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SOME INEQUALITIES OF OSTROWSKI AND GRÜSS TYPE
FOR TRIPLE INTEGRALS ON TIME SCALES

NAZIR AHMAD MIR AND ROMAN ULLAH

Abstract. In this paper, we establish some inequalities of Ostrowski and Grüss type for
triple integrals on arbitrary time scales involving three functions and their partial deriva-
tives. We also discuss the discrete Ostrowski and Grüss type inequalities for triple sum on
time scale.

1. Introduction

In 1938, A. Ostrowski [16] has proved the following inequality:

Let f : I ⊆R→R be a differentiable function on (a,b) and Let, on (a,b) ,
∣

∣ f́ (x)
∣

∣≤ M . Then,

for every x ∈ [a,b] ,

∣

∣

∣

∣

f (x)−
1

b −a

∫b

a
f (t )d t

∣

∣

∣

∣

≤







1

4
+

(

x −
a+b

2

)2

(b −a)2






(b −a)

∥

∥ f́
∥

∥

∞
,

the constant 1
4 is sharp in the sense that it cannot be replaced by a smaller one.

One of the most important integral inequalities proved by Gerhard Grüss [8] in 1935 is

the Grüss Integral Inequality, which gives estimation for the integral of a product in terms of

product of integrals and is defined as:

∣

∣

∣

∣

1

b −a

∫b

a
f (x) g (x)d x −

1

b −a

∫b

a
f (x)d x ·

1

b −a

∫b

a
g (x)d x

∣

∣

∣

∣

≤
1

4

(

J − j
)

(N −n) , (1.1)

provided that f and g are two integrable functions on [a,b] and satisfy the condition j ≤

f (x)≤ J , n ≤ g (x)≤ N , for all x ∈ [a,b], where j , J , n, N are given real constants.

B. G. Pachpatte [18] has given some inequalities of Grüss type involving functions of two

independent variables. Later on, in [19], he established some new inequalities for triple inte-

grals involving three functions and their partial derivatives. The main aim of this paper is to

establish the time scale version of these inequalities.
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2. Time scale essentials

A time scale T is an arbitrary non-empty closed subset of the set of real numbers. Some

important examples of time scales are, R, Z, N, and N◦.

If T is a time scale, then for t ∈ T, we define the forward and backward jump operators

respectively as σ (t )= i n f {s ∈T : s > t } and ρ (t )= sup{s ∈T : s < t } .

A point t is said to be right-scattered if σ (t ) > t and is left-scattered if ρ (t ) < t . A point

that is at the same time right-scattered as well as left-scattered is called an isolated point.

The point t is called right-dense if σ (t ) = t . If ρ (t ) = t , then t is said to be left-dense. If

ρ (t )= t =σ (t ) , then the point t is called dense.

A function f : T → R is called rd-continuous (denoted by Crd ) if it is continuous at each

right-dense point or maximal point of T, and its left-sided limit lim
s→t

f (s) = f (t−) exists at left

dense points of T.

Let t ∈T, then two functions Φ,Ψ : T→ [0,+∞) satisfying Φ (t )=σ (t )− t , Ψ (t )= t −ρ (t )

are called graininess functions.

If T has a left-scattered maximal point t, then T
K =T−σ (t ) , otherwiseT

K =T.A function

gσ : T→R is defined as gσ (t )= g (σ (t )) for all t ∈T.

Let f : T → R be a function on time scale. Then, for s ∈ T
K , we define f ∆ (s) to be the

number, if one exists, such that for all ε > 0 there is a neighborhood N of s such that for all

u ∈ N ,
∣

∣ f σ (s)− f (u)− f ∆ (s)(σ (s)−u)
∣

∣≤ ε |σ (s)−u| .

In this case, f ∆ (s) is called the delta derivative of f at s. f is said to be delta differentiable on

T, if f is differentiable at each s ∈T.

A function F : T→ R is said to be ∆−derivative for all f : T→ R if, F∆ (t )= f (t ) t ∈ T
K , and

in this case, we define the ∆integrable of f

∫b

a
f (t )∆t = F (b)−F (a) ,

for each a,b ∈T.

Let T1, T2 be two time scales. Let σi ,ρi and ∆i be the forward jump operator, the back-

ward jump operator and the delta differentiation, respectively on Ti , for i =1,2. Let a,b ∈T1,

c ,d ∈T2, with a < b, c < d . [a,b) and [c ,d ) are the half-closed bounded intervals in T1 and T2

respectively. Let us introduce a "rectangle" in T1 ×T2 by

R = [a,b)× [c ,d )= {(t1, t2) : t1 ∈ [a,b) , t2 ∈ [c ,d )} .
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Let f be a real valued function on T1 ×T2. This function f is said to be rd-continuous in

t2 if a1 ∈ T1, then function f (a1, t2) is rd-continuous on T2, and this function f is said to be

rd-continuouse in t1 if a2 ∈T2, then f (t1, a2) is rd-continuous on T1.

CCrd denotes the set of functions f (t1, t2) on T1 ×T2 having the properties

(i) f is rd-continuouse in t1 and t2.

(ii) if (x1, x2) ∈T1×T2 with x1 right dense and x2 right dense, then f is continuous at (x1, x2) .

(iii) if x1 and x2 are left dense limits, then the limit of f (t1, t2) exists as (t1, t2)approaches to

(x1, x2) along any path in the region:

RLL (x1, x2) = {(t1, t2) : t1 ∈ [a, x1]∩T1, [c , x2]∩T2} .

Let CC 1
rd

denote the set of all functions in CCrd for which both the ∆1 partial derivative

and ∆2 partial derivative exist and are in CCrd . In [3] Bohner has defined the norm as

∥

∥ f
∥

∥= sup
(x,y)∈[a,b]×[c ,d]

∣

∣ f
(

x, y
)∣

∣+ sup
(x,y)∈R

∣

∣

∣

∣

∂ f
(

x,σ2
(

y
))

∆1x

∣

∣

∣

∣

+ sup
(x,y)∈R

∣

∣

∣

∣

∂ f
(

σ1 (x) , y
)

∆2x

∣

∣

∣

∣

where f ∈CC 1
rd

([a,b]× [c ,d ],R) .

Let Φ,Ψ be rd-continuous, a,b,c ∈T and α,β ∈R, then

(i)

∫b

a

(

αΦ (t )+βΨ (t )
)

∆t =α

∫b

a
Φ (t )∆t +β

∫b

a
Ψ (t )∆t ;

(ii)

∫b

a
Φ (t )∆t =−

∫a

b
Φ (t )∆t ;

(iii)

∫b

a
Φ (t )∆t =

∫c

a
Φ (t )∆t +

∫b

c
Φ (t )∆t ;

(iv)

∫b

a
Φ (σ (t ))Ψ∆ (t )∆t = (ΦΨ)(b)− (ΦΨ)(a)−

∫b

a
Φ

∆(t )Ψ(t )∆t ;

(v)

∫b

a
Φ (t )Ψ∆ (t )∆t = (ΦΨ)(b)− (ΦΨ)(a)−

∫b

a
Φ

∆(t )Ψ(σ (t ))∆t ;

(vi)

∫a

a
Φ (t )∆t = 0.

The weight function η : [a,b]→ [0,∞) is a non-negative integrable function and
∫b

a
η(t )d t <∞.

3. Main results

Here, we give some notations used to simplify the theorems:.

P
[

f
]

=
(

β2 −α2
)(

β3 −α3
)

∫β1

α1

f
(

σ1 (r ) , y, z
)

∆1r
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+
(

β1 −α1
)(

β3 −α3
)

∫β2

α2

f (x,σ2 (s) , z)∆2s

+
(

β1 −α1
)(

β2 −α2
)

∫β3

α3

f
(

x, y,σ3 (t )
)

∆3t ,

Q
[

f
]

=
(

β3 −α3
)

∫β1

α1

∫β2

α2

f (σ1 (r ) ,σ2 (s) , z)∆2s∆1r

+
(

β2 −α2
)

∫β1

α1

∫β3

α3

f
(

σ1 (r ) , y,σ3 (t )
)

∆3t∆1r

+
(

β1 −α1
)

∫β2

α2

∫β3

α3

f (x,σ2 (s) ,σ3 (t ))∆3t∆2s,

L
[

f
]

=

∫x

σ1(r )

∫y

σ2(s)

∫z

σ3(t )

∂3 f (u, v, w )

∆3w∆2v∆1u
∆3w∆2v∆1u,

K =
(

β1 −α1
)(

β2 −α2
)(

β3 −α3
)

,

A
(

Φ,Ψ,η;P,Q ;K
)(

x, y, z
)

= Φ
(

x, y, z
)

Ψ
(

x, y, z
)

η
(

x, y, z
)

−
1

3K

[

Ψ
(

x, y, z
)

η
(

x, y, z
){

P [Φ]−Q [Φ]

+

∫β1

α1

∫β2

α2

∫β3

α3

Φ (σ1 (r ) ,σ2 (s) ,σ3 (t ))∆3t∆2s∆1r

}

×η
(

x, y, z
)

Φ
(

x, y, z
){

P [Ψ]−Q [Ψ]
∫β1

α1

∫β2

α2

∫β3

α3

Ψ (σ1 (r ) ,σ2 (s) ,σ3 (t ))∆3t∆2s∆1r

}

×Φ
(

x, y, z
)

Ψ
(

x, y, z
){

P
[

η
]

−Q
[

η
]

+

∫β1

α1

∫β2

α2

∫β3

α3

Φ (σ1 (r ) ,σ2 (s) ,σ3 (t ))∆3t∆2s∆1r

}]

,

B
(

Φ,Ψ,η;L
)(

x, y, z
)

= Ψ
(

x, y, z
)

η
(

x, y, z
)

∫β1

α1

∫β2

α2

∫β3

α3

L [Φ]∆3t∆2s∆1r

+η
(

x, y, z
)

Φ
(

x, y, z
)

∫β1

α1

∫β2

α2

∫β3

α3

L [Ψ]∆3t∆2s∆1r

+Φ
(

x, y, z
)

Ψ
(

x, y, z
)

∫β1

α1

∫β2

α2

∫β3

α3

L
[

η
]

∆3t∆2s∆1r,

Z
(

Φ,Ψ,η;P,Q ;K
)

=
1

K

∫β1

α1

∫β2

α2

∫β3

α3

Φ
(

x, y, z
)

Ψ
(

x, y, z
)

η
(

x, y, z
)

∆3z∆2 y∆1x

−
1

3K 2

∫β1

α1

∫β2

α2

∫β3

α3

{

Ψ
(

x, y, z
)

η
(

x, y, z
)

(P [Φ]−Q [Φ])

+η
(

x, y, z
)

Φ
(

x, y, z
)

(P [Ψ]−Q [Ψ])

+Φ
(

x, y, z
)

Ψ
(

x, y, z
)(

P
[

η
]

−Q
[

η
])}

∆3z∆2 y∆1x

−
1

3

[(

1

k

∫β1

α1

∫β2

α2

∫β3

α3

Ψ
(

x, y, z
)

η
(

x, y, z
)

∆3z∆2 y∆1x

)
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×

(

1

k

∫β1

α1

∫β2

α2

∫β3

α3

Φ (σ1 (r ) ,σ2 (s) ,σ3 (t ))∆3t∆2s∆1r

)

+

(

1

k

∫β1

α1

∫β2

α2

∫β3

α3

η
(

x, y, z
)

Φ
(

x, y, z
)

∆3z∆2 y∆1x

)

×

(

1

k

∫β1

α1

∫β2

α2

∫β3

α3

Ψ (σ1 (r ) ,σ2 (s) ,σ3 (t ))∆3t∆2s∆1r

)

+

(

1

k

∫β1

α1

∫β2

α2

∫β3

α3

Φ
(

x, y, z
)

Ψ
(

x, y, z
)

∆3z∆2 y∆1x

)

×

(

1

k

∫β1

α1

∫β2

α2

∫β3

α3

η(σ1 (r ) ,σ2 (s) ,σ3 (t ))∆3t∆2s∆1r

)

.

Theorem 3.1. Let T1,T2 and T3 be arbitrary three time scales and ∆1,∆2 and ∆3 be the delta

differentiation operators respectively on T1,T2and T3.If
[

αi ,βi

]

⊆ T1, for i = 1,2,3 and M =
∏3

i=1

[

αi ,βi

]

then for
(

x, y, z
)

, (r, s, t ) ∈ M and for some continuous functions Φ,Ψ,η ∈ CC 1
rd

[M ,R] , then the following inequality holds:

∣

∣A
(

Φ,Ψ,η;P,Q ;K
)(

x, y, z
)∣

∣≤
1

3K
B

(

|Φ| , |Ψ| ,
∣

∣η
∣

∣ ; |L|
)(

x, y, z
)

,

for all
(

x, y, z
)

∈ M .

Proof. Consider

L [Φ] =

∫x

σ1(r )

∫y

σ2(s)

∫z

σ3(t )

∂3
Φ (u, v, w )

∆3w∆2v∆1u
∆3w∆2v∆1u

=

∫x

σ1(r )

∫y

σ2(s)

[

∂2
Φ (u, v, w )

∆2v∆1u
|
z
σ3(t )

]

∆2v∆1u

=

∫x

σ1(r )

∫y

σ2(s)

[

∂2
Φ (u, v, z)

∆2v∆1u
−
∂2

Φ (u, v,σ3 (t ))

∆2v∆1u

]

∆2v∆1u

=

∫x

σ1(r )

[

∂Φ (u, v, z)

∆1u
|
y

σ2(s) −
∂Φ (u, v,σ3 (t ))

∆1u
|
y

σ2(s)

]

∆1u

=

∫x

σ1(r )

[

∂Φ
(

u, y, z
)

∆1u
−
∂Φ (u,σ2 (s) , z)

∆1u

]

∆1u

−

∫x

σ1(r )

[

∂Φ
(

u, y,σ3 (t )
)

∆1u
−
∂Φ (u,σ2 (s) ,σ3 (t ))

∆1u

]

∆1u

= Φ
(

u, y, z
)

|
x
σ1(r ) −Φ (u,σ2 (s) , z) |xσ1(r )

−Φ
(

u, y,σ3 (t )
)

|
x
σ1(r ) +Φ (u,σ2 (s) ,σ3 (t )) |xσ1(r )

= Φ
(

x, y, z
)

−Φ
(

σ1 (r ) , y, z
)

−Φ (x,σ2 (s) , z)

+Φ (σ1 (r ) ,σ2 (s) , z)−Φ
(

x, y,σ3 (t )
)

+Φ
(

σ1 (r ) , y,σ3 (t )
)

+Φ (x,σ2 (s) ,σ3 (t ))−Φ (σ1 (r ) ,σ2 (s) ,σ3 (t ))

= Φ
(

x, y, z
)

−
[

Φ
(

σ1 (r ) , y, z
)

+Φ (x,σ2 (s) , z)+Φ
(

x, y,σ3 (t )
)]
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+
[

Φ (σ1 (r ) ,σ2 (s) , z)+Φ
(

σ1 (r ) , y,σ3 (t )
)

+Φ (x,σ2 (s) ,σ3 (t ))
]

−Φ (σ1 (r ) ,σ2 (s) ,σ3 (t )) . (3.1)

Similarly,

L [Ψ] = Ψ
(

x, y, z
)

−
[

Ψ
(

σ1 (r ) , y, z
)

+Ψ (x,σ2 (s) , z)+Ψ
(

x, y,σ3 (t )
)]

+
[

Ψ (σ1 (r ) ,σ2 (s) , z)+Ψ
(

σ1 (r ) , y,σ3 (t )
)

+Ψ (x,σ2 (s) ,σ3 (t ))
]

−Ψ (σ1 (r ) ,σ2 (s) ,σ3 (t )) (3.2)

and

L
[

η
]

= η
(

x, y, z
)

−
[

η
(

σ1 (r ) , y, z
)

+η(x,σ2 (s) , z)+η
(

x, y,σ3 (t )
)]

+
[

η(σ1 (r ) ,σ2 (s) , z)+η
(

σ1 (r ) , y,σ3 (t )
)

+η(x,σ2 (s) ,σ3 (t ))
]

−η(σ1 (r ) ,σ2 (s) ,σ3 (t )) . (3.3)

Multiplying both sides of (3.1), (3.2) and (3.3) with Ψ
(

x, y, z
)

η
(

x, y, z
)

, η
(

x, y, z
)

Φ
(

x, y, z
)

and Φ
(

x, y, z
)

Ψ
(

x, y, z
)

respectively and then adding, we have:

3Φ
(

x, y, z
)

Ψ
(

x, y, z
)

η
(

x, y, z
)

−Ψ
(

x, y, z
)

η
(

x, y, z
){[

Φ
(

σ1 (r ) , y, z
)

+Φ (x,σ2 (s) , z)+Φ
(

x, y,σ3 (t )
)]

−
[

Φ (σ1 (r ) ,σ2 (s) , z)+Φ
(

σ1 (r ) , y,σ3 (t )
)

+Φ (x,σ2 (s) ,σ3 (t ))
]

−Φ (σ1 (r ) ,σ2 (s) ,σ3 (t ))}

−η
(

x, y, z
)

Φ
(

x, y, z
){[

Ψ
(

σ1 (r ) , y, z
)

+Ψ (x,σ2 (s) , z)+Ψ
(

x, y,σ3 (t )
)]

−
[

Ψ (σ1 (r ) ,σ2 (s) , z)+Ψ
(

σ1 (r ) , y,σ3 (t )
)

+Ψ (x,σ2 (s) ,σ3 (t ))
]

−Ψ (σ1 (r ) ,σ2 (s) ,σ3 (t ))}

−Φ
(

x, y, z
)

Ψ
(

x, y, z
){[

η
(

σ1 (r ) , y, z
)

+η(x,σ2 (s) , z)+η
(

x, y,σ3 (t )
)]

−
[

η(σ1 (r ) ,σ2 (s) , z)+η
(

σ1 (r ) , y,σ3 (t )
)

+η(x,σ2 (s) ,σ3 (t ))
]

−η(σ1 (r ) ,σ2 (s) ,σ3 (t ))
}

=Ψ
(

x, y, z
)

η
(

x, y, z
)

L [Φ]+η
(

x, y, z
)

Φ
(

x, y, z
)

L [Ψ]+Φ
(

x, y, z
)

Ψ
(

x, y, z
)

L
[

η
]

.

Integrating both sides of the above equation over R with respect to σ1 (r ) ,σ2 (s) and σ3 (t ) , we

have

3
(

β1 −α1
)(

β2 −α2
)(

β3 −α3
)

Φ
(

x, y, z
)

Ψ
(

x, y, z
)

η
(

x, y, z
)

−Ψ
(

x, y, z
)

η
(

x, y, z
)

{[

(

β2 −α2
)(

β3 −α3
)

∫β1

α1

Φ
(

σ1 (r ) , y, z
)

∆1r

+
(

β1 −α1
)(

β3 −α3
)

∫β2

α2

Φ (x,σ2 (s) , z)∆2s
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+
(

β1 −α1
)(

β2 −α2
)

∫β3

α3

Φ
(

x, y,σ3 (t )
)

∆3t

]

−

[

(

β3 −α3
)

∫β1

α1

∫β2

α2

Φ (σ1 (r ) ,σ2 (s) , z)∆2s∆1r

+
(

β2 −α2
)

∫β1

α1

∫β3

α3

Φ
(

σ1 (r ) , y,σ3 (t )
)

∆3t∆1r

+
(

β1 −α1
)

∫β2

α2

∫β3

α3

Φ (x,σ2 (s) ,σ3 (t ))∆3t∆2s

]

−

∫β1

α1

∫β2

α2

∫β3

α3

Φ (σ1 (r ) ,σ2 (s) ,σ3 (t ))∆3t∆2s∆1r

}

−η
(

x, y, z
)

Φ
(

x, y, z
)

{[

(

β2 −α2
)(

β3 −α3
)

∫β1

α1

Ψ
(

σ1 (r ) , y, z
)

∆1r

+
(

β1 −α1
)(

β3 −α3
)

∫β2

α2

Ψ (x,σ2 (s) , z)∆2s

+
(

β1 −α1
)(

β2 −α2
)

∫β3

α3

Ψ
(

x, y,σ3 (t )
)

∆3t

]

−

[

(

β3 −α3
)

∫β1

α1

∫β2

α2

Ψ (σ1 (r ) ,σ2 (s) , z)∆2s∆1r

+
(

β2 −α2
)

∫β1

α1

∫β3

α3

Ψ
(

σ1 (r ) , y,σ3 (t )
)

∆3t∆1r

+
(

β1 −α1
)

∫β2

α2

∫β3

α3

Ψ (x,σ2 (s) ,σ3 (t ))∆3t∆2s

]

−

∫β1

α1

∫β2

α2

∫β3

α3

Ψ (σ1 (r ) ,σ2 (s) ,σ3 (t ))∆3t∆2s∆1r

}

−Φ
(

x, y, z
)

Ψ
(

x, y, z
)

{[

(

β2 −α2
)(

β3 −α3
)

∫β1

α1

η
(

σ1 (r ) , y, z
)

∆1r

+
(

β1 −α1
)(

β3 −α3
)

∫β2

α2

η(x,σ2 (s) , z)∆2s

+
(

β1 −α1
)(

β2 −α2
)

∫β3

α3

η
(

x, y,σ3 (t )
)

∆3t

]

−

[

(

β3 −α3
)

∫β1

α1

∫β2

α2

η(σ1 (r ) ,σ2 (s) , z)∆2s∆1r

+
(

β2 −α2
)

∫β1

α1

∫β3

α3

η
(

σ1 (r ) , y,σ3 (t )
)

∆3t∆1r

+
(

β1 −α1
)

∫β2

α2

∫β3

α3

η(x,σ2 (s) ,σ3 (t ))∆3t∆2s

]

−

∫β1

α1

∫β2

α2

∫β3

α3

η(σ1 (r ) ,σ2 (s) ,σ3 (t ))∆3t∆2s∆1r

}
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= Ψ
(

x, y, z
)

η
(

x, y, z
)

∫β1

α1

∫β2

α2

∫β3

α3

L [Φ]∆3t∆2s∆1r

+η
(

x, y, z
)

Φ
(

x, y, z
)

∫β1

α1

∫β2

α2

∫β3

α3

L [Ψ]∆3t∆2s∆1r

+Φ
(

x, y, z
)

Ψ
(

x, y, z
)

∫β1

α1

∫β2

α2

∫β3

α3

L
[

η
]

∆3t∆2s∆1r (3.4)

Dividing both sides of equation (3.2) by 3K = 3
(

β1 −α1
)(

β2 −α2
)(

β3 −α3
)

, we have:

Φ
(

x, y, z
)

Ψ
(

x, y, z
)

η
(

x, y, z
)

−
1

3K

[

Ψ
(

x, y, z
)

η
(

x, y, z
){

P [Φ]−Q [Φ]

+

∫β1

α1

∫β2

α2

∫β3

α3

Φ (σ1 (r ) ,σ2 (s) ,σ3 (t ))∆3t∆2s∆1r

}

+η
(

x, y, z
)

Φ
(

x, y, z
)

{

P [Ψ]−Q [Ψ]

+
∫β1
α1

∫β2
α2

∫β3
α3

Ψ (σ1 (r ) ,σ2 (s) ,σ3 (t ))∆3t∆2s∆1r

}

+Φ
(

x, y, z
)

Ψ
(

x, y, z
)

{

P
[

η
]

−Q
[

η
]

+
∫β1
α1

∫β2
α2

∫β3
α3

η(σ1 (r ) ,σ2 (s) ,σ3 (t ))∆3t∆2s∆1r

}]

=
1

3K

[

Ψ
(

x, y, z
)

η
(

x, y, z
)

∫β1

α1

∫β2

α2

∫β3

α3

L [Φ]∆3t∆2s∆1r

+η
(

x, y, z
)

Φ
(

x, y, z
)

∫β1

α1

∫β2

α2

∫β3

α3

L [Ψ]∆3t∆2s∆1r

+Φ
(

x, y, z
)

Ψ
(

x, y, z
)

∫β1

α1

∫β2

α2

∫β3

α3

L
[

η
]

∆3t∆2s∆1r. (3.5)

Taking absolute value of both sides of the above equation, we have the required inequality

∣

∣A
(

Φ,Ψ,η;P,Q ;K
)(

x, y, z
)
∣

∣≤
1

3K
B

(

|Φ| , |Ψ| ,
∣

∣η
∣

∣ ; |L|
)(

x, y, z
)

, for all
(

x, y, z
)

∈ M .

Theorem 3.2. Let T1,T2 and T3 be three arbitrary time scales and ∆1,∆2 and ∆3 be the delta

differentiation operators respectively on T1,T2 and T3. If
[

αi ,βi

]

⊆ Ti , for i = 1,2,3 and M =
∏3

i=1

[

αi ,βi

]

, then for
(

x, y, z
)

, (r, s, t ) ∈ M and for some continuous functions Φ,Ψ,η ∈ CC 1
rd

[M ,R] , the following inequality holds:

∣

∣Z
(

Φ,Ψ,η;P,Q ;K
)∣

∣≤
1

3K 2

∫β1

α1

∫β2

α2

∫β3

α3

B
(

|Φ| , |Ψ| ,
∣

∣η
∣

∣ , |L|
)(

x, y, z
)

∆3z∆2 y∆1x,

for all
(

x, y, z
)

∈ M .

Proof. On integrating both sides of equation (3.7) in Theorem 3.1 with respect to
(

x, y, z
)

over

M , we have:

∫β1

α1

∫β2

α2

∫β3

α3

Φ
(

x, y, z
)

Ψ
(

x, y, z
)

η
(

x, y, z
)

∆3z∆2 y∆1x
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−
1

3K

∫β1

α1

∫β2

α2

∫β3

α3

[

Ψ
(

x, y, z
)

η
(

x, y, z
){

P [Φ]−Q [Φ]

+

∫β1

α1

∫β2

α2

∫β3

α3

Φ (σ1 (r ) ,σ2 (s) ,σ3 (t ))∆3t∆2s∆1r

}

+η
(

x, y, z
)

Φ
(

x, y, z
)

{

P [Ψ]−Q [Ψ]

+
∫β1
α1

∫β2
α2

∫β3
α3

Ψ (σ1 (r ) ,σ2 (s) ,σ3 (t ))∆3t∆2s∆1r

}

+Φ
(

x, y, z
)

Ψ
(

x, y, z
)

{

P
[

η
]

−Q
[

η
]

+
∫β1
α1

∫β2
α2

∫β3
α3

η(σ1 (r ) ,σ2 (s) ,σ3 (t ))∆3t∆2s∆1r

}]

∆3z∆2 y∆1x

=
1

3K

∫β1

α1

∫β2

α2

∫β3

α3

[

Ψ
(

x, y, z
)

η
(

x, y, z
)

∫β1

α1

∫β2

α2

∫β3

α3

L [Φ]∆3 (σ3 (t ))∆2s∆1r

+η
(

x, y, z
)

Φ
(

x, y, z
)

∫β1

α1

∫β2

α2

∫β3

α3

L [Ψ]∆3 (σ3 (t ))∆2s∆1r

+Φ
(

x, y, z
)

Ψ
(

x, y, z
)

∫β1

α1

∫β2

α2

∫β3

α3

L
[

η
]

∆3t∆2s∆1r

]

∆3z∆2 y∆1x.

Dividing both sides by K , we have:

1

K

∫β1

α1

∫β2

α2

∫β3

α3

Φ
(

x, y, z
)

Ψ
(

x, y, z
)

η
(

x, y, z
)

∆3z∆2 y∆1x

−
1

3K 2

∫β1

α1

∫β2

α2

∫β3

α3

{

Ψ
(

x, y, z
)

η
(

x, y, z
)

(P [Φ]−Q [Φ])+η
(

x, y, z
)

Φ
(

x, y, z
)

(P [Ψ]−Q [Ψ])

+Φ
(

x, y, z
)

Ψ
(

x, y, z
)(

P
[

η
]

−Q
[

η
])}

∆3z∆2 y∆1x

−
1

3

[(

1

K

∫β1

α1

∫β2

α2

∫β3

α3

Ψ
(

x, y, z
)

η
(

x, y, z
)

∆3z∆2 y∆1x

)

×

(

1

K

∫β1

α1

∫β2

α2

∫β3

α3

Φ (σ1 (r ) ,σ2 (s) ,σ3 (t ))∆3t∆2s∆1r

)

+

(

1

K

∫β1

α1

∫β2

α2

∫β3

α3

η
(

x, y, z
)

Φ
(

x, y, z
)

∆3z∆2 y∆1x

)

×

(

1

K

∫β1

α1

∫β2

α2

∫β3

α3

Ψ (σ1 (r ) ,σ2 (s) ,σ3 (t ))∆3t∆2s∆1r

)

+

(

1

K

∫β1

α1

∫β2

α2

∫β3

α3

Φ
(

x, y, z
)

Ψ
(

x, y, z
)

∆3z∆2 y∆1x

)

×

(

1

K

∫β1

α1

∫β2

α2

∫β3

α3

η(σ1 (r ) ,σ2 (s) ,σ3 (t ))∆3t∆2s∆1r

)]

=
1

3K 2

∫β1

α1

∫β2

α2

∫β3

α3

[

Ψ
(

x, y, z
)

η
(

x, y, z
)

∫β1

α1

∫β2

α2

∫β3

α3

L [Φ]∆3t∆2s∆1r

+η
(

x, y, z
)

Φ
(

x, y, z
)

∫β1

α1

∫β2

α2

∫β3

α3

L [Ψ]∆3t∆2s∆1r

+Φ
(

x, y, z
)

Ψ
(

x, y, z
)

∫β1

α1

∫β2

α2

∫β3

α3

L
[

η
]

∆3t∆2s∆1r

]

∆3z∆2 y∆1x.
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Taking absolute value of both sides, we get the required inequality:

∣

∣Z
(

Φ,Ψ,η;P,Q ;K
)∣

∣≤
1

3K 2

∫β1

α1

∫β2

α2

∫β3

α3

B
(

|Φ| , |Ψ| ,
∣

∣η
∣

∣ ; |L|
)(

x, y, z
)

∆3z∆2 y∆1x, for all (x, y, z)∈M .

Discrete case:

In theorem 3.1 and 3.2 if we put T = Z and choose αi = 1 for i = 1,2,3 and β1 = α+ 1,

β2 = β+1, β3 = γ+1, we get the respective inequalities for the discrete functions in the form

of the following corrolaries :

Corollary 3.1. Let T1,T2 andT3 be three arbitrary time scales, such that C = {1,2,3, .....,α+1} ⊆

T1, D =
{

1,2,3, .....,β+1
}

⊆ T2 and E =
{

1,2,3, .....,γ+1
}

⊆ T3, where α,β and γ are natural

numbers. Let G =C ×D ×E and ∆1,∆2 and ∆3 be the difference operators respectively on T1,T2

and T3, then for the functions Φ,Ψ,η : G →R

∣

∣I
(

Φ,Ψ,η; P̄ ,Q̄;k
)

(l ,m,n)
∣

∣≤
1

3k
Q

(

|Φ| , |Ψ| ,
∣

∣η
∣

∣ , |P |
)

(l ,m,n),

for all (l ,m,n)∈G .

Corollary 3.2. Let T1,T2 and T3 be three arbitrary time scales such that C = {1,2,3, .....,α+1} ⊆

T1,D =
{

1,2,3, .....,β+1
}

⊆ T2 and E =
{

1,2,3, .....,γ+1
}

⊆ T3, where α,β and γ are natural

numbers. Let G =C ×D ×E and ∆1,∆2 and ∆3 be the difference operators respectively on T1,T2

and T3, then for the functions Φ,Ψ,η : G →R

∣

∣M
(

Φ,Ψ,η; P̄ ,Q̄ ;k
)∣

∣≤
1

3k2

α
∑

l=1

β
∑

m=1

γ
∑

n=1
Q

(

|Φ| , |Ψ| ,
∣

∣η
∣

∣ ;
∣

∣L̄
∣

∣

)

(l ,m,n) ,

where

P̄
[

f
]

= βγ
α
∑

1
f (σ1 (r ) ,m,n)+αγ

β
∑

1
f (l ,σ2 (s) ,n)+αβ

γ
∑

1
f (l ,m,σ3 (t ))

Q̄
[

f
]

= γ
α
∑

1

β
∑

1
f (σ1 (r ) ,σ2 (s) ,n)+β

α
∑

1

γ
∑

1
f (σ1 (r ) ,m,σ3 (t ))

+α
β
∑

1

γ
∑

1
f (l ,σ2 (s) ,σ3 (t )) ,

L̄
[

f
]

=

l−1
∑

r

m−1
∑

s

n−1
∑

t

∆3∆2∆1 f (u, v, w ),

k = αβγ,

I
(

Φ,Ψ,η; P̄ ,Q̄;k
)

(l ,m,n)

= Φ (l ,m,n)Ψ (l ,m,n)η(l ,m,n)
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−
1

3k
Ψ (l ,m,n)η(l ,m,n)

{

P̄ [Φ]−Q̄ [Φ]+
α
∑

1

β
∑

1

γ
∑

1
Φ (σ1 (r ) ,σ2 (s) ,σ3 (t ))

}

+η(l ,m,n)Φ (l ,m,n)

{

P̄ [Ψ]−Q̄ [Ψ]+
α
∑

1

β
∑

1

γ
∑

1
Ψ (σ1 (r ) ,σ2 (s) ,σ3 (t ))

}

+Φ (l ,m,n)Ψ (l ,m,n)

{

P̄
[

η
]

−Q̄
[

η
]

+

α
∑

1

β
∑

1

γ
∑

1
η(σ1 (r ) ,σ2 (s) ,σ3 (t ))

}

,

Q
(

Φ,Ψ,η; L̄
)

= Ψ (l ,m,n)η(l ,m,n)
α
∑

1

β
∑

1

γ
∑

1
L̄ [Φ]+η(l ,m,n)Φ (l ,m,n)

α
∑

1

β
∑

1

γ
∑

1
L̄ [Ψ]

+Φ (l ,m,n)Ψ (l ,m,n)
α
∑

1

β
∑

1

γ
∑

1
L̄

[

η
]

,

and

M
(

Φ,Ψ,η; P̄ ,Q̄;k
)

=
1

k

α
∑

l=1

β
∑

m=1

γ
∑

n=1
Φ (l ,m,n)Ψ (l ,m,n)η(l ,m,n)

−
1

3k2

α
∑

l=1

β
∑

m=1

γ
∑

n=1

{

Ψ (l ,m,n)η(l ,m,n)
(

P̄
[

f
]

−Q̄
[

f
])

+η(l ,m,n)Φ (l ,m,n)
(

P̄
[

f
]

−Q̄
[

f
])

+Φ (l ,m,n)Ψ (l ,m,n)
(

P̄
[

f
]

−Q̄
[

f
])}

−
1

3

[(

1

k

α
∑

l=1

β
∑

m=1

γ
∑

n=1
Ψ (l ,m,n)η(l ,m,n)

)(

1

k

α
∑

l=1

β
∑

m=1

γ
∑

n=1
Φ (l ,m,n)

)

+

(

1

k

α
∑

l=1

β
∑

m=1

γ
∑

n=1
η(l ,m,n)Φ (l ,m,n)

)(

1

k

α
∑

l=1

β
∑

m=1

γ
∑

n=1
Ψ (l ,m,n)

)

+

(

1

k

α
∑

l=1

β
∑

m=1

γ
∑

n=1
Φ (l ,m,n)Ψ (l ,m,n)

)(

1

k

α
∑

l=1

β
∑

m=1

γ
∑

n=1
η(l ,m,n)

)]

.
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