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SOME SECOND-ORDER THREE-POINT BOUNDARY VALUE
PROBLEM FOR DISCRETE EQUATIONS ON THE HALF-LINE

YU TIAN AND WEIGAO GE

Abstract. In this paper, we study the existence of multiple positive solutions of boundary value problems for second-

order three-point discrete equations

A2x(n—1)— pAx(n—1)—qx(n— 1)+ f(n,x(m) =0, neN
x(0)=ax(l), x(c0)=0 ’

The proofs are based on the fixed point theorem in Fréchet space (see [7]).

1. Introduction

Let N* ={0,1,2,...}, No ={1,2,...}, N(a,b) = {a,a+1,...,b}, a,b € N*. This paper is con-
cerned with the existence of multiple positive solutions to the following boundary value prob-

lem
Azx(n -1)-pAx(n-1)—gx(n-1)+ f(n,x(n)) =0, ne Ny, (1.1)

x(0) =ax(l), x(oco0)=0, (1.2)

here p,a=0,le N, p,ge Rand g>0,1+p>g.
Let C(N*, R) denote the class of maps w and continuous on N* (discrete topology), the
topology being that of uniform convergent on N(0, m) for every m € Ny.

Definition 1.1. A function x € C(N*, R) is said to be a positive solution of boundary value
problem (1.1) (1.2), if x(i) =0, i € N*, x satisfies (1.2) and (1.1) for i € Np.
If xe C(N*, R), then for every m € Ny, we define the semi-norm

|Xlm= sup |x(@)A+D7" [€[0,00).
ieN(0,m)

Note C(N*, R) is a Fréchet space. Also C(N(0, m)) denotes the space of maps w continuous on
N(0, m) (discrete topology) with norm |x|,.
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In the current work, we give the associate Green’s function and obtain the existence of
multiple positive solutions for BVP (1.1) (1.2) by employing fixed point theorem in Fréchet
space (see [7]).

The motivation for the present work stems from both practical and theoretical aspects. In
fact, particular cases of the continuous boundary value problem (BVP) on the half-line occur
naturally in the study of radially symmetric solutions of nonlinear elliptic equations, see [11,
16], and various physical phenomena [9, 15], such as unsteady flow of gas through a semi-
infinite porous media, the theory of drain flows, plasma physics, in determining the electrical
potential in an isolated neutral atom. In all this applications, it is frequent that only solutions
that are positive are useful. Recently there have been investigations on the positive solutions
of boundary value problem, see [1-8, 10, 12-14, 17-25]. Agarwal et al. in [3] have considered
the following two-point boundary value problem

{ A2x(k—1)+ f(k,x(k)) =0, ke N\{0},
(1.3)

x(0)=0, x(c0)=7€R.

By employing upper and lower solutions method, one positive solution is obtained. Liu [18],
[19], Zima [25] studied the existence of positive solutions of second-order two-point boundary
value problems for differential equations. However, no results were established for multiple
point boundary value problems of discrete equations on the half-line. It is well known that
the study of multiple point boundary value problems is very important. For finite interval,
there have been many results, see [8, 20, 21]. So it is necessary that we discuss the existence
of the positive solutions for the three-point boundary value problem on the half-line. The
goal of this paper is to fill the gap in this area. Furthermore, the existence of multiple positive
solutions is given. Our results extend and complete many results in the literatures, see [1, 2,
3,4,5, 10, 14] and the references therein.

The paper is organized as follows: Section 2 presents the expression and some useful prop-
erties for Green’s function to the problem

—Azx(n -+ pAx(n—1)+gx(n—-1)=0, x(0)=ax(l), x(co) =0

(see Lemma 2.1 and Lemma 2.2). In Section 3 we first state fixed point theorem in Fréchet
space from [7], then applying the fixed point theorem the existence of one positive solution
of BVP (1.1) (1.2) is established. In Section 4, the existence of multiple positive solutions is
established.

2. Related Lemmas

For convenience, let

_pe PR, -V

)

2 2

Itis easy to see that a>0, b<0. By 1+ p > g we have b+ 1> 0.
The following conditions will be used in this paper:
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(H1) f:N* xR — R is continuous with f: N* x [0,00) — [0,00), y — f(i, y) are nonde-
creasing for every i € N*;
(H2)
al+a) <1.

Lemma 2.1. Let g € C(N',R) and Z (ngrm)l < oo. Then x € C*2(N*,R) is a solution of the

following boundary value problem

{ A’x(n-1)-pAx(n—-1)—qgx(n—-1)+g(n) =0, ne Ny,
2.1)

x(0) =ax(l), x(oo)=

ifand only if x e C(N™*, R) is a solution of the following equation

x(n) =) Gn,i)g(i) 2.2)

i=1
where

G(n,i) !
ni)=—
r

A+b)™ A +b) -1 +a)7 7], isn—i, i<l-1,

A+ A+@" 1-a(d+b) ] -A+b) " [A+a)  —a(+b)!"Y], n<i<I-1,
N A+b)"HA+b) 7 Hl—a(l+ D -0 +a  N1-a+a)'1, Il<i<n-1,
(l+b

. ) (l+a)"N-a0+b)1-a+b*N-a0+a)', izn, i>l,

T=(a-b[1-al+b).

Proof. Set
u(n) = Ax(n) —ax(n). (2.3)

By the equation in (2.1) we have
Au(n-1)-bun-1) = A>x(n—-1)-aAx(n-1) - b[Ax(n—-1) — ax(n—1)]
= A’x(n-1)- (a+b)Ax(n—1) + abx(n—1)
=A2x(n-1)-pAx(n-1)-qgx(n—-1)=—-g(n), neN,

i.e.
un)—A+bun-1)=-g(n), neNp. (2.4)

Multiplying (2.4) by (ﬁ)n and summing on N(1, k) we get

k

) - utn-v(5)" = ) g,

L

u(n)(

+b (m

n=1



274 YU TIAN AND WEIGAO GE

i.e.

k
u(k) = 1+ b u(0) - Z( gm). 2.5)

1+b)

Similarly, multiplying (2.3) by (ﬁ)n and summing on N(1, k- 1), we get

1 k-1 k=11 \n
x(0)( ) —x(1)+n;(m) u(n),
ie.
x() =1+ x)+ 1+ )™ IZ(H )" utn). 2.6)
By (2.5), (2.6) we get
n-1 n-1 1+b k g(i)
x(m) =1+a)" (1) +(1+a) Z(1+ )[u(O)—i:Zl(Hb)i]. @.7)

From (2.3), (2.7) we have

() = 1 { (1+b) (l+b)n i} ©.8)
a-b a+a 1+a) 18] '
where A= x(1)—(1+ b)x(0), B= 1+ a)x(0) — x(1).

Let n=1[1in (2.8), we have

x(h=— ! {A(l+a) +B+b) -1+ )Z[(Hb)i—(Hb)l]g(i)}. 2.9)

l1+a l1+a

By x(0) = ax(l) and (2.9) we have

Zle1+byi (1+Dby!
_ ! I_ ! _ .
(a—b)x(O)—a{A(1+a) +B(1+b)'-(1+a) ,'221[(1+a) (1+a) ]g(z)}. (2.10)

By boundary condition,

_ , byn "Slil+byi (1+b
0= fim o = tm A s - () ()’

o

1 X (1+byi | ) 1+b\nh .
= g—b{A_Z(_H“) g+ l%(—1+a) zg(z)}. (2.11)

i=1 n

b nn-1
If Z g(i) < oo, then hm (IL) Y g(i)=0.
i=1

1+a

If Z g(i) = oo, then by the rule of LHospital, we have
i=1

. B gm) . (1+b)"'gn)
r}ggo(1+ ) Zg(l) J%(Hﬁ)”ﬂ_glﬂm(a—b)(l+a)"

1+b
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gn)
< lim ———.
n—oo (a—b)(1+ a)”
g _8mn) _
The condition Zl (ra7 <00 means that llm N qrar = 0. So
tim (1) % g0

Therefore (2.11) means that
A= f(—)ig(i). 2.12)
. a

Since (a—b)x(0) = A+ B = z(l—b) g(i)+ B and (2.10), we have

i=1

i(%)ig(iHB:a{A(l+a)l+B(1+b)l—(1+a)l§[(1+b) (2 ]g(z)}

et l1+a l1+a
thus
:m“a(l+a)l—112( )g()
—a(+a) g[(i:z) —(i:ZHg(l)} 2.13)

Thus substituting (2.12) and (2.13) into (2.8), we have

1 {(1+a)"—a(1+a)”(1+b)l+a(1+b)”(1+a)l—(1+b)" % 1+b)i (0

x(n):a—b 1-a(l+b) izzi(l+a

‘a+p)" { byi b
“enr o) () e

d+a” Z[(1+b) (1+b)]g(z)}

l1+a l1+a

After a tedious computation we have (2.2) holds.
On the other hand, applying the difference operator directly to (2.2) gives (2.1).

Lemma 2.2. Suppose that G(n, i) is given by Lemma 2.1 and the condition (H2) holds, then
we have

i) Gn,i)=0,ne N, icNy.
(i) Gn,HA+a) <G, H1+a), G, < F, n,i € Ny.
(iii) Foranyly,l, € Ny, I, > I, there exists y = min{(1 + b2, +a)h -+ b} such that

G(n, i) =yG(i,)(1+a)~", neN(,b).
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Proof. It is clear that (i) holds. Now we show that (ii) holds.
Forthecasei<n-1,i<[-1,wehave

1+a) "G, i) <1 +a) G, i)

and ) ) )
Lo L ifq_ —i il L -i_ L
G(l,l)—r(1+b) [1 1+a)'(1+Db) ]Sr(1+b) Sr.

Forthecasen<i<1[-1,wehave

)l’l+l

T(l+a) "Gn,i) = (%)i[l a(1+Db) ] +a)r

A+a) —a(l+b)" ’].

Notice the condition (H2) we have
1+ —al+n)' = 0+a 7 [1-a0+a)' 0+
>(l+a) [1 —a(l+ a)l] > 0.
So
( + b) i

F(l+a)_"G(n,i)s(%)i[ a(l+ b)] [(l+a)l a(l+ b~ l]

=T +a) " G3,i).

G, i) = %{(H B [1-a+p!|-a+p? [+ a7 - a0 +p']}

= za+n1-(12) ] < 1

Forthecasel<i<n-1,wehave

T(1+a) "Gn,i) = ((1—)’;“{(1+b)‘ [1-at+p)!|-a+a7[1-a0+a)]}
(112) [1-a0+b)]- (LLZ)"H 1-a(+a)]
= (F2) 1-e+ 0! - (F2) [1-a + )]},
Since
1—a(1+b)l—(%)i[l—a(l+a)l]21—a(1+b)l—1+a(1+a)l
=a|a+a'-a+n']>0,
we have

T +a) ™ "Gn, i) < (%)i{l—a(ub)l— (%)i[l—a(l+a)l]}
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=T(+a)~ GG, i).

G, i) = %(1+b)i{1—oc(l+b)l—(%)i[l—a(l+a)l]}s l(1+b)is%.

=

For i = n, i =/, noticing 1 + b > 0, we have

G+ Ao ™"(iE ) {(1+a) 1-a(+h)]-A+h)"[1-a(+a)]}

1_17
G, D0 +a)™! (+ai(LL) {(1+a) (1-a+h)1-+h) 1 -al+a))}

1-a(i+b)'- (1) 1 - + @)Y

1-a(l+D) - (l—h) 1-al+a)]
<1

So(1+a) "G(n, i) <(1+a) " G, 1i).

G(i, i) = (H) {(1 +a)il-ad+b) ] -A+b)i[1-ad +a)’]}

1+ b2t
1+a)t

< {(1+b) [1-a(l+b)- [1—a(1+a)l]}

IA

1
r
1
r
1
r

Finally we prove that (iii) holds.
Letl;,lb € Ny, Ir > 17
Fori<n-1,i<1-1,wehave

Gn,i) A+b)"[A+b) -1 +a)]
GG, DA+a) A+ [(1+b) " -(1+a) 10 +a)
_A+bh"d+a)’

- (1+Db)

>(1+b", neNU,b).

Forn<i<I[-1,wehave

Gn,i) (1+b)'(1+a@)" '1-a(l+b)']-1A+b)"" [1+a) "—a(l+b)]

GG, )A+a) T (Q+a) i1+b)i[l-a(1+b)-1+b)2i[Q+a) i—al+Db)~i|(1+a)~!
A+a)"  N-ad+b -1 a1+ +a)]

(1+a)l

1+a

A+a)-i[1-ad+b)] - (ﬂ’) A+a)-i[1-ald+b)-i(+a)i

1+ [1-al+b)- %:b))j [1-al+b)"(1+a)]
(1+a)[1-al+b)]

>+ -1+, neNU0,bL).

=
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Forl<i<n-1,wehave

Gin,i)  1+b)"HA+bh) l-al+bh)1-Q+a) [1-al+a)]}
GG, NA+a) T  A+b2i(+a) H{1+b)--al+b)]-(1+a) " i[1-a(l+a)]}
=1+ 0+a)l=10+b2, neNU,bL).

Fori=n,i=>=1, wehave

Gni) (1—b) {1+ a)"1-ald+b)-1+b)"1-ald+a)]}
14h
1+

GG, DA +a)™ ( ) A+ a)i[l-al+b)!-1+b)il-ald+a) 1 +a)

_a+ A"-1+b)"—al+a)"A+b)+ad+b)"1+a)
1-a(l+b)!
nry _ )
:(1+a)n(1+b) [1-a(l+a)l
1-a(l+b)!
>(1+a)"—(1+b"
>+ -1+, neNU0,b).

Therefore, (iii) holds.
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3. Existence Based on a Cone Compression and Expansion Theorem in
Fréchet Space

We first present the fixed point result from [7] that we will use in the Section 3 and Section
4. Let E be a Fréchet space endowed with a family of semi-norms {| - |, : n € Ny} with

Ix[p <|xlp<---, forall xe E.
Also assume for each n € Ny that (Ey, |- |,) is a Banach space, and suppose
Ei12E>2---

with E =92 | E, and | x|, < |X|p41 for all x € Ey4 (here n € Np). For each n € Ny, let C,, be a
cone in E, and assume that |- |, is increasing with respect to C,,. Also assume

Ci2C2---.
For p >0 and n € Ny, let
Unp=1{x€Ey:|xlp<p} and Qup=Up,pnCy.

Notice
achn,p = 6En Un,p NnC, and Qn,p = Un'p NnCy

(the first closure is with respect to C,, whereas the second is with respect to E;). In addition,
notice since | x|, < |x|,+1 for all x € E;,4; that

Q1p2Q,2-.
Lemma 3.1.([6] Arzela-Ascoli Theorem for C(N*, R¥).) IfQ € C(N*, R¥) is uniformly bounded
on Ny, for each m € N*, then Q is a relatively compact subset of C(N*, R¥).
We now present a general result which guarantees that the equation
y=Fy 3.1
has a solution in E.

Theorem 3.2.(see [7].) Letr; >0, r, > 0, ¥ > 0 be constants, r = min{ry, 2} and R =
max{r;, r} with’y < r. Suppose that the following conditions are satisfied:

foreachne Ny, F,,: Uy g C, — Cy, is a continuous map; (3.2)
foreachne Ny, |Fyx|, = x|, forallx € 0p,Up ;, N Cp; (3.3)
foreachne Ny, |Fyxl, < x|, forallx € 0g,Up r, N Cp; (3.4)

foreachne Ny, themap £ ,,: Uy,rNC,, — Cy,, given by 3.5)
Hny =VUse_,, Fmy (see Remark 3.1), is k-set contractive (0 < k <1); '
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for every k € Ny and any subsequence A< {k,k+1,---}

_ (3.6)
ifxeCy,ne A, issuchthatR = |x|, =1 then|x|x =27;
and
if there exists aw € E and a sequence{yn}nen, With y, € (Upp\Up,) NCy
and y,, = Fpyy in E;, such that for every k € Ny, there exists a subsequence (3.7

Scik+1,k+2,---} of Ny withy, - winExasn—ooinS, thenw=F, inE.
Then (3.1) has a solution y, € E with y1 € N5, (Up,r \ Up7) N Ch).

Remark 3.1. The definition of %}, in (3.5) is as follows. If ye U, pnCy and y ¢ Up41,rN
Cp+1, then £,y = Fpy, whereas if y € Up41,r N Cpy1 and y € Upyo,r N Cpy, then £,y = Fry U
Fy 41y, and so on.

Theorem 3.3. Besides the conditions (H1) (H2) hold, we assume that the following condi-
tions are satisfied:

(H3) thereexist R>r >o0,andl> > 11 >0, 1,1 € N such that

Y %(1+a)_jf(j,R(1+a)j) <R; (3.8)
j=1
Iy .
yaA+a) 2 Y GG NfGynA+a) =7 (3.9)

j=h
hold. Then Problem (1.1) (1.2) has at least one positive solution x € C(N*, R) with x(i) = 0 for
i € N* and with

yral+a)™2 < sup [x()(1+a@) <R, x(i)=y*r(1+a)~ foreach ie N(l;,1L).
ieN*

Proof. Choose {b,} ¢ Ny an increasing sequence such that b = b = 1 and b, — oo as
n — oo. We endow C(N™, R) with a family of semi-norms {| - | ,} ,e 5, defined as follows:

Ixlp,= sup Ix@I1+a)"
ieN(0,by)

We denote E; = C(N(0,by),R) and C,, = {x € E,|x(i) = 0 for i € N(0, by), and g%}nl )x(i) >
1€ 1,02

vlxl|,}. Clearly (Ej,|-1,) is a Banach space.
Let n € Nyp. Define

by,
Fux(i) =) GG, ) f(j,x(j), (3.10)
j=1

here x € C(N, (1, by,)).
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For p=r,R, let
Un,p ={x€C(0,by) : |xln < p}.

We know from [6] that F,, : Uy g N C,, — Ej is continuous for each n € Nj.
We claim that F,,: U, rnC, — C, foreach ne Nj. (3.11)

If (3.11) is true, then of course (3.2) is true for n € Ny. To see (3.11), fix n € Ny and take x €
Upn,r N Cyp. Using (3.10) and inequality (ii) we obtain

bn

sup |Fpx(@(1+a@) "= sup Y GG, )f(j,x(NA+a)~
iEN(0,by) iEN©,bp) j=1

by '
<Y GG NFGx(NA+a) .
j=1

On the other hand, using inequality (iii) we have

by
ie?f(}?zz)F”xm = iez%}}?zzyj;(;u’])f("”xm)

by .
=2y ) GG, NA+a)™ f(j,x(j)
j=1

<y sup |Fux()I(1+a) " =y|Fpxlp.
ieN(0,by)

By G(i, j) =0, (i,j) € N* x Ny and (H1) we have F,,x(i) = 0 for i € N(0,b,,). Thus (3.11) (also
(3.2) with n € Np) is true.

Next we show (3.3) (with r; = r) with n € Np. Let x € 0g,Uy,» N Cy,. Note |x|, = r and
x(i) =2 ylxl, =yr forie N, ). Noticing (H1) (3.9) (3.10) and inequality (iii) we have

bn

sup Y. GG, NG, x(NA+a)~"
ieN(0,by) j=1

[Fnx(@)n

I .
inf Y G, )f(G,x(MN1+a)”!

>
iEN(ll,lZ)j:ll
12 . .
Z ot GG, NfGynQ+a)™/
ie]\llgl,lz)y Z L DNfFGyNA+a)

j=h

I .
=yQ+a)™2Y GG, HfGyNA+a)
j=h

=71 =|x|,.

So (3.3) (with r; = r) is true for n € Nj.
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To see (3.4) (with r» = R) with nn € Ny holds. Let n € Ny and x € 0, U, RN Cp, 50 sup |x(i)[(1+
ieN*
a)~! =R, i.e. x(i) < R + a) for i € N(0, by,). Then using (3.8) and inequality (ii), we have

. bn .
IFpx@IA+a)~" =) G, N fG,x(NA+a)™
j=1

bn .
<Y GU,NfGx(NA+a)

j=1

® 1

<Zf(1+a)*ff(j,R(1+a)f)sR, for i€ N(0,b,),
j=1

which yields
|Fpxlp < R=|xlp.

Thus (3.4) (with r, = R) holds for n € Nj.
[ o0
Fix n € Ny, we will show £}, : Uy r N Cy, — Cy, given by £, x = U Fj,x is compact. Let
m=n

x € Uy, rN Cy. Withoutloss of generality, assume there exists [ € {0, 1,...} with x € U, pNCpyg

- n+l
and x ¢ Uy114+1,r N Cpi141. Then by definition (see Remark 3.1) £,x = U Fpx. Since x €
m=n

Ups1.80 Cusp, X(j) < R(L+a)!, j € N*. By (H1) (ii) (3.8), we have for m € N(0,1), i € N(0, by)
that

buim

FremxIA+a) ™ = 3 GG, Nf(,x(NA+a)™

J=1

bn+m

< Y GUNfGx(MA+a)™/

—

<) A+ f( RO+a) <R,

and so M = {y|y(i) = |Fpemx()|(1+ @)™}, x € Uyy 1.2 N Cy} € C(N(O, by)) is uniformly bounded
according to the maximum norm. According to Lemma 3.1 (Arzeld-Ascoli theorem), M is rela-
tively compact, i.e. there exists a sequence {yx} € M and yp € C(N(0, b,;)) such that lim max |yx(i)—

k—o00ieN(0,by)
Yo(i)]=0. So . ‘
lim max |FpimXp(D)(1+a) " = Fpamxo(@)1+a)~'|=0,
k—o0 i€ N(0,by,)
which means klim | FremXk — FnemXol = 0. Thus M’ = {z|z(i) = Fy1mx (i), X € Up4 N Cp} is
—00

relatively compact in C,, and £}, : m N C, — C, is compact, so (3.5) holds.

We next will prove that (3.6) holds for n € Ny and ¥ = yr(1 + a)~%2. To see this, fix k € Ny
and take any subsequence A< {k,k+1,---}if x € C(0, b,,), n € Ais such that r < |x|, <R, then
x(i) =z ylx|, =z yrforie N(lj, 1), and so c[r\I]l(}Ill )x(i) =vyr. Thus

i 1,62

|xlg = sup |x(@)|AQ+ a)l = sup x|+ a)_i zyr(l+ a)_lz,
ieN(0,by) iEN(l,1p)
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so (3.6) holds for n € Nj.

It remains to show that (3.7) is satisfied. Suppose there exists w € C(Ny, R) and a sequence
{Xn}nen, with x,, € mm C, and x, (i) = F,,x,(i), i € N(0, by,) such that for every k € Ny, there
exists a subsequence S {k+1,k+2,---} of Ny with x, — w in C(N(0, by),R) as n — ocoin S. If
we show

[e.e]
w@) =Y Gi,)f(jw() for ieN*,
j=1
then (3.7) holds.

Fix i € N*. Consider k = i and n € S (as described above). Then x,(i) = F,,x,(i), i €

N(0, by,) for n€ S, and so

by bn
xn(D) =Y, GG NG xn(N =Y, GU, )G, xa(i)). (3.12)
j=1 Jj=br+1

From x, € U, g N Cp, we have x, (i) < R(1 + a)'. Now by (3.8) and inequality (ii) we have

4 bn oS} :
a+a”| ¥ GuNfGwG)| < X GGNFGGNO+a
Jj=brs1 J=bis1
< Y GUHA+a T f(j,RU+a)).
J=bk+1

So

I+a)

by 0 . .

xn()— ) G(i,j)f(j,xn(j))| < ) GG, NA+a7/f(j,RA+a)))<R.
j=1 J=brs1

Since x, — w in C(N(0, b;),R) as n — oo and (H1), let n — oo in C(N(0, by), R) through S to

obtain

) by o0 . )
a+a o - Y. Gu NG| Y GUN+a™ f(,RO+a)).
j=1 J=bi+1

Finally let kK — oo, we conclude by (3.8)
1+ o - Y. GG, DfG.o)| =0,
j=1

i.e.

0@ =Y G, Hf(,w().
j=1

(0]

So (3.7) holds. Now apply Theorem 3.2 x(i) = Y. G(i, j) f(j, x(j)) has a solution x € C(N*, R)
j=1

with x(i) =0 fori e N* and

yr(l+ a)_l2 < sup |x()|(1+ a)_i <R, x(i)= yzr(l + a)_l2 foreachie N(lj, ).
iEN*
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By (3.8) we have

Y U+a ' fl,x() <Y A+a) ' f(i,R0+a@") <TR<oo.
i=1 i=1

Thus by Lemma 2.1, x is a positive solution of Problem (1.1) (1.2).

Theorem 3.4. Besides the conditions (H1) (H2) hold, we assume that there exist l1, 1, € Ny

and l; < I, such that
c
sup — >1; (3.13)

ceN* y %(1 +a)—jf(j,c(1+a)j)

j=1

b Gli i .

lim y° SGOLGYD (3.14)
=0, r(l+a)

Then Problem (1.1) (1.2) has at least one positive solution.

Proof. By (3.13), choose an R > 0 such that
R

3 1 +a)7 I f(j,RA+a)))
j=1

>1,

which implies (3.8). From (3.14), there exists an r < R such that

LG, i fl,yr)  (+a)k
Z (1+a)ir z
Y

i=h

’

which implies (3.9). So the conditions in Theorem 3.3 are satisfied. Applying Theorem 3.3,
Problem (1.1) (1.2) has a positive solution.

4. Existence of Multiple Positive Solutions

Theorem 4.1. Suppose that the conditions in Theorem 3.4 hold. Furthermore, the following

conditions hold
LG, i) f,yr)

lim : 00, (4.1)
oo/ T+ a)t

[e ) " k 1 i

Z M oo, forany k> 0. (4.2)

4 Ta+a)

Then Problem (1.1) (1.2) has at least two positive solutions.

Proof. Choose {b,} ¢ Ny an increasing sequence such that b; = b =1 and b,, — co. We
endow C(N*, R) with a family of semi-norms {| - |,,} ne v, defined as follows:

IXlp,= sup [x(@)I1+a)"
i€eN(0,by)
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We denote E,, = C(N(0,by),R) and C,, = {x € E,|x(i) =0 for i € N(0,b,), and min x(i) =

iEN(ll,lg)
vlxl|n}. Clearly (Ej,|-1,) is a Banach space.
Let n € Ny. Define
by,
Enx(D) =Y GG, ) f(j, x(j), (4.3)
j=1
here x € C(N(1, by,)).
Now from condition (3.13) choose an R such that
R
— >1. (4.4)
YT '1+a)  f(j,RA+a))
j=1
Suppose N* = % From (3.14) there exists r < R such that
l2 G o . . 1+ l2
Y —(l’l)f(l’:.m A L 4.5)
i=1 x(1+a) Y
From (4.1) there exists R’ > R such that
1 .. . 1
ZZ EIULACS LN Gl ) (4.6)

xQ+a)f oy

i=h
Now we define for p =1, R, R/,
Un,p ={x€ C(0,by) : 1xl, < p}.

First by Theorem 3.3 condition (H1) (4.4) (4.5) guarantee that there exists one positive
solution x; € C(N*) such that x; (i) =0, i € N* and

yr(l+ a)_l2 < sup |x1 (D)|(1+ a) i< R, x1()= yzr(l + a)_l2 foreach ne N(Iy, ).
ieN*

We next will prove that there exists another positive solution x; € C(N*) such that x, (i) =
0,ie Nt and

YR(1+ a)fl2 < sup |x2 (D)1 + a)fi <R, xG()= )/ZR(I + a)*l2 foreach ne N(l3, ).
ieN*

The proof is based on Theorem 3.2. First similar to Theorem 3.3 we get for each n € Ny, F, :
U,,r N Cy, — Cy is a continuous map, that is to say, the condition (3.2) in Theorem 3.2 holds.

The following two claims hold:

Claim 1. |F,, x|, = |x]y, X€0g, Uppr N Cy.
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So x(i) = y|x|, =yR' for i € N(I1, Iy). By (4.6) and inequality (iii) we have

. bn .
|Fox(+a)™" = sup Y GG, )f(j,x()HA+a)
ieN(O,bn)j:1

2

=y sup Y G, NA+a) "I f(j,yR)
iEN(ll,lz)jzll

=y(1+a)" IZZI GG, NG, yRYA+a) ™
J=ha
= R' =|x|,.
Thus (3.3) holds for r; = R'.
Claim 2. |Fy, x|, < |x|y, X€0g, Upr N C.
Fix ne€ Ny andlet x € 0g,Uy,r N Cp. So x(i) < R(1 + a)t, ieN*. By (4.4) and inequality (ii) we

have

. b” .
IFpx(I0+a) =Y GG, )fG,x(NA+a)
=1

bn .
<Y GG, NFGx(NA+@)
j=1

<Y GG, NfG,RA+a))A+a)!
j=1

® f(j,R0+a))
———— <R
Z I'l+a)l =

IA

j=1
Thus (3.4) holds for r, = R.
We next will show that (3.5) holds. For this, fix n € Ny, we will show %, : U, gr N Cy, — Cp,

(o0} —_—
given by £, x = U Fy,x is compact. Let x € U, p N C,. Without loss of generality, assume
m=n

there exists [ €{0,1,...} with x € Uy, g N Cpyy and x € Uy 141, r' N Cp141. Then by definition
n+l

(see Remark 3.1) #,x = U Fpx. Since x € Uy p N Cryg, x(j) < R'(1+a)!, j € N*. By (ii)
m=n
(4.2) we have for m € N(0,1), i € N(0, b;;) that

. bpim i
|Fpamx(1+a)™" = Y GG NG, x(NA+a)™
j=1

bn+m

< Y GUNfGx(MA+a)™/

j=1

<y %(1 +a)  f(j,R(1+a))<oo
j=1
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So | £ x|, < oo. Similar to the process of Theorem 3.2 we have %), : U, g N C,, — Cj, is com-
pact, so (3.5) holds.

Next we will prove (3.6) holds for n € Ny for y = yR(1 + a)~ "2, To see this, fix k € Ny and
take any subsequence A c {k,k+1,---} if x € C(0,b,), n € A is such that R < |x|, < R', then

x(@)zylxl,zyRforie N(l;,l5),andso inf x(i) =yR. Thus
iEN(ll,IZ)

Ixlg= sup |x()IA+@ "= inf |x@)I1+a) =yRA+a)7,
ieN(0,by) ieN(h,b)

so (3.6) holds for n € Ny.
Similar to the proof in Theorem 3.3 we have (3.7) holds. Applying Theorem 3.2 x(i) =

o0
Y. GG, j) f(j, x(j)) has a positive solution x, such that
j=1

/

YR(1+a) 2 < sup |x: ()| +a) " <R, x(i)=y>R(+a)~2 foreach ne N(Iy, ).

ieN*
By Lemma 2.1. we see that x;, x are two positive solutions of BVP (1.1) (1.2).

Remark4.1.Forl=1,a= %, BVP (1.1) (1.2) is reduced to (1.1) and

B1x(0) — B2Ax(0) =0.

where 3;=20,i=1,2, ,Bf + ,6% # 0, which has been studied in [23]. Our results in present paper
generalize those in [23].
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