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GROWTH OF COMPOSITE ENTIRE FUNCTIONS

R. CHANKANYAL AND S. K. VAISH

Abstract. The growth of maximum term of a composite entire function is compared with that

of the maximum term of its left and right factors.

1. Introduction.

Let f(z) = > .07 s anz" be an entire function. Then as usual p(r, f) = max,>q |an|r"
is called the maximum term of f(z) on |z| = 7 and M(r, f) = max|,|—, |f(2)] is called
the maximum modulus of f(z) on |z| = r.

The numbers pf(p, q) and Af(p, q) are, respectively, called the (p, ¢)-order and lower
(p, q)-order of f(z) having index-pair (p, ¢) and are defined as [1]:

[p] =
- sup log” M(r, f) _Pr Ps(pa) : (1.1)
r—oo inf 1og[q1 r Ar = Ar(psq)

[0]

where p and ¢ are integers such that p > ¢ > 1, log"' z = z, and 1og["] T = log(log“hl] x)

for 0 < log" Yz <00, n=1,2,3,...
Some theorems that will be of use to us are:

Theorem A. (Singh [2]). For 0 <r < R, we have

bl £) < M f) < = (R, ). (12)

Theorem B. (Juneja, Kapoor and Bajpai [1]). If f(z) is an entire function then

1 [p] = ,
i Swlog” p(r f) _ pr=prpia) (1.3)
=00 inf logl® r A= Mp(p.q)

Definition 1. Let g(z) be an entire function of finite lower (p, ¢)-order \,. A function
Ag(7) is called a lower proximate (p, g)-order of g(z) relative to u(r, g) if (i) Ag(r) is real,
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continuous and piecewise differentiable for sufficiently large values of r > 7,

(i) Hm Ag(r) = Ag,

T —00

(iii) Tlingo Ag(r)Xg(r) =0 and (1.4)

p—1
(iv) lim ing 1287V plng) _ 1,
r—00 (log[q—l] 7n)/\g(r)
where Ay (r) =TT, log! r.
The purpose of this paper is to compare the maximum term of a composite entire
function with that of its left and right factors. Throughout this paper f(z), g(z) and
h(z) will stand for entire functions.

2. Main Results

Firstly, in some theorems we will compare the growth of the maximum term of a
composite entire function with that of its left factor.

Theorem 1. If py, pg are finite and Ay > 0 then for x > i—j —1andp>q,

. log pu(r, fog)
r=2 (log! p(r, f))1+*

Proof. Let z > £2 — 1 and 0 < & < min{\y, %{M} Then in view of (1.3) it
follows that for all sufﬁciently large values of r,

pu(r, ) < explP=((logl?= 1 r)rs+e) (2.1)

and
pu(r, f) > exp? U ((Qogld= pypr—2), (2.2)

Now, from Lemma 1 [2] for all sufficiently large values of r,

log p(r, fog) < 2log u(4u(2r, 9), f),

log”! u(r, fog) < log2 + (ps + ) log! (4u(2r, 9))
= log2+ (py + &) log!? u(2r, g) + o(1). (2.3)

Using (2.1), we have
log! u(r, fog) < log2 + (ps + €) exp?= 7= U((loglt = (2r))Ps+5) + o(1). (2.4)
Also from (2.2), we have

(log?) ()% > {expl? =1 (logle~ 1 p)Ar ==y e, (2.5)
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So for all sufficiently large values of 7,

log™ u(r, fog) _ log2 + (ps + ) explt=¢ M ((logl"™! 20)05 <) + o(1)
(logl@ ju(r))1+= (explP—a-—11((logld~ 1 y)As <)) 14z

which implies that

log u(r, fog) _
r=2 (log!? pu(r)) 1+

Theorem 2. If ps, pg, Af, Ag are finite and Ay > 0, then

i log™ u(r, fog)
111 Sup [q 1o
r—oo (log” u(r, f))

A
=00, Wwhere r < max —9—1,&—1 and p>gq.
Aropy

Proof. Let z < f\‘—jfland5>0besuchthat5<)\f, f24+2 <0ande <

min{As,(A\g — (L +2)Ap)/2+2)} if 2+2 > 0.
For all sufficiently large values of r, we get from Lemma 2 [2],

log p(r, fog) > log% + log ju [éu (2,9) —|g(0)], f}

or, log u(r, fog) >

Using (1.3), we have,

log? yu(r, fog) > %O‘f — ¢)log!” [éu (g,g)}
= S0 —2)logl i (5, g) +0(1)
> %()\f — &) explre 1 ((10g[q1] (£>)Ag€) +o(l).  (26)

Also, for a sequence of values of r tending infinity, we have
la [p—a-1] -1,V
log'? pu(r, f) < exp™4 (1ogq 7“) . (2.7)
From (2.6) and (2.7), we get

log” (r, fog) _ 30 — &) exp? 110"V (r/4)% %) + o(1)
(108 u(r, )1+ (explra-1((log" =T ) 2)) i

(2.8)
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for a sequence of values of r tending to infinity. This gives

[p]
i sup 08 #Tog)

r—oo (logl¥ pu(r, f))1+e

We omit the proof for z < Z—; — 1 because it runs parallel to that of the case for

T < i—i — 1. This completes the proof of the theorem.

Theorem 3. If py and py are finite, p > q, Ay > 0 and either Ay = py, or Ay = py,
or both, then

[p]
T(x) = limsup IO%] uir, fog) :
r—oo (log! p(r, f))1+7

has a jumped discontinuity with an infinite jump from zero to infinity at x = i—j —1.
Proof. Since under the conditions of the theorem £ — 1 = max{£2 — 1, 2a 1}, the
As Py As

theorem follows from Theorem 1 and Theorem 2.

Theorem 4. If py, pg are finite, Ay > 0 and A\gpy < Afpgy, then

[P]
lim inf 28 1 S09) (2.9)

2 (log p(r, )1+

and

[p]
lim sup log ™ u(r, fog) = 00, (2.10)

r—oo (logl? pu(r, f))1+e

for any z, with 20 ] <g< £ 1 andso the corresponding limit does not exist.
Af of

Proof. Let © > % —1land 0 < e < min{\y, %} From (2.3) and (1.3) we

get for all sufficiently {arge values of r,
log ju(r, fog) <log2+ (py +¢) + (expP =" ((logl "1 (2r))* %)) + 0(1).  (2.11)
Dividing (2.11) by (2.5) and taking limit infimum, we get

log!?!
lim inf og™ p(r, fog) =

r= (log u(r, /)1

Since under the given conditions 5—;

from Theorem 2 that

—1=max[32 — 1,2 — ]>§—“f’—1,itfollows

ﬁ > Py
log!”! pu(r, fog)

lim sup 7 =00
r—oo (log!® p(r, f))1+e

Hence the corresponding limit does not exist.
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Corollary 1. If Ay < Ay < py < pg < 00, then

[p] [p]
lim inf log™ pu(r, fog) u{r, fog) =0 and limsup log™ pu(r, fog) u(r, fog) =00

r=oo (logh p(r, f)) r—oc (logl pu(r, f))

and so the corresponding limit does not exist.

3. In this section we shall compare the growth of the maximum term of a composite
entire function with that of its right factor. In first three theorems of this section we use
the following definition:

Definition 2. For the entire functions f(z) and g(z), we define

log!?!
A(z) = limsup 0g " pu(r, fog) , forxz>0andp>q.
r—co logh u((1 + 2)r, g)
Obviously A(x) is a non-increasing function of .
Theorem 5. If p; < oo, then A(0) < py.

Proof. Since for py = oo the result is trivially true, we suppose that py < co. By
the maximum modulus principle, we have

M(r, fog) < M(M(r,g), f)- (3.1)

(1.2) and (3.1) give,
log[p] :U/(r’ fog) < 10g[p] M(M(’I", g)a f)

Thus, for given € > 0, we get for all sufficiently large values of r,

log?” u(r, fog) < (ps + €)log! M(r,g). (3.2)
Since pg < 00, lim, o0 ﬂ% =1 by [3], so that for all sufficiently large values

of r,
log!! M (r, g) < (1 + ) log'? p(r, g). (3.3)

Therefore, from (3.2) and (3.3), we get for all sufficiently large values of r,

log! yu(r, fog)

<1 +¢e)(ps+e).
log! u(r, g)

From which the theorem follows because € > 0 is arbitrary.
Theorem 6. lim, o+ A(x) < py.

Proof. Since for p; = oo the result is trivially true, we suppose that py < oo.
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Putting R = (1 + z)r, x > 0, in (1.2), we get
1
plrg) < |1+ — ) u((L+2)r,g),

or, log pu(r, g) < log (1 + %) +log u((1 + 2)r, ),
or, log!?) pu(r, g) < log' p((1 + z)r, g) + 0(1). (34)
From (3.2), (3.3) and (3.4), we get

logh” p(r, fog) < (1+¢€)(ps +&)(logl® u((1 + )r,g) + o(1))

for all sufficiently large values of r.

Since g(z) is non-constant and e > 0 is arbitrary, it follows from above that A(z) < py
for every x > 0. Also since A(x) is a non-increasing function of z, lim,_q+ A(x) exists
and lim, o+ A(x) < py.

Theorem 7. If sup, lolog Lutrfos) s ot attained for any x >0 and p > q, then

gl p((1+2)r,g)

A(0) < ps-
Proof. Let B(z) = sup,+, % for x > 0. Since B(z) is not attained, for
each z > 0 there exists a sequence {r,}, n = 1,2,3,... tending to infinity such that
1 log!?!
Ba)— L < 18 11(7n; fog)

n log! p((1 + ), g)

which implies that B(z) < A(x) and so B(z) = A(z) for all > 0 because B(z) > A(x)
follows easily from the definitions.
Now, for given € > 0 there exists a £ > 0 such that

_ log" (¢, fog)
log¥ (€, 9)

Also,
log”) u(¢, fog)  log u(€, fog)

im 5 i ,
20" log” u((1+ )€, 9)  log' u(&, g)
so there exists 1 > 0 such that

log”) (¢, fog) log?”) (¢, fog)
log! u(€,9)  log u((1+21)&, g)

Therefore, from (3.5) we get

log!?!
[o]g & fog) B(z1) +¢=A(z1) +¢ < lim A(z) +¢
log (14 z1)&, g) w0t

+ €.

A(0) —e <
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Since ¢ is arbitrary, the theorem follows from Theorem 6.

Theorem 8. If py and Ay are finite, then

o g 10870 p(r, fog))Mer 29, it (pg) = (2,1)
oo log® Y pu(r, g) T L if(pog) #(2.1)
Proof. From (1.2) and (3.1), we have
logh” p(r, fog) < log” M(M(r,g), f). (3.6)
Also, from (1.1) for all sufficiently large values of r and for any given € > 0,
log!” M (r, f) < (pj +¢)log¥ . (3.7)
(3.6) and (3.7) give
log??~ D (log? ! yu(r, fog))"/0s+9) < logl =!I M(r, g)
for all sufficiently large values of r. This implies that

1og?~ 9 (10g??~ u(r, fog))1/(es+e) log?~ M(r, g)

lim inf T <liminf ———7p——=. (3.8)
e log?” = pu(r, g) r=oe log” 1 p(r, g)
Now, for a sequence of value of r tending to infinity, (1.2) and (1.4) give,
loglP 1 M(r,g) <log (p—1] w(2r, g) + o(1)
< (14 &) (logl1(2r) ) 1 o(1)
logld=1 (2} Xe+6
= (1) —oe (1) o(1), (3.9)

(log (QT))A g+6=Xg(r)

where § > 0 is arbitrary.
Since

d _ o (r log[qfl] r)ratI=Ag (1)
L {(log 1)) (3, 46— Ay () = 4y ) Mgy ()}

>0
Ajg—1)(7)

for all sufficiently large values of r and § > 0. This implies that (log[qfl] r)ratI= A () g

an increasing function of r. Therefore, for a sequence of values of r tending to infinity,
(3.9) gives
(10g (2 )\ +4é
(logq 1] 7“)’\ g5y (1)
(loglt ™)X H0(1 4 Ly (r)) o+
(1Og[q 1] )Xo +H=Aq (1)

= (1+&)(loglt™ )M (14 Loy (1) 4 0(1),

1og[p71} M(r,g) < (1+¢)

<(1+e¢) +o(1)
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where Lo(r) = 1, Li(r) = %2 and Ly1(r) = {log(1 + Ly2(r))}/(log!""17), ¢ =
3,4,5,....
Again, for all sufficiently large values of r, (1.4) gives

log ! (r ) > (1= £)(log"~V ).

Therefore, for a sequence of values of r tending to infinity, we find

1+¢

(L4 Lga (1) 1og” ™ pu(r, g) + o(1). (3.10)

log"~ " M (r, g) <

Since € and ¢ are arbitrary, the theorem follows from (3.8) and (3.10).
Now, we study the growth of the maximum term of two composite entire functions.

Theorem 9. If py, py and Ay are finite, then

logP—2] hog))log!" ™ M(r,9))*
lim (log pi(r, hog)) =0, fora<Af—pp.

r—o0 log?~ pu(r, fog)

Proof. Let x < Ay —pp and 0 < € < (A\y — pp — x)/2. From (1.2), we have, for all
sufficiently large values of r,

11(r, hog) < M(r, hog)
< M(M(r, g), h)
< exp[p—ll((log[q—l] M(r,g))”+e).
or, log?? =% u(r, hog) < exp((logl*™" M(r, g))**=). (3.11)
Also, we can easily prove that for all sufficiently large values of r,

10g[p72] wu(r, fog) > exp((log[qfl] M(r,g)))‘f_a. (3.12)

From (3.11) and (3.12) for all sufficiently large values of r, we get

(log=2 yu(r, hog))(log[q*” M(r,9))® . exp((logl*™ M (r, g))Pn+ete)

log?~? u(r, fog) exp((log!* ™ M (r, g))N )
1

~ exp((log" T M (rog) M)

Since Ay — pp, —x — 2 > 0 and g¢(z) is non-constant,

[ (1087 (s, hog)) oz M)
1

3] =0.
r—eo log”™ p(r, fog)

Corollary 2. Using (1.2) we get under the assumptions of Theorem 9 that

logP—2] hog))(og! '™ n(r.9)*
lim (log p(r, hog)) =0, forz<A;—pp.

r—00 log??~? u(r, fog)
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