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ON TRAPEZOID AND GRÜSS LIKE INTEGRAL INEQUALITIES

B. G. PACHPATTE

Abstract. In the present paper we establish some new integral inequalities similar to that of

Trapezoid and Grüss inequalities by using a fairly elementary analysis.

1. Introduction

The following inequality is well known in the literature as the Trapezoid inequality

(see [6]):
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the mapping f : [a, b] → R is supposed to be twice differentiable on the interval (a, b)

with the second derivative bounded on (a, b), that is, ‖f ′′‖∞ = supx∈(a,b) |f
′′(x)| < ∞.

Another celebrated inequality which gives an estimation for the integral of a product in

terms of the product of inegrals, is Grüss inequality (see [5]):
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where f , g : [a, b] → R are two integrable functions such that m ≤ f(x) ≤ M and

n ≤ g(x) ≤ N for all x ∈ [a, b], m, M , n, N are constants.

In the recent past, the inequalities (1.1) and (1.2) were studied extensively and nu-

merous generalizations, variants and extensions appeared in the literature, see [1-8] and
the references cited therein. The main purpose of this paper is to establish some new

inequalities similar to the inequalities given in (1.1) and (1.2). The analysis used in the

proofs is elementary and our results provide new estimates on these types of inequalities.
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2. Statement of Results

Our main results are established in the following theorems.

Theorem 1. (a1) Let f : [a, b] → R be continuous on [a, b] and differentiable on (a, b),

whose derivative f ′ : (a, b) → R is bounded on (a, b), i.e. ‖f ′‖∞ = supt∈(a,b) |f
′(t)| < ∞.

Then
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f(b) − f(a)

b − a
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f(x)dx
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3
(b − a)2‖f ′‖2

∞
. (2.1)

(a2) Let f : [a, b] → R be continuous on [a, b] and twice differentiable on (a, b), whose

second derivative f ′′ : (a, b) → R is bounded on (a, b), i.e. ‖f ′′‖∞ = supt∈(a,b) |f
′′(t)| <

∞. Then
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‖f ′′‖∞

∫ b

a

|f ′(x)|B(x)dx, (2.2)

where

B(x) =

∫ b

a

|k(x, t)|dt, (2.3)

for x ∈ [a, b], in which

k(x, t) =







(t−a)2

2 if t ∈ [a, x]

(t−b)2

2 if t ∈ (x, b]

. (2.4)

Theorem 2. (b1) Let f , g : [a, b] → R be continuous on [a, b] and differentiable

on (a, b), whose derivatives f ′, g′ : (a, b) → R are bounded on (a, b), i.e. ‖f ′‖∞ =

supt∈(a,b) |f
′(t)| < ∞, ‖g′‖∞ = supt∈(a,b) |g

′(t)| < ∞. Then
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∫ b

a

(‖f ′‖∞|g(x)| + ‖g′‖∞|f(x)|)E(x)dx, (2.5)

where

E(x) =
1

4
(b − a)2 +

(

x −
a + b

2

)2

, (2.6)

for x ∈ [a, b].

(b2) Let f , g : [a, b] → R be continuous on [a, b] and twice differenetiable on (a, b),

whose second derivatives f ′′, g′′ : (a, b) → R are bounded on (a, b), i.e. ‖f ′′‖∞ =
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supt∈(a,b) |f
′′(t)| < ∞, ‖g′′‖∞ = supt∈(a,b) |g

′′(t)| < ∞. Then
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∫ b

a

(‖f ′′‖∞|g(x)| + ‖g′′‖∞|f(x)|)B(x)dx, (2.7)

where B(x) is defined by (2.3).

3. Proof of Theorem 1

From the hypotheses on f in (a1) and (a2) respectively, we note that, the following
identities hold (see [3, p.69] and [2, p.55]):

f(x) =
1

b − a

∫ b

a

f(t)dt +
1

b − a

∫ b

a

p(x, t)f ′(t)dt, (3.1)
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1

b − a

∫ b
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f(t)dt +
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a + b

2

)

f ′(x) −
1

b − a

∫ b

a

k(x, t)f ′′(t)dt, (3.2)

for all x ∈ [a, b], where

p(x, t) =

{

t − a if t ∈ [a, x]

t − b if t ∈ (x, b]
,

and k(x, t) is defined by (2.4).

(a1) Multiplying (3.1) by f ′(x) and integrating the resulting identity from a to b we have
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From (3.3) we observe that
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Now, observe that
∫ b

a

|p(x, t)|dt =

∫ x

a

(t − a)dt +

∫ b

x

(b − t)dt

=
(x − a)2 + (b − x)2

2
=

1

4
(b − a)2 +

(

x −
a + b

2

)2

. (3.5)

Using (3.5) in (3.4) and simple calculation yields the required inequality in (2.1).

(a2) Multiplying (3.2) by f ′(x) and integrating the resulting identity from a to b we have
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2
[f2(b) − f2(a)] =

f(b) − f(a)
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∫ b
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2

)

f ′2(x)dx
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a
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)

dx. (3.6)

From (3.6) we observe that
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‖f ′′‖∞
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a

|f ′(x)|B(x)dx.

This completes the proof of the inequality (2.2).

4. Proof of Theorem 2

From the hypotheses on f , g respectively in (b1) and (b2), we note that the identities
(3.1) and (3.2) hold and the following identities corresponding to the function g also hold:

g(x) =
1

b − a

∫ b

a

g(t)dt +
1

b − a

∫ b

a

p(x, t)g′(t)dt, (4.1)

g(x) =
1

b − a

∫ b

a

g(t)dt +
(

x −
a + b

2

)

g′(x) −
1

b − a

∫ b

a

k(x, t)g′′(t)dt, (4.2)

for all x ∈ [a, b], where p(x, t) and k(x, t) are as explained in the proof of (a1).

(b1) Multiplying (3.1) by g(x) and (4.1) by f(x), adding and then integrating the resulting
identity from a to b we have
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2
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From (4.3) we observe that
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f(x)g(x)dx −
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b − a

∫ b
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f(x)dx
)( 1
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)
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∫ b

a

(|g(x)|

∫ b

a

|p(x, t)| |f ′(t)|dt + |f(x)|

∫ b

a

|p(x, t)| |g′(t)|dt)dx

≤
1

2(b − a)2

∫ b

a

(‖f ′‖∞|g(x)| + ‖g′‖∞|f(x)|)E(x)dx.

This completes the proof of the inequality (2.5).

The proof of (b2) can be completed by following the proof of (b1) and closely looking
at the proof of (a2) given above. Here we omit the details.

In a recent paper [4, p.232], Dragomir and Sofo proved an interesting integral identity.
Based on this identity, one can very easily establish the inequalities of the type given in
Theorems 1 and 2. Since the formulations of such results are quite straightforward in
view of the results given above, here we do not discuss the details.
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