m’[c ; ")
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b rd
_ p1p2 =1 pa—1 dxd
(bPr — aPr)(dP: _ch)fa fc x y [, y)dxdy

d 4 )
<P (/ y”z—lf(a,y)g(a,y)dy+f ypz—lf(b,_)/)g(b,y)dy)/ hy(Dhy(1 - Ddt
dr: —cpz e c 0

d d .
L P2 (f ypz—lf(a,y)g(b,y)dy+f ypz—lf(b,y)g(a,y)dy)f hy(D)ho (1) d t
dapr: —cp2\ J,. ) i

p1
bP1 — gP1

p1
bPr — gb1

b b :
+ (f xpl—lf(x,c)g(x,c)dx+f xm—lf(x,d)g(x,d)dx)f ki (Dka(1—B)dt
a a 0

+

(/abxm—lf(x,c)g(x,d)dx+bepl—1f(x,d)g(x,c)dx)fol ky(Dka(D)dt
+M (a, b,c,d)fol hy () hy(1— t)dtfol ki(Ok,(1-0)dt

+M,(a, b,c,d)fol hy () ha(1— t)dtfol k(O ka(D)dt
+M3(a,b,c,d)f01hl(t)hz(t)dtfolkl(t)kz(l— ndt

1 1
+M4(a,b,c,d)f hl(t)hz(t)dtf ka(D) ko (D)dt. (3.20)
0 0
Applying Theorem 1.2 to each term of right hand side of the above inequality (3.19), we
have

p2 a
de — sz f ypz f(a’y)g(a; J/)dy
Cc

1
< [f(a,c)g(a,c)+f(a,d)g(a,d)]f0 ki (Dka(D)dt

1
+[f(a,c)g(a,d)+f(a,d)g(a,c)]f0 ki(Ok,(1-1)dt, 3.21)

p2 a
de —_ sz f ypz f(b’ y)g(b; J/)dy
Cc

1
< [f(b,c)g(b,c)+f(b,d)g(b,d)]f0 ki (Dko (D dt

1
+[f (b, O)g(b,d) + f(b,d)g (b, c)] fo ke (Dka(1— D)1, 59

p2 a
dpz—cpzf Y7 fla,y)gb ydy
Cc

1
< [f(a,0)g(b,c) + f(a,d)g (b, d)] fo ke (Dka(Dd

1
+1f(a,0)g(b,d) + f(a,d)g(b, )] fo ki (Ok,(1— ), (3.23)

p2 a




bpPr — gb1

bP1 — ght

bPr — aP

bP1 — aP

HERMITE-HADAMARD TYPE INEQUALITIES

< [f(b,0)g(a, o)+ f(b,d)g(a, d)]fo1 ky (Dko (DAt
+Hfb,0)gla,d) + [(b,d)g(a,c)] fo 0k dr,
P1 fabx’”l_lf(x,c)g(x,c)dx

< [f(a,c)g(a,c) +f(b,c)g(b,c)]f01 hi()he(t)dt
+[f(a,c)g(b,c)+ f(b, c)g(a,c)]fo1 hy()ho(1-10)dt,
P1 fabx’”l_lf(x,d)g(x,d)dx

< [f(a,d)g(a,d) +f(b,d)g(b,d)]f01 m(Ohy(t)dt
+(f(a,d)gb,d) + f (b, d)g(a,d)]fo1 hi(t)hy(1-t)dt,
P1 fabx’”l_lf(x,c)g(x,d)dx

< [f(@,00g(a,d) + f (b,)g (b, d)] fo mOhandt
+f(a,0)gb,d) + f(b,0)ga,d)] fo (o ha( -,
P1 fabxpl_lf(x,d)g(x,c)dx

< [f (@, d)g(a,0) + f (b, d)g(b,0)] fo mOhandt

1
+(f(a,d)g(b,c) + f(b,d)g(a, C)]fo h () ho(1-10)dt.

Using the inequalities (3.20)-(3.28) in (3.19), we get

1

4hy (H)ha(3)k1(3)k2(3)

2 2 2

b pd
P1p2 _sz)f f Pl yPl fx, y)dxdy
a Cc

(bPr — aPr)(dP
= Ql (hly h2) kl» kZ)Ml (ay b» c, d) + Qz(hly h2) kl» kZ)MZ(a» b» c, d)

+93(h1» h2) kl» kZ)MB(a» b» c, d) + Q4(h1» h2) kl» kZ)M4(ay b) c, d)»

which give the desired result (3.4). This completes the proof.

([aP1+bP1]p—1l,[CP2+dP2]p—12) ([alﬂ1+bp1]p—1l’[

305

(3.24)

(3.25)

(3.26)

(3.27)

(3.28)

el

O

Remark 2. In Theorems 3.1 and 3.2, letting p; = p2 = 1 and h;(t) = ho(t) = k1 (8) = ko(2) = ¢,
Theorems 3.1 and 3.2 reduce to Theorem 1.5. In Theorems 3.1 and 3.2, letting p; = p» =1,
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and 7y (1) = hp(t) = %, k1 (t) = ko (t) = %2 or hy(t) = ha(t) = k1 (t) = ky(t) = t°, Theorems 3.1
and 3.2 reduces to Theorem 1.6.

Theorem 3.3. Suppose that f,g : A — [0,00) are (p1, h1)-(p2, ho)-convex and (p1, k1) -(p2, ko) -

convex functions on the co-ordinates on A, respectively. Then one has the inequality:

b pd P1_ xP1 Po _ yP2
P1pP2 pi—1_po-1, (BP1 =X ar:—y
(bPr — aP1)(dPz2 — cP2) (g(a, C)L j; X yr? kl(bpl —an )kz(dpz o )f(x,y)dxdy

b pd pP1 _ xP P2 _ oP2
+g(a,d)f f x”l_ly”z_lkl(b al )kz(y ¢ )f(x,y)dxdy
a c

bPr — g dprz — cP2
b pd 1 _ 1 _
gt [ [y (G el G s pdsay
cata) [ [y (2 (2 1 yyaeay)
s az;f;pz mp (f(a, c) fabfcd xpl—lypz—lhl(iz :Z: )hz(zz :JC/Z )g(x, y)dxdy

b pd P1 _ yP1 P2 _ oP2
+f(a,d)f f x’”l_ly’”z_lhl(b al )hz(y ¢ )g(x,y)dxdy
a c

bpb1 — gP1 dpPz — cp2
b prd _ _
cpma [ [t (e (st naxay
b pd _ _
epta [ [ty (= e et )
< _aZ;ZPZ o fabfcd Pl yP L f(x, y)dxdy

+M1(a,b,c,d)f01 hl(t)kl(t)dtfolhz(t)kz(t)dt
+M2(a,b,c,d)f01 hl(t)kl(t)dtfolhz(t)kz(l— ndt
+M;s(a, b, c,d)fo1 hi () (1- t)dtfo1 ha (D) ko (8)dt
+Mjy(a, b, c,d)fo1 hi() ik (1- t)dtfo1 ha (D ko(1-0)dt,
where My (a, b, c,d), Ms(a,b,c,d), Ms(a, b, c,d) and My(a, b, c,d) are defined in Theorem 3.1.

Proof. Since f is (p1, h1)-(p2, h2)-convex on the co-ordinates and g is (p1, k1)-(p2, k2)-convex

on the coordinates on A, it follows that

flita + - HbP T, [reP + (1 - r)dP n%) < (Dha(r) f(a,¢) + b (Dha(1— 1) f(a,d)
+ (1= Dha(r) f(b,0) + hi(1— ha(1=1) f(b,d), (3.29)

and
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g(lta” +(1- DB [reP? + (1 — r)d’”]i) < ki(Dkz(r)g(a,c) + ki (ko (1 -1)g(a,d)
+k1 (1= Dko(r)gb,c) + k(1 - Dko(1—1)g(byd).  (3.30)

By (3.29)-(3.30) and using the elementary inequality, ife< fand p < r,thener+ fp<ep+ fr
foralle, f, p,r € R, we get the following ienquality

f(lza” + (1 - b7 [rcPe +(1—r)d’”]"LZ)(h(t)kz(r)g(a,C)+k1(t)kz(1—r)g(a,d)
+k1 (1= Dka (g (b, ©) + Ky (1= Dk (1 - 1) g (b, )
+g(ltaP + (1 - dP11o  [rcP? +(1—r)dPZ]n_lz)(hl(t)hz(r)f(a,c)
+hi(Ohy(1-1)f(a,d)+hi (1= 0ha(r) f(b,c) + hi(1-1)ha(1 - T)f(b,d))

< f([ta” +(1- t)bpl]r'_ll, [reP? +(1- r)de]TIZ)g([tapl +(1- t)bpl]ﬁ, [reP? +(1- r)dm]%)

(MmO ha(r) f(@,0)+ (D ha(1= 1) f(@,d) + I (1= Dha(r) f(b,¢) + I (1= Do (1 = 1) f (b, )
X(k1(t)k2(r)g(a,6)+k1(t)k2(1—r)g(a,d)+k1(1—t)k2(r)g(b,0)
et (1= Dk (1= 1)g (b, ). (3.31)

By integrating the above inequality (3.31) on [0, 1] x [0, 1] with respect to ¢, r and by taking into
account the change of variables ta” + (1 — t)bP' = x”* and rcP2 + (1 — r)dP? = yP2, we obtain

the desired result. O

Remark 3. In Theorem 3.3, letting p; = p» = 1 and h (1) = hy(t) = k1 (t) = k2(¢) = ¢, Theorem
3.3 reduces to Theorem 10 obtained by Odemir and Akdemir [27].

Theorem 3.4. Suppose that f,g: A — [0,00) are (p1, h1)-(p2, ho)-convex and (p1, k1) -(p2, ko) -
convex functions on the co-ordinates on A, respectively. Then one has the inequality:

p2p2 b pb pd pd pl pl
172 / f f / / / xpl—lypl—lupz—l wP?1
4(bp1_ap1)2(dpz_cp2)2 a Ja Jc Jec Jo Jo

< f(lexP + (1 - t)y”l]ﬁ, [ruP?+(1- r)wm]i)

xg([exP + (= )yP 1o, [ruP? + (1 - r)wpz]é)dtdrdxdydudw

< P1pa fbfdxpl‘ly”ﬂf(x Peglx y)dxdyfl hl(t)kl(t)dtfl ho (ko (£)d t
(bPr — aPr)(dP2 — cP2) Jq Je ' ' 0 0

+(01 +03 +0Os5) M (a, b, c,d) + (01 + 4 + O5) Mz(a, b, ¢, d)
+(0, + O3 + O5)M;s(a, b, c, d) + (O + 04 +0O5)My(a, b, c, d), (3.32)

where M\ (a, b, c,d), My(a,b,c,d), Ms(a,b,c,d) and My(a, b, c,d) are defined in Theorem 3.1,

and

1 1 1 5 pl
@)lzf hz(t)dtf kz(t)dt(f hl(t)kl(t)dt) f ho (ko (1 = D)dt,
0 0 0 0
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1 1 1 1 1
G)zzf hz(t)dl’f kz(t)dl’f hl(t)kl(t)dtf hl(l’)kl(l—t)dl’f (ko (1—1)dt,
0 0 0 0 0
1 1 1 5 pl
®3=f hl(t)dtf kl(t)dt(f hz(t)kz(t)dt) f h Dk (1 - D)dr,
0 0 0 0
1 1 1 1 1
®4=f hl(t)dtf kl(t)dtf hz(t)kz(t)drf hz(t)kz(l—t)dt/ h Dk, (1 - D)dr,
0 0 0 0 0

1 1 1 1 1 1
05 :f hl(t)dtf hz(t)dt/ kl(t)dtf kz(t)dtf hi (D) (1- t)dtf hy(D)ko(1-0)dt.
0 0 0 0 0 0

Proof. Since f is (p1, h1)-(p2, h2)-convex on the co-ordinates and g is (p1, k1)-(p2, k2)-convex
on the coordinates on A, it follows that
flexPr +a - t)ypl]ﬂ_ll, [ruP?+ (1 - r)wm]i)
< hi(@ho(r) f(x, u) + (D ho(1=1) f(x, w) + hi(1 = D ha(r) f(y, u)
+hi(1=-0hy(1-71)f(y, w), (3.33)
and
g(ltxP + A= yP 1w, [ruP? + (1 - w2 7)
S ki(Dka(r)gx,w) + k1 (ko1 -1)g(x, w) + k1 (1= ) k2 (r) g (y, )
+k1(1-0k2(1-1)g(y, w), (3.34)
for t,r €0,1], x,y € [a, bl and u, w € [c, d]. Because f and g are nonnegative, from (3.33) and
(3.34), we get the inequality
FIExP + Q= 0y 1o, [ruP + (- rywP?17 ) g([£xP + (L= HyP 17, [ruP? + (1 - rwP] 7% )

< (h1(t)h2(r)f(x, wW+h (Oh(1-nfx,w)+hQ-Dh (N f(y, )+ hi(1-Dh1-1) f(y, W))

x (kl(t)kz(r)g(x, u)+k1(Dko(1-1r)gx, w) + k1(1-0D k2 (r)g(y, w) + k1(A-D k2 (1-1)g(y, W))
= hi (Dha(Nk (D ka2 (r) f(x, W) g(x, w) + hy () ha (1= 1)k (D k2 (1= 1) f (%, w) g (x, w)
+h(1-Dha(Nk1A-Dk2(r) f(y, wWg(y, ) + (1= ha(1-1) k1 1= ko (1=1) f (y, w) g (y, w)
+hy(ha(1 =)k (D) k2(r) f(x, w)g(x, u) + hy (D) ha (r) ki () ka2 (1 - 1) f (x, w) g (x, w)
+hi(1-0hy (1= k1 (1= k2 (r) f(y, w)g(y, w) + (1= ho (N A-D ko (1=1) f (y, W) g (y, w
+hi(ha (N ki (1= 0 k2(r) f(x, W) g(y, w) + hi (1 — Dha (N k1 (D) k2 (r) f(y, w) g (x, )
+h1(1-0hy(1=r)k1 (D k2(1=7) f(y, w) g (x, w) + hy () ho (A1 =1) k1 (1= ) ko (1-7) f (x, w) g (y, w)
+hi(1—0hy(1 =)k (D k2(r) f(y, w)g(x, u) + hi(1 = Dha (N k1 (D k2 (1= 1) f (3, w) g (x, w)
+h(Oha(1=r) k1 (1= ko (r) f(x, w)g(y, w) + hi () ha (N k1 (1= k2 (1-1) f(x, w) g (y, w). (3.35)

pf p%x”l “lypi-lypa-lyyp2-1
(bP1 —aP1)2(dP2 —cP2)?2

Multiplying both sides of (3.35) by and integrating over [a, b]? x [c, d]? x

[0,1]%, we have

P2P2 b prb pd pd pl 1
G [ L[ [
(bPr —aPV)2(dP2 —cP2)2 J, Ja Je Je Jo Jo
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x f([exP + (1= f)ypl]"L ruP>+(1-r) sz]i)

xg(lexP +(1- t)y”l]l’ll [rupz+(l—r)wpz]m)dtdrdxdydudw

4I91P2 f f p1—1,p.—1 f fl
= Gm—amar—om ), ). X ¥ f,gx,ydxdy A ki (Ddt A ho (D ko (Ddt

4p1 P% e
P P P — o) f / / P uPr T wP T f(x, w) g (x, wdxdud w
- - a c c

1 1
f hl(t)kl(t)dtf hy(Dko,(1—10)dt
0 0

Apip2 bopbord o
+(bp1—al’1)2(dp2_cpz)f / f XMy u”r T f(x, u) g (y, wydxdydu
a a c

1 1
X/ hl(l')kl(l—l')dt/ ho(Dko(t)dt
0 0

+ 4]9%]9% fbfdx”l_lw’”z_lf(x w)dxdwfbfd P=lyPe=loy indydu
(bP1 — aP)2(dP: —cP2)2 J, |, ) . y gyuway
1 1
X/ hi(Hk(1- t)dt/ hy(Dko(1—-1)dt. (3.36)
0 0

Applying Theorems 1.1 and 1.2 to second and third term of right hand side of the inequal-
ity (3.36), we have

p1p? b pd pd
(bP1 — am)(dzpz_cpz)szfxpl_lupz_lwpz_lf(x,w)g(x,u)dxdudw

_ pa=1, p2— P1 pi-1
(dPZ—cPZ)Zf f uP "ty (bpl aplf X flx, w)gx, u)dx)dudw
2 p2=1, p2—1
= (dpz—cpz)ch fc uw ([f(cl,W)g(cl,u)+f(b,W)g(b,u)]fO (ki (Ddt
1
+[f(a,w)gb,u)+ f(b,w)g(a, u)]f hl(t)kl(l—t)dt)dudw
d
W—CW [f wP>" f(a, w)dwf uP>lg(a,uydu
+f wpz_lf(b,w)dwf upz_lg(b,u)du]f m Dk (Ddt
c c 0
d d
+[f wP>" f(a, w)dwf uP>lg(b,u)du
a a |
+f wPZ‘lf(b,w)dwf upz_lg(a,u)du]/ hl(t)kl(l—t)dt)
c c 0

1 1 1
= [f(a,C)+f(a,d)][g(a,6)+g(a,d)]f0 hz(l‘)dtfo kz(t)dtfo h (ki (D)dt

1 1 1
+[f(b,C)+f(b,d)][g(b,C)+g(b,d)]f0 hz(t)dtfo kz(t)dtfo h (ki (D)dt
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1 1 1
+[f(a,c)+f(a,d)][g(b,c)+g(b,d)]f0 hz(t)dtfo kz(t)dtfo h (k1 - )dt
1 1 1
+[f(b,c)+f(b,d)][g(a,6)+g(a,d)]f0 hz(t)dtfo kz(t)dtfo hi(Oki(1-0Ddt
1 1 1
=[Ml(a,b,c,d)+M2(a,b,c,d)1f hz(t)drf kzmdtf Ok (Ddt
0 0 0

1 1 1
+[Ms(a, b, c,d) + My(a, b, c,d)]f hz(t)dtf kz(t)dtf hi(Ok(1-10)dt, (3.37)
0 0 0

and

prz bt pi—1 Pl—l p2—1
T ), J, [T e gty

pi—1,pi— P21
P - apl)Z/ f 7y dpz f W gl nduldxdy
L pri—1,p1—
= aPl)Zf f Wy ([f(x A8, A+ f(x, d)g(y’d)f ha(Dka(Ddt
+[f(x,c)g(y,d)+f(x,d)g,r(y,c)]f0 hz(t)kz(l—t)dt)dxdy
<p7%([fb P=lpc c)dx/b Ple(y0d
= (bpl _ap1)2 " X xr u y g y’ y
b b !
+f xpl‘lf(x,d)dxf y”l‘lg(y,d)dy]f ha (D k(1) d 1
a a 0
b b
+U xpl—lf(x,c)dxf y gy, dydy
b b !
+f x’”l_lf(x,d)de ypl_lg(%c)dt]f hZ(t)kZ(l_t)dt)
a a 0
1 1 1
s[f(a,c)+f(b,6)][g(a»c)+g(b’6)]f0 hl(t)dtfo k1(t)dtf0 ha (D ka()d t
1 1 1
Hf(@d+fbdgad+gbdl [ mde | kod | hokod:
1 1 1
Hf(a,cﬂf(b,cmg(a,d)+g(b,d)]f0 hl(t)dtfo k1(t)dtf0 ha(Dks(1— D)t
1 1 1
+[f(a,d)+f(b,d)][g(d;0)+g(b»0)]f0 hl(t)dt/o kl(t)dtfo ha(Dko(1-1)dt

1 1 1
= [Ml(a,b,c,d)+M3(a,b,c,d)]f hl(t)dtf kl(t)dtf ha (D ko (B)dt
0 0 0

1 1 1
+[Ma(a, b,c,d) + My(a,b, C,d)]f hl(t)dtf kl(t)dtf ho(D k(1 —1)dt. (3.38)
0 0 0

Applying Theorem 2.1 to fourth term of right hand side of the inequality (3.36), we have

P%P% bfdx’”l_lwpz_lf(x w)dxdwfbfd PilyPe=loy andydu
(bPr — aPV)2(dpP: —cP2)2 ), J, ) ). y gyuway



HERMITE-HADAMARD TYPE INEQUALITIES 311

< (f@o+flad+f, c)+f(b,d)]f01 hl(t)dtfolhz(t)dt)
(gta, )+ g(a,d) + g(b,0) +g(b,d)]f01 kl(t)dtfol ko(n)d)
= [M(a, b,c,d)+ M,(a,b,c,d) + Ms3(a,b,c,d) + Ms(a, b, c,d)]
><f1 hl(t)dtfl hz(l‘)dt/1 kl(t)dtfl ko(D)dt. (3.39)
0 0 0 0
Using the inequalities (3.37)-(3.39) in (3.36), we get the desired result (3.32). Oa

Remark 4. Suppose that f, g: A — [0,00) are convex functions on the co-ordinates on A. Then
one has the inequality:

9 b pb pd pd pl ol
4(b_a)2(d_c)2fffffofof(tx+(1—t)y,ru+(1—r)w)g(tx+(1—t)y,

ru+(1-ryw)dtdrdxdydudw

1 b pd 19 5 11
<— , ,Vdxdy+—L(a,b,c,d)+—M(a,b,c,d)+——N(a, b,c,d),
(b—a)(d—c)fafc fopglx ydxdy+ g Lla b e d+ @M@ b, d+ 15, N(a b,e,d)
where L(a, b,c,d), M(a, b, c,d) and N(a, b, ¢, d) are defined in Theorem 1.5.

Remark 5. Suppose that f,g: A — [0,00) are s-convex functions on the co-ordinates on A.
Then one has the inequality:

(1+25)? b b pd pd p1 opl
4(b_a)2(d_c)2fffff()f()f(tx+(1_t)J’»ru+(l—r)w)
gx+(A-ty,ru+(1-rw)dtdrdxdydudw

1 b rd
Sm] f flx, y)glx, yydxdy

(1428)2[T(1+9)]2+2(1+5)°T(2+25)
(1+ $)4[[(2+25)]?
N (2+85+95%+2sH) [T A+ 9%+ (1 +95)*T(2+259)
(1+9)4T(2+25)]?
(3+65+25%)[[(1+5)]?
(1+ )42 +25)]?

+ra +s)]2(

L(a,b,c,d)

M(a,b,c,d)

N(a,b,c,d)
where L(a, b, c,d), M(a,b,c,d) and N(a, b, c,d) are defined in Theorem 1.5.

Remark 6. Suppose that f,g: A — [0,00) are s;-convex and s,-convex functions on the co-
ordinates on A, respectively. Then one has the inequality:

(1+51+52)2 b rb pd pd pl1 pl
4(b_a)2(d_c)2fafafcfcfofof(tx+(1—t)y,ru+(1—r)w)g(tx+(1—t)y,ru+(1—r)w)

dtdrdxdydudw

1 b pd
< m[ f f,vgx,y)dxdy+Z1L(a,b,c,d)+Z,M(a,b,c,d)+E3N(a,b,c,d),
- - a C
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where L(a, b,c,d), M(a,b,c,d) and N(a, b, c,d) are defined in Theorem 1.5, and

B ra+spra+ sz)((l + 51+ 85)°TA+ s +82) +2(1+5) A +52)T (2 + 51 + 52))
B (1+5)2(1+ 52)2[[(2+ 51 + 52)]2 '
_ RO+ 5)?+ 552+ 52) + 514 +552 + )T+ )12 (1 + 52)1?

[1]

1

=2 1+ 521+ 522+ 51 + 52)12
N A+s)A+s)TA+sI'(1+ $2)T(2+ 51+ 82)
(1+51)2(1+ 52)2[C(2 + 81 + 52)]2 '
z, = (1+ 51+ 52)(B+351 +3852 +2515) [T (1 + 51T (1 + 52)°

(1451201 + 52)2[[(2+ 51+ 59)]2

Theorem 3.5. Suppose that f,g : A — [0,00) are (p1, h1)-(p2, ho)-convex and (p1, k1) -(p2, ko) -
convex functions on the co-ordinates on A, respectively. Then one has the inequality:

bpd rl pl p1 P1
P1P2 pi=1,,p2-1 Py @b
P —aP) (P _sz)fa fc fo fo xPu f([tx +1-0— |71,

cP2+dpP 1

—] pz)
2

cP2 + 4P

[ruP>+1-r)

'+b

aP P11 L
xg([txpl+(1—t)T]P1,[ru”2+(1—r) ]PZ)dtdrdxdu

b pd 1 1
p1p2 pi—=1,p2—1
< P —ar)ar _sz)/a fc X u fx,u)g(x, u)dxdufo hl(t)kl(t)dtfo ho(B) ko (t)dt

+(A1+Az+As)Mi(a,b,c,d) + (A1 + As+ As)Ma(a, b, c,d)

+(A2+ Az +As)Ms(a, b, c,d) + (Ao + Ay + As)My(a, b, c,d), (3.40)

where Mi(a,b,c,d), Ma(a,b,c,d), Ms(a,b,c,d) and My(a, b, c,d) are defined in Theorem 3.1,
and

11! 1 1. (!
=22k [ hakadr () + k) [ hatoke - 0]
2 2" Jo 2 27Jo
1 1 1 2
f hz(t)f kz(t)dtdt(f m®k (0dt)
0 0 0
11! 1 1. [ 1
A2 22(2’12(—)162(—)[ hz(t)kz(t)dt+(h2(—)+kz(—))f hz(l‘)kz(l—t)dl‘)f hy(n)dt
2 2" Jo 2 2 7Jo 0
1 1 1
f kz(t)dt/ hl(t)kl(t)dtf hh(Ok(1-10dt,
0 0 0
As =2(2h ik (l)flh Ok (dr+ (I () + (1))f1h (ki (1= 1)
3 = 1 2 1 2 0 1 1 1 2 1 2 0 1 1
1 1 1 2
f hl(t)dtf kl(t)dt(/ hz(t)kz(t)dt) ,
0 0 0
1.1 (! 1 1, (!
=22k [ m@kodes (mG)+ k) [ moka-odd)
2 2" Jo 2 27 Jo

1 1 1 1
f hl(t)dl’f kl(t)dl’f hz(t)kz(t)dl’f hy(Dk,(1-10)dt,
0 0 0 0
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1 1 1 1 1 1
As = 4(4h1(—)h2(—)k1(—)k2(—)f hl(t)kl(t)dtf ha (D ko (D)dt
2 2 2 Jo 0

2

1 1
+2h1(5)k1(5)(h2(

1 1 1 1
~)+ kz(—))f hl(t)kl(t)dtf ho (ko (1 - D)dt
2 27 Jo 0

1 1 1 1 1 1
+2h2(—)k2(—)(h1(—)+k1(—))/ hl(t)kl(l_t)dt/ ha (D) ko (1)dt
2 2 2 27 Jo 0
1 1 1 1 1 1 1 1 1
+(h1(5)k2(5)+h2(5)k1(5)+h1(§)hz(§)+k1(§)k2(§))ﬁ) hi(®ki(1-0dt
1 1 1 1 1
f hz(l')kz(l—l')dt)f hl(l')dtf hz(l')dtf kl(l')dtf ko(t)dt.
0 0 0 0 0

Proof. Since f is (p1, h1)-(p2, ho)-convex on the co-ordinates and g is (p1, k1)-(p2, k2)-convex
on the coordinates on A, it follows that

! p2 P2
Al + -0 a0 -0 )
P2 4 P2 1
< (O ha(r) f(x,w) + hy () ha (1 - r)f(x,[c + %)
n b PrppProa cP2dP2 1
(1= 0ho () f([ S ]77, ) + I (A= ) (=) £ ([ er e ; %), .41

and
g([z‘x”1 +(1-1)

aPr + pPr 1 cPz 4+ 4Pz 1
|71, [ruP*+ (1 -r) ]I'Z)

p2 de 1
< K (Dka(r) fx, u)+k1(t)k2(1—r)f(x[c e

Pi L PrypPr o cP24+dP2 1
]Pl,u)+k1(1—t)k2(1—r)f([a . 7, [ 1), 3.42)

for t,r € [0,1], x € [a,b] and u € [c,d]. Because f and g are nonnegative, from (3.41) and

+k1(1—t)k2(r)f([

(3.42), we get the inequality

P1 P1 1 o s )
N L N S [
n P P2 p2
xg([txpl+(1—t)a +b ]ﬁ,[rupz+(1_r)6 +d ]p_z)
cP2 + dr: P pP
< (@R 06,10+ I (021 = 1) F(x,[ [7) 4+ hy (1= o (1) f(| 4 ", u)
PrypPr 1 p2 dl’z 0
=00 - f ([P ] )
cP2+dre o1
(kl(t)kz(r)f(x,u)+k1([)k2(1_r)f(x’[ %)
aP' + pPr p1 bm 0 P2 4 dr2 L
+k1(1—t)k2(r)f([ +b ]m u)+k1(1—t)k2(1_r)f([ + @ [c + E ))
P2+dp2 1
= hl(t)hZ(r)kl(t)kZ(r)f(x u)g(x u)+hl(t)hzu_r)kl(t)kz(l—r)f(x,[ ]Pz)
dl’z 1 IZEN Y Py ph
g(x,[ ]vz)+h1(1—t)hz(r)kl(l—t)kz(r)f([ ]m’u)g([a + .0
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aPl + pPr 2 cPz 4+ 4Pz 1

+h( - Ohy (- Nk (- Oka(1— 1) F([2 o [=——1™
g([“m;bm]ﬁ,[Cp“;dm]plz)+hl(t)hz(l—r)kl(t)kz(r)f(x,[@]v‘l)g(x,u)
+h1(t)h2(r)k1(t)k2(1—r)f(x,u)g(x,[Cpg;dpz]i)

(1= D ha (= k(1= Do) ([ A2 (2 +dp2]12 g[ﬂ]”ll,u)
+h1(1—t)h2(r)k1(1—t)kz(l—r)f([—]m ug( [am”?p ]ﬁ,[cpzzdm]"_lz)
(Do (MK (1= D (1) f (, u)g([M]ﬁ,u)
+h1(1—t)hz(r)kl(r)kz(r)f([M]ﬁ,u)g(x,u)
+h1(1—t)hz(l—r)kl(t)kz(l—r)f([a +bpl] 2 [Cp2+dp2]ﬂ_lz)g(x [M]ﬁ)
+h1(l‘)h2(1—r)k1(1—t)kz(l—r)f(x;[i]’”z g([apl+bp ]”Ll»[cpzzdm]%)
+h1(1—t)hzu—r)kl(r)kz(r)f([“m;bm]ﬁ,[cmmm]é)g(x,u)
+h1(1—t)hz(l‘)kl(t)kz(l—I‘)f([w]ﬁ,u)g(x,[ﬂ]i)
+h1(t)hz(1—r)k1(1—t)kz(r)f(x,[L]vz g([ﬂ]pﬂ,u)
+h1(t)h2(r)k1(1_t)kz(l—r)f(x’u)g([prl]p%’[%]i). (3.43)

p1paxP " tuP2”!

Multiplying both sides of (3.43) by i —rrygr—z; and integrating over [a, b] x [¢, d] x [0, 1%,

we have

P1p2 pr=1, pa— m Al b
(bpl—apl)(dpz—cm)f fffx uP ([ 0= 0 =

cPz+dPz L
[ru”2+(1—r)T ,,2)

P2 4 P2

P p
14 pPr CT]%)dtdrdxdu

xg([txp1+(1—t)a ]ﬂ_ll,[rup2+(1—r)

< P1p2 /b/dx’”l_lupz_lf(x ug(x u)dxduflh (ki (D)dt
= W —am@r—cr) Ja Je 08D o

! b P2 p2 P2 p2
p - P2 +dP L cP2+dP: L
fohz(t)kz(t)dﬁ(mfa xP lf(x,[i]nz)g(x,[T]nz)dx

2

d P14 ph P14 ph p1 p1
p2 po—1 (@7 D7 L aP'+b aP' +bPr . L
+dp2_cp2j; uP? f([ 72 ]m’u)g([i]ﬂl u)du f([iz ]m,

cP? +dP? L) (ap1+bp1 1L cPr4+dPr? L
- P p1

[ 5 5 171, 5 fohl(t)kl(t)dtfo hy (D k2 (D) d t
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b rd p2 p2
p1p2 -1, p2—1 cP2+d 1
(e [, | = e (e 15517 st waxau

p1p. - cP2 +dl72
+(bP1—aP1§(;P2—cP2)f / xPr1ype lf(x u)g(x,[ ]nz)dxdu

d P1 P1 P 221 P2 P2
P2 Pl oA DM a’ +bPr 1 P2 dPr
N (L ey (L S PN CE

d p1 p1 1 22 P2 p2
__ b2 pa-1 (@7 DL aPr+bPr 1L cP2+dPr 1
+d’72—cP2[cu2 f([ 2 ]pl’”)d”g([ 2 a 2 pz))

1 1
f hl(t)kl(t)dtf ho(Dko(1—1t)dt
0

P1p2 pi=1 pa1 bm :
+((bp1—al71)(dpz_cp2)f / P u T f(x, u)g([ ]P u)dxdu

p1p2 =1 pa—1 aP' + pP Ll
+(bm—am)(dvz—cm)fafc ([ ug e wdxdu

b p2 p2 P P P2 p2
41 p-1 cP2+db2 . L aPr+bPr 1 cP2ydPr 1
+—bl’1—al’1fa X g(x,[—2 ]Pz)dxf([—z ]m,[—z ]pz)

b p2 p2
p1 p-1 cP2+dP? 1
+bp Clplf x f(xr[ 2 ]”Z)dx

Pr 4 pPr P2 4 gP2 1 1
([a s ]pl [C i ]nz))ﬁ hl(lt)kl(l—l‘)dt\[O (O ko (t)dt

d PoppPr 1 cP2ygPe
p1p2 pi=1. po-1 art + ch? +
P —ar)ar—om) f fc P uP T g (x, u)dxduf([ 5 7, [ 5 ]pz)

b p2 p2 d 121 p1
+/ xpl‘lg(x,[—c td ]plz)dxf upz—lf([“ b ]pll,u)du
a 2 ¢ 2

b piqre 1y pd PP 1
pi-1 ot p2—1 a -
+L X f(x,[ 5 ]pz)dxfc ur? g([_ —2 ]P ,u)du

b pd P1 P1 P2 p2
+f f x”l_lum_lf(x,u)dxdug([a b ]ﬁ[c +d ]nlz))
a Jc 2 2

1 1
f hl(t)kl(l—t)dtf ho () ko(1—-1t)dt. (3.44)
0 0

Applying Theorems 1.1 and 1.2 to 2nd-16th term of right hand side of the inequality
(3.44), we have

b p2 P2 P2 P2
_hn p-1 c+dP .1 cPradPr 1
bpl_aplf X f(X;[ 2 ]pz)g(x,[ 5 ]nz)dx

24+ dP2 1 P2y dP2 1 P2y dP2 1 P2y 4Pz 1
S(f(a[c ]nz)g(a,[c 5 ]P2)+f(b,[c 5 ]nz)g(b,[c 5 ]pz))

cP2 +dpr:

P2 4 q4P2 1 1
x](; hl(t)kl(t)dt-l-(f(a,[L]ﬂz)g(b,[T]pz)

e

P2 4 4Pz 1 1
+f(b,[%]pz)g(a [7]@))[0 h(Oki(1-Ddt
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< (If(@ )+ Fla,d)liga, 0 + gla,d) + f(b,e) + f(b,d)]1g(h,c) + glb, d)1)4h2( )kz( )

fhz(l’)dt/ kz(t)dl’f hi(Oki()dr

([ fla, o)+ fla,d)lgb,c) +gb,d)]+1f(a,c) + fladllgbc)+gb, d)])
1 1
x4hz(—)kz(—)f hz(t)f kz(t)dtf h(Dki (1= Ddt
2 2 Jo 0 0
1 1 1 1 1
=(Ml(a,b,C,d)+M2(a,b,C,d))4h2(E)k2(E)f hsz kzmdrdrf Ok (D) dt
0 0 0
1 1 1
+(M3(a,b,6,d)+M4(a,b,6,d))4hz(%)kz(%) f ho 1) f ks (t)didt f (k1= dt,
0 0 0

(3.45)

P1 p1 Pr
p2 / P f([a '+ bP ]m u([a '+b 1%, wdu

daprz — cp2
aP +bPr . L aP +bp1 1 ap1+bp1 1 aPr+pPr 1
(U5 o5 o5 5 )
! Py bl 1 bm .
xf hz(t)kz(t)dt+(f([a ]F’l,c)g([ |71, d)
0
aPt+bPr 1L aP! + P

1 1
+f( |7, d)g(( ”_1,6) f ho(ko(1—1)dt
([f(a o+ f(bollgla,c)+gbol+(f(ad)+ f(bd)llgla,d) +gb, d)])4h1( )kl( )
fhl(t)f kl(t)dtf ha(D ko (B)dt
0 0 0
+{fla,0)+ Fb,0ligla,d) + g(b, ) + [fa,d) + (b d))ga, )+ glb,c)])
1 1 ! 1 1
><4h1(—)k1(—)f hl(t)f kl(t)dtf ho(O ko (1-0)dt
2 2 Jo 0 0
1 1 1
=(Ml(a,b,C,d)+Mg(d,b,C,d))4h1(%)k1(%)f hl(t)f kl(t)dtf hao (D) ko ()dt
0 0 0
1 1 1
+(M2(a,b,c,d)+M4(a,b,c,d))4h1(%)k1(%)f hl(t)f kl(t)dtf ho(Dky(1-t)dt, (3.46)
0 0 0

al’ +bPr L c/’72+d’”2 1 ap1+bp L cPrydPr i
1] Rl I, [

1 1 1 1
= [f(a,C)+f(a,d)+f(b,0)+f(b,d)]4h1(§)h2(§)f0 h1(t)dtf0 hy(t)dt

1 1 1 1
x[g(a,c)+g(a,d)+g(b,c)+g(b,d)]4k1(£)k2(£)f0 k1(t)dtf0 ko (D)dt
= [Mi(a,b,c,d)+ My(a,b,c,d) + Ms(a,b,c,d)+ My(a, b, c,d)]

1 1 1 1
X16h1(l)h2(1)k1(1)k2(1)f hl(t)dtf hg(t)dtf kl(t)dtf kx(ndt, (3.47)
27727202 g 0 0 0
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P1p2 pi-1, pae1
(bpl—apl)(dl’z—cpz)f / X u f( ![

p - CPz
= dpz_chg/ u” (f( )[ ]”Z)g(a u)

+f(b, [ dpz

P2
]P_Z)g(x, wydxdu

[72)g(b,w) duf hy(Dky(Ddt

d p2 p2
p2 _1 cPr+d
+ T f ub? (f(a, [ 5 |7 )g(b )
cP2 + dp
+f(b,[

]"12) (a,u) duf h(ki1-1ndt

1
= ([f(a,c)+f(a,d)]2h2(§)/0 hz(t)dt[g(a,0)+g(a,d)]fo ka(n)dt

1 r! 1 1
+[f(b,0)+f(b,d)]2hz(5)f0 hz(t)dt[g(b,0)+g(b,d)]f0 kz(t)dt)dufo h (ki (D)dt

1 [t 1
+([f(a,C)+f(d,d)]2h2(E)f0 hg(t)dt[g(b,c)+g(b,d)]f0 ko(t)dt

1 1 1 1
Hf(b,0) + [ (b D12 fo ho(0dtlg(a,c)+ gla, d)] fo ko (d1] fo I (ki (1 0t
1 1 1
=(Ml(a,b,c,d)+M2(a,b,c,d))2hz(%)f hzmdtf kzmdrf I (0ky (Ddt
0 0 0

1 1 1
+(Ms(a, b,c,d) + My(a, b, c, d))ZhZ(%)f hz(t)dtf kz(t)dt/ hi(Oki(1-0dt, (3.48)
0 0 0

b pd p: p2
plpz pl—] p: -1 C +d 1
(bPr — aPr)(dP2 _sz)f f X ur? f(xr u)g(x,[ ]Pz)dxdu
d ps
p +adr
< dpz_chzf ub?~ (f(a u)g(a[ ]72)

dpz
+f (b, u)g(b [ o

p2 duf h(Oki(t)dt

d cP2+dP? 1
+dpzp—20172 / upz_l(f(a’ wg(b | %)

2
dpz
+f(b, u)g(a [

. 1
]PZ))duf h (ki (1 - Ddt
0

1 1
< ([f(a,6)+f(a,d)]f0 hz(t)dt[g(a,c)+g(a,d)]2kz(z)f0 ko (t)dt

1 1 1 1
HFB.0+Fbd)) | a(0drlgb,o+ b2k [ kwdt)au [ mwkod:

1 1 1
H{if@o+fal [ nwdigwo+gbdize) | kod

1 1 ! 1
+[f(b,0)+f(b,d)]fO hz(t)dt[g(a,c)+g(a,d)]2k2(§)f0 kz(l‘)dt)fo h (ki (1-1t)dt
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1 1 1
:(Ml(“'b'c»d)+M2(a»b»c,d))2kz(%)f hz(t)dtf kz(t)drf m (ki (ndt
0 0 0

1 1 1
+(M3(a,b,c,d)+M4(a,b,c,d))2kz(%)f madt [ keode [ moka-ndr, 649
0 0 0

apl + bpl 1 sz + dpz L)

]m wduf(| ! 7

p2 d [
dpP2 — cb2 g 2

< (g([alﬂ1+bm]L )+g([ P1+bp ]pll'd))folkz(t)dtf([am;bpl]ﬁ [

2
1 ! 1
s[g(a,c)+g(b,c)+g(a,d)+g(b,d)]2k1(i)f0 kl(”dtfo ko (Dt

1 1! 1
x[f(a,c)+f(b,c)+f(a,d)+f(b,d)]4h1(§)h2(§)f0 hl(t)drfo ho(0dt

= [Mi(a,b,c,d)+ My(a,b,c,d) + M3(a,b,c,d) + Mas(a,b,c,d)]
1 1 1 1

xshl(l)hz(l)kl(l)f hl(t)drf hz(t)dtf kl(t)dtf kDt
2" ) | i

L+ b ”+b’7 1 cPrydPr
dpzp_chzf xP f([a ]Pl u)dxg([a ]m’[c ],,2)

2
< [M(a,b,c,d)+ M>(a, b, c,d)+ Ms(a, b, c,d) +M4(a, b,c,d)]
1 1 1. ! 1 1 1
x8h1(—)k1(—)k2(—)f hl(t)dtf hz(t)dtf kl(f)dtf ko ()dt,
27277 )y ) A A

b rd m
p1p2 R a’ +b
(bpl—apl)(dpz_cpz)fa fc Pl f e wg (|

b
P1 f xpl—l(f(x,c)g([a

=
bpr —ar J,

p1
+f(x,d)g(| a

b
P1 f xP1~ (f(x,c)g([

P 1
]"l,u)dxdu

PrypPr o1
]m,c)

bP

, 1
]P_l,d))dxf ho (D ko (D) d 1

aPt bp1 1
* ]m,d)

+
bp1 — gh1
aP' + p”

L dg( 17, 0) dxf ha(Dka(1— D)t
0

1 L g
s([f(a,c)+f(b,c)]f0 h1(t)dt[g(a,c)+g(b,c)]2k1(5)f0 ki (dt

")

(3.50)

(3.51)

! 1 ! 1
+[f(a,d)+f(b,d)]f0 hl(t)dt[g(d;d)+g(b,d)]2k1(£)f0 kl(t)dt)deO I (ko (D)t

1 L
+([f(a,C)+f(b,C)]fO hl(t)dt[g(d,d)+g(b,d)]2k1(£)f0 ky(t)dt

! 1 ! 1
+[f(a,d)+f(b,d)]f0 hl(t)dt[g(a,c)+g(b,C)]2k1(E)f0 kl(t)dt)dxfo ho (ko (1= D) d ¢

1 1 1
= (Mi(a,bc,d) + Mata e, d2k ) [ o [ ko [ hokzode
0 0 0
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1 1 1
+(M3(a, b, c,d) + My(a, b,c,d)Zkl(%)f hl(t)dtf kl(t)dtf ho(Dk,(1-0)dt,  (3.52)
0 0 0

p1p b’”1 1
(bpl—apll)(;lﬂz_cpz)f / XMt f([ ]Pl,u)g(x,u)dxdu

1
< (Ml(a,b,c,d)+M3(a,b,c,d))2h1(5)f hl(t)dtf kl(t)dtf ho (D ko (t)dt
0 0 0
1 1 1
+(M2(a,b,0,d)+M4(a,b,0,d)2h1(%)f hl(t)dtf kl(t)dtf ho(Dk,(1-1t)dt, (3.53)
0 0 0

aP' +bPr. L cPr4dPr

5 ]F’l,[ 5 ]pz)

b +dP2
s f g, [—]pz)dx £
cP2 + sz aPr+pPr_1 P24 4dP2 1

= (gt [T 4 g0 S ) [ aoanr (S [

= [g(a,C)+g(b,C)+g(a,d)+g(b,d)]2kz(£)f0 k1(t)dtf0 ka(n)dt

1 1 ! 1
X[f(“’CHf(b»c)+f(a,d)+f(b,d)14h1(5)hz(5)f0 hl(t)drfo hy(n)dt
= [M(a, b,c,d)+ My(a,b,c,d) + M3(a,b,c,d) + Ms(a,b,c,d)]

1 1 1 1
xshl(l)hz(l)kz(l)f hl(t)dt/ hz(t)dtf kl(t)dtf ka(t)dt, (3.5
2 2 2 Jo 0 o o

b P2 4 p1 p2 p2
p1 f xpl—lf(x,[c ]I'Z)dxg([a '+b ]nll [c +d ]plz)
a

bpb1 — gP1
= [Ml (ay b» c, d) + MZ(ay b» c, d) + M?)(a) b) c, d) + M4(a» b» c, d)]

1 1 1 1
xshz(l)kl(l)kz(l)f hl(t)dtf hz(t)dtf kl(t)dtf ka(n)dt, (3.55)
2772727 o 0 0 b
b p2 p2 da P
p1p2 pi-1 cP2+d L f a1 aPr+b L
(bpl—am)(dvz—cpz)fa gl [ x| uP (] wdu
< [Mi(a, b, ¢,d) + Ma(a, b, c,d) + M3(a, b, c,d) + Ma(a, b, ¢, d)]
1 1 1 1
x4h1(l)k2(l)f hl(t)dt/ hz(t)dtf kl(t)dtf ka(n)dt, (3.56)
27727 ) 0 0 0

dr: bP1
(bpl—azﬁm—cm)f X lf(x'[c . ]”z)dxf ur g([L]"Il,u)du

= [Ml(ar brcyd)+M2(a; b,C,d)+M3(a, b, C,d) +M4(a’ b,C,d)]
1 1 L 1 1 1
x4h2(§)k1(5)f hl(l‘)dt/ hz(t)dtf kl(t)dtf ko (D) dt, (3.57)

p1p2 pi-1,p 1+b’”1 L ocPryaPr L
(bm_am)(dpz_cpz)f f X ut g (x u)dxduf([ 71, [ 5 ]72)
= [Ml(a» b» c, d) +M2(a» b» c, d) +M3(a) b) c, d) +M4(a» b» c, d)]

1 1 1 1
x4h1(l)h2(l)f hl(t)dtf hg(t)dtf kl(t)dtf kx(n)dt, (3.58)
2 2 Jo 0 0 0
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’”1+l)”l 1 cPr+dPr oo

plpz p1— 1 p2— 1 ; o
(bm_am)(dpz_cpz)f f xPtuP T f(x wydxdu g([ 7 [ 5 ]72)

1 1 !
= [Ml (a; b; c, d) + MZ(a» br c, d) + Ms(ar br c, d) + M4(a; b; c, d)]4k1(5)k2(§)f hl(t)dt
0

1 1 1
f hz(t)dtf kl(t)dtf ko (D)dt. (3.59)

0 0 0
Using the inequalities (3.45)-(3.59) in (3.44), we get the desired result (3.40). a

Remark 7. Suppose that f, g: A — [0,00) are convex functions on the co-ordinates on A. Then

one has the inequality:

c+d
(b- a)(d C)/ ffff(tx‘i'(l—t) ru+(1-r) > )

)dtdrdxdu

xg(tx+(1 u+(1—r)

37 1 29
SR — 180 Y dxdy+ >~ Lia,b,c,d) + — M(a, b,c,d) + — N(a, b, c,d),
(b—a)(d—c)fafc Jeogtopdxdy g L@b, e+ Mabe.d+i Nabed

where L(a, b,c,d), M(a,b,c,d) and N(a, b, c,d) are defined in Theorem 1.5.

Remark 8. Suppose that f,g: A — [0,00) are s-convex functions on the co-ordinates on A.

Then one has the inequality:

(1+25)? fffff“ vi-n® va- )c+d)
b—a)d-o) . o >

)dtdrdxdu

xg(tx+(1—t) ru+(1—r)

a ’ ’ d d H L ’b’ ’d H M »b» )d H N yb» yd)
< (b_a)(d—c)ﬁ ‘/Cv f(x J/)g(x J/) X y+ 1 (a C )+ 2 (a Cc )+ 3 (a c )

where L(a, b,c,d), M(a,b,c,d) and N(a, b, c,d) are defined in Theorem 1.5, and

. 2372525 [T (1 + 8)]12 +T(1 +25)) s 2481+ 912+ (1 +49T (1 +25))
1= ’

(1+ 921 +25)(1+25) (1+8)4T(1 +2s)
M — 227251+ [T+ 912 2S[T A +8)]12 +T(1 +25)) 24—4S(21+S[r(1+s)]2+(1+43)r(1 +25))
2 1+ )2(1+25)I(1+25) (1+5)*T(1+25) ’
M = 25 [C(1+ 9@ CA+ 92+ T (1 +29)) +24 BRIFSIA+ 912+ 1 +49T( +29))
5 (1+9)2(1+25) [ +25)]2 (1+8)4T(1+25)

Remark 9. Suppose that f,g: A — [0,00) are s;-convex and sp-convex functions on the co-
ordinates on A, respectively. Then one has the inequality:

(1+51+52)2f fff ~ o c+d
b-0d-0 flx+(1 t) ,ru+(1 r) 5 )

)dtdrdxdu

xg(tx+(1—t) ,ru+(1—r)
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1 b prd
< m/ f f, g, ydxdy+Z,L(a,b,c,d)+Z,M(a,b,c,d)+Z3N(a,b,c,d),
- - a C

where L(a, b,c,d), M(a, b, c,d) and N(a, b, ¢, d) are defined in Theorem 1.5, and

2=

27N P (14 5+ 8) + (227 + 227 (L + 5T (L + 1)
A+s)A+s)(A+51+5)T(A+87+82)

(247291725 4 27281 4 93778 4 D2TEND(L 4 51 + 55) + 2577227 427 )1+ 5T (1 + 51)

2

’

(1+51)2(1 + 52)2T (1 + 51 + $2)
C(4TA+ )T+ 52) (25757211 + 51+ 52) + 2175 +2172) (1 + s)T(1 + 51))
B (1+51)(1+82)(1+ 51+ 85)T(1+ 57 + 52)

(247291725 4 927281 4 93778 4 D2TEND(L 4 51 4 55) + 25772270 427 ) (1+ 5T (1 + 51)

3

i

(1+51)2(1 + 52)2T (1 + 51 + $2)
T+ ST+ 5) (2379721 + 51+ 85) + (2279 +227 )T (1 + 5T (1 + 51))
B (1+5)(1+52)(1+ 51 +5)T(1+ 51 +52)

(247291725 4 927251 4 93=51=%2 L 2272\ (1 4 §) + §) + 237172275 4 27 (1 + s))[(1 + 51)

(1]

(11]

(12]

[13]

(145121 +52)2T (1 + 51 + 89)
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