TAMKANG JOURNAL OF MATHEMATICS
Volume 36, Number 4, 279-301, Winter 2005

ON SOME OSTROWSKI TYPE INEQUALITIES VIA MONTGOMERY
IDENTITY AND TAYLOR’S FORMULA II

A. AGLIC ALJINOVIC, J. PECARIC AND A.VUKELIC

Abstract. A new extension of the weighted Montgomery identity is given, by using Taylor’s
formula and used to obtain some Ostrowski type inequalities and estimations of the difference

of two integral means.

1. Introduction

Let f : [a,b] — R be differentiable on [a,b], and f’ : [a,b] — R integrable on a, b].
Then the Montgomery identity holds [7]

b b
f@) =5 [ F@ds [ P o

where P (x,t) is the Peano kernel, defined by

Z_“, a<t<u,

—a

Pz, t) =

o) t=b r<t<b
b—a’ =

Now, let’s suppose w : [a,b] — [0, 00) is some probability density function, i.e. integrable
function satisfying f:w (t)dt = 1, and W (t) = fatw (x)dx for t € [a,b], W (t) = 0 for
t < aand W(t) =1 for ¢ > b. The following identity (given by Pecari¢ in [8]) is the
weighted generalization of Montgomery identity

b b
f@) = [ worwas [ Poworod (1)
where the weighted Peano kernel is
Wi(t), a<t<u,

Rﬂaﬂz{ (1.2)
W (t) -1, r<t<b,
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In this paper we will give an extension of weighted Montgomery identity using the
Taylor’s formula with respect to a and b (Section 2.) and further, obtain some new
Ostrowski type inequalities (Section 3.), as well as some generalizations of the estimations
of the difference of two weighted integral means (Section 4.). In paper [2] the same was
done using an extension of weighted Montgomery identity via Taylor’s formula with

respect to x.

2. An extension of Montgomery identity via Taylor’s formula

Theorem 1. Let f : I — R be such that f"~Y is absolutely continuous for some
n > 2, I CR an open interval, a,b € I, a < b, w : [a,b] — [0,00) is some probability
density function. Then the following identity holds

f(z+1)

f(z)= /ab t)dt + Z ) / w(s) ((gg e a)i+1> ds

a

+ Z m /bw (s) ((x — b)) — (s — b)”l) ds
=0 x

(i+1)!
1 n)
g ) T ) £ () s (2.1)
where
/w(u)(u—s)"—ldu+w(x)(x_s)n—1, a<s<uz,
Twn(x,8) = z

/sw(u)(us)"ldqu(W(x)1)(:Es)n1, r<s<b.

Proof. If we apply Taylor’s formula with f’ (¢), and replace n with n —1 (n > 2) we

have

n=2 r(j+1) a Sn72
0 PE s CYPR /f<"<>((—)ds

pr 7! n—2)!

_Zf(’“) / £ (s t—s) (t=s""

=0 ! )
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By putting these two formulae in the weighted Montgomery identity (1.1) we obtain
b
fla)= [ e @

=2 p(i41) (o) [T . n=2 L(i11) b 4
+Zf +u ( )/a (t—a)’W(t)dH;f 2! (b)/z (t—b)" (W (t)—1)dt

=0

/j W () </a £ (s) (’5(;5)2)! ds> dt
/b (W (t) — 1) </b £ (s) (t 7_),1,
Now,

/;(t—a)"W(t)dt:[(t—a)i (/:w(s)ds)dt:/;w(s) (/sx(t—a)idt) ds

= - ! /zw (s) ((ac —a)t — (s — a)H_l) ds

i+1/,

+

and similar

/: =) (W (&) 1) = - 1 /: w0(5) ((z _ Byt (s— b)z‘+1) ds.

Further, we have

/ (/ Fo ds> dt = /; 7 (s) </x W (t) (t —s)" 2 dt) ds

and
/W V()" 2 dt = /x(/atw(u)du)(t—s) ~2 gy
7/ w (u) /s(t—s) 2dt>du+ :w(u)< (t— ) th)du
:/ w (1) (x;S):_ldu—i—/:w(u) (z =) _;_(1“_5 Y
_(x;S):_IW(ac)—/jw(u) L Y

Similar
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and

/s<1—W<t>><t—s>"—2dt:<w<x>_1)M+/sw(u)Mdu,

n—1 n—1

So the reminder in the weighted Taylor formula is

ﬁ l/abf(rﬂ (s) </:w(u)(us)"—1du) ds

W (2) / " (s) (2 — 5" ds 4 (W (2) — 1) / £ (s) (& — 5)™! ds] |

Remark 1. In the special case, if we take w (t) b%, t € [a,b] the identity (2.1)

a
reduces to

1 S (@) @ —a) E Y 0) (- 0)
f(:”)_m/le(t)dH;z!(HQ) b—a _;z‘!(i+2) b—a

1 b
+m / Tn (x, S) f(n) (S) dS, (2.2)
where ( )
T—S T —a n_1
- - <s<
To(z5)={ "9 b s
e (x—38)" x—-0 ol
- (x—s)"" ", r<s<b

3. The Ostrowski Type Inequalities
In this section we generalize the results from [1], [5], [6].

Theorem 2. Suppose that all the assumptions of Theorem 1 hold. Additionally
assume that (p,q) s a pair of conjugate exponents, that is 1 < p,q < oo, % + % =1.
Then we have

‘f(x)_/bw(t)f(t) dt—%%/xw(s) ((x—a)m —(s—a)"“) ds
@ i=0 © Ja

- nf % /bw (s) ((:c A b)”l) ds
i=0 z

(n,l 1)! (/ab [T n (2, 5)[" ds> q Hf<n>

IN

(3.1)

p
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The constant o= f |Tw.n(z, s |qu)q is sharp for 1 < p < oo and the best possible for
p=1.

Proof. We use the identity (2.1) and apply the Holder inequality to obtain

‘f(:ﬂ)/bw(t)f(t)dtg%/”w(s) ((mia)i“rli(Sia’)iJrl) s
¢ i=0 *Ja

_ 75:2 m /bw (s) ((x b)) — (s — b)"“) ds

(14 1)!
(n)
< an_ 1” (/ [T (s |qu)

1 b
] / Twn(x,8) ™ (s)ds
Twn (x,s). For the proof of the sharpness of the constant

(n—1)!

Let’s denote C1 (s) = ﬁ

(f; |Cq (s)|‘1ds)% we will find a function f for which the equality in (3.1) is obtained.
For 1 < p < oo take f to be such that

1

F™ (s) = sgn Cy (s) - [C1 ()7

For p = oo take
FU (s) = sgn C1 (s).
For p = 1 we shall prove that

b b
[ €17 (s)ds| < ma €1 s >|<
" s€la,b] a

is the best possible inequality. Suppose that |C (s)| attains its maximum at so € [a, b].
First we assume that Cy (sg) > 0. For € such that 0 < & < b— so define f: (s) by

fm (s)‘ ds) (3.2)

0) G‘SSSSO;
fe(s) = ﬁ(S_SO)n7 80 <8< 59+ ¢,
(s —s0)""", so+e<s<b.

Then, for € small enough

b
/ C1 (s) £ (s)ds

So-’r& 1
/ Cy (s) gds

Now, from inequality (3.2) we have

1 sote sote 1
—/ Ci (s)ds < Cy (so)/ Lds = C (s0).

€ S0 S0
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Since,
1 so+e
hr% - Ci (s)ds = C1 (so)
e— s0

the statement follows. In case C (sg) < 0, we take

%(s—so—a)n_l, a < s < s,
fe(s) =9 —=(s—s0—e)", so <s<so+e,
0, so+e<s<b,

and the rest of proof is the same as above.

The Beta and the incomplete Beta function of Euler type are defined by

1 r
B(z,y) = / L1 -t By (n,y) = / th -t 2,y >0
0 0
and .
U, (2,y) = / £ (1 +0)Y
0
is a real positive valued integral.

Corollary 1. Let f : I — R be such that f"~1 is absolutely continuous for some
n>2, I CR an open interval, a,b € I, a < b and (p,q) a pair of conjugate exponents,
1 <p < oo. Then we have

f(z+1) ( ) ( N a)i+2 n—2 f(H_l) (b) (:L' _ b)z’+2
‘ /f il(i+2) b-a +i:O ii+2) b—a

< a)qn+1 (b x)qn+1) pa(n—1+1

b—a) (nf 1)! {((f”

(Bla+1a(mn=1)+1) = Buus (q+1,q(n—1)+1))}%

f(")
p

and the constant on the right hand side of the inequality is sharp. For p =1 we have

____/‘f ﬂ””(ﬂ @”2+”Qﬂ””wﬂsz”2
2!2—1—2 b—a —il(i+2) b-a
gafiﬁmnmx«x—aw,w—zwuww>

and the constant on the right hand side of the inequality is the best possible.

Proof. We apply the inequality (3.1) with w (t) = t € [a,b] and use (2.2)

1
b—a’

T n q
T, . ¢ _ (z—s) T—a, a1
/a| n(z,8)|"ds ’ n(bfa)—i—bfa( s) ds
b n q
=9 a=b s
— - ds.
Jr/L n(b—a)er—a(z *) y
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First with substitution (z — a) — (z — s) = nt (r — a) we have

/: —#—l—(m—a)(x—s)n_l
/; (z — )77 ((:c —a) — LT_LS))qu
= (z — )"t patr-D+1 (B (g+1,q(n—1)4+1) — Bua (g+1,gq(n—1)+ 1))

Similar with n (b —z) — (s — ) = nt (b — z) we get

/b
= (b —2)™ (B g+ 1,g(n— 1)+ 1) = Buss (g+ Lg(n—1) +1)).

Finally

q

ds

q

(x —s) x—b ds

nh-a h—a

1 mn mn n—
/ Ts.m (x,5)|q ds = ([)_T)q {(x _ a)q + (b— x)q 1] paln—1)+1

(Bla+1,amn=1)+1) = Bass (g+ Lg(n = 1) +1))

and the first inequality follows from the Theorem 2.
Forp=1

(x—s8)" x-a
n(bfa)—’— bfa(x_s

sup |Ty,n (x,s)| = max{ sup
s€la,b] s€la,x]

(x—s)" x—0

oup n(b—a) bfa(x_s

s€[x,b]

By an elementary calculation we get

(z=9)" z—a e :(nfl)(:cfa)n
SSEL} n(b—a) b—a( ) nb-—a) ’
(=) =) R (n—-1)(b—a)"
Sil[g)b] n(b—a)+b—a( ) nb-—a)

Now, the second inequality follows from the Theorem 2.

Remark 2. With n = 2 in Corollary 1 we get

(b) (x = b)* = f'(a) (x — a)®
\ P [ LOE S

< (bia){((x ) 4 (b - )2q+1>2q(B(Q+1,q+1))}%|\f”||p (3.3)
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and for p = 1 we have

‘ /f Vap 4 SO @B 1 (@) (= 0)?

< ﬁmax{(m —a)®, (b—x)Q} £l -

If in inequality (3.3) we put ¢ = 1 we get
‘ /f Va4 SO @B 1 (@) (@ = 0)?

0 [(x—a>3+< 2] 177

2
B (o (52) s (1w ()
+. - .<f“+”(a) / w(s) (s—a) ™ ds + U (b /bw (s— b”lczs>‘

ol o)

If we additionally assume that w (t) is symmetric on [a,b] i.e. w(t) = w(b—a —1t) for
every t € [a, b] this inequality reduces to

‘f<a;b>/abW(t)f(t)dt

2 D) () 4 (—1)HF fGHD Ea - —a\"M!
Al DRl (b)(/ w(s) (s — )" ds_%(b2> )\

P (i41)!
q 3
ds Hf<">

b
_ / T (40
(n=1!1\J, ’ 2
a+b [ 1 1 /a+b n-t a+b
Tw7n< 5 ,s)/mw(u)(us) du+2< 5 s> sgn< 5 s)

IN

P




AN EXTENSION OF MONTGOMERY IDENTITY 287

For n =2 and w(t) = - we get

b —a
()5t f o e
—a 1+% 1
< % (Blg+1,q+1)7 "],

and for ¢ =1

\f(a;b) S [roa e - rw)

For the generalized trapezoid inequality we apply equality (2.1) first with = a, then

with x = b then add them up and divide by 2. After applying the Holder inequality we
get

(b_ a)2 "
1 e

<

a b 2 FEHD (g TR i1
‘f( );‘f(b)_/a w(t)f(t)dt—z% <(b—a)zJr —/a w(s) (S—a)Jr d5>

=0
n=2 p(j+1) , ) b X
_ Z % ((1)“1 (b—a)™! 7/ w(s) (s — b)" ! ds)‘

a

1 b .\
EYAEEN] (n)
< 2(7’l_ 1)' (/a |Tw,n (a, S)+Tw7n (b, S)| dS) Hf

and

p

’ 1
Twn(a,8) + Tyn(bys) = / sgn (s —uw)w W) (u—2s)"""du+b-s)"""—=(a—s)""".

Again, if we additionally assume that w (t) is symmetric on [a, b] this inequality reduces
to

b n—2 ] .
‘f (a) ;‘ f (b) _ /a w (t) f (t) dt — zz:; 5 (Z i 1)! (f(i+1) (a) + (_1)1-‘4-1 f(z+1) (b))

: ((b —a)T - / w(s) (s —a) ™ ds) |

1 b 7
< — q (n)
~2(n-1)! (/a Tw.n (@, 8) + Twn (b, 5)] ds) Hf )

For n =2, w(t) = bia and ¢ = 1 we get

b —a
‘f(“;f(b)—bla/a P+ 22 (1 0) - (@)

b— 2
<=y
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4. The Estimation of the Difference of the Two Weighted Integral Means

In this section we generalize the results from [3], [4]. We denote
a n—2 f0tD(q) rax i+1 i+1
tL,:Z] () =31, f(i—i—l)(’ ) fa w(s) ((m —a) o (s —a) + ) ds

n—2 f0+D i i
+ X L [ w () (@ =0 = (s =)™ ) ds

and
Mmm@/zﬁﬁﬁﬁ/%@f@ﬁ+%ﬁ®ﬁﬂ@,

for function f : [a,b] — R such that f (n=1) is absolutely continuous function for some
n > 2.

For the two intervals [a,b] and [c, d] we have four possible cases if [a,b] N [¢,d] # 0.
The first case is [c,d] C [a,b] and the second [a,b] N [¢,d] = [¢,b]. Other two possible
cases we simply get by change a < ¢, b < d.

Theorem 3. Let f : [a,b]U[c,d] — R be such that f™=1) is an absolutely continuous
function for some n > 2, w : [a,b] — [0,00) and u : [¢,d] — [0,00) some probability
density functions, W( ) = f (x)dx fort € [a,b], W (t) =0 fort < a and W (t) =
fort>b,U(t) = f (x)dx fort € [e,d], U(t) =0 fort <candU(t) =1 fort>d.
Then if [a,b] N [e,d] # 0 and z € [a,b] N ¢, d], we have

max{b,d}
D(w,u;z) = / K, (z,s) f™ (s)ds (4.1)

min{a,c}

where in case [c,d]

IN
B
=

Jow® =" de+ W (@) (@ - 5", s € lad,

x) = U (x)) (x—s)"_l) , s € {c,d],

(n_11)! (f; w(t) (t — S)n_l dt + W (z) (z — s)"_l) , s € [a,d],

5 ([ ) —w (@) (- )" dt
+(W (@) = U (@) (2= )" ), ——

i (Lu@ =" d 4 U@ -1 @-9""), se b,
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Proof. We subtract identities (2.1) for interval [a,b] and [c,d], to get the formula
(4.1).

Theorem 4. Assume (p,q) is a pair of conjugate exponents, that is 1 < p,q < oo,

% + é =1. Let ‘f(")‘p : [a,b] U e, d] — R be an R-integrable function for some n > 2.

Then we have

(4.2)

max{b,d} %
Dol < ([ K watds ) [

min{a,c}

Q=

for every x € [a,b]N[c,d]. The constant (fmax{b’d} |Ky, (,5)]1 ds) is sharp for 1 <p <

min{a,c}

oo and the best possible for p = 1.

Proof. Use the identity (4.1) and apply the Holder inequality to obtain

max{b,d}

Do) < [

min{a,c}

max{b,d} %
( [k, (z,sws) |7
min{a,c}

which proves the inequality. The proof for sharpness and the best possibility are similar

[ ()] | £ (s)] ds

IN

(4.3)

)
p

as in Theorem 2.

4.1. Case [c,d] C [a, b]

Here we denote

il () = 2 (q) (2 — a)' P B 2 FEED (b) (2 — )T
C&Zili+2) b-a il(i+2) b-a

and
1 1 10 1
[ S - - - [a,b] _ 4led]
D<b—a’d—c’x) b_a/af(t)dt d—c/c f@)dt+ 2% (z) — 0 () .

Corollary 2. Assume (p,q) is a pair of conjugate exponents. Let |f(")‘p i a, 0] = R

bc—ad
c—a-+b—d-

be an R-integrable function for somen > 2, [¢,d] C [a,b], = € [¢,d] and sg =
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Then for 1 <p < oo and x +n(so —x) ¢ [c,d] we have

v lts
‘D(FLEELZW)FEM1Mw@
@ =" (B e (a+1,(0=1)g+1) = By (g+1,(n—1)g+1))

(wfa)

(c—a+b—d)?
(d—¢)*
—Br (¢g+1,(n—=1)q+1)+ ¥, (n—-1)g+1,¢+1))

& so" " (Bg+ 1,00~ 1) + 1)

1
q

f(n)

+ (b—z)"t! (Bl_ e (q+1,(0=1)g+1)=By_1 (q+1,(n—1)q+ 1))}

n(b—a)

p

where for x +n(so —x) <c, r1=1- 2=, 1o = ﬁ, while for x +n(so — ) >
_ d— _ —
d7 rr=1- n(sgf:n)’ T2 = n(igfz)

If x + n(so — z) € [c,d] we have

ity
P < atmoe
J@=a" ™ (B e (a+ L= Da+ D)= By (g+ L (n—1)q+1))

E—

(c—a+b—d)*?
(d—c)*
+B(q+1,(n—1)g+ 1)+, (¢g+1,(n—1)g+1))

o = sol™ T (Wry (n = 1) g +1,¢+1)

+(b=2)" " (By__se (a+1,(n=1)q+1)=By_1 (a+1,(n=1)q+1))] ‘ |5

I CETD)

p

where for x < sg, 13 = m, Ty = %71, while for so < x, T3 = %, ry =
£—c¢ . 1.
n(z—so)
For p =1 we have
p (2 L2l < ! 1 " Hb-—z)"
o d—c'% _mmax{(n— )(@—a)",(n=1)(b—x)",
— b—d _ — b—d _
L(Jc—c)n 1|x—c+n(so—x)|,L|so—x|"(n—1)" '
d—c d—
— b—d _
—c 1

Proof. We put w(t) = 3=, t € [a,b], and u(t) = 7=, t € [c,d] in the Theorem 4.

a
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Thus we have ¢i"” (x) and gle-d] (x) instead of tEﬁ,’Zl (x) and tgfjﬁl] (x) and

max{b,d} % 1 c
K, (z,8)|%ds | = ——+ </
/min{a,c} | ( )| (n - 1)' a

J s () e
+/db

For the first integral let  —a — £=2 =t (z — a) so
(x—s)" z-a

Il:/: n(b—a) bfa(x

(x _ a)nq+1 nDat B
GO ( -

For the third integral let b —z — *~* =t (b — ) and similar obtain

(x—s)" x—a
7n(b—a)+ b—a(Z

ds

ds

_ S)’nfl

(x—s)" x-b

_n(bfa)—’—bf(z(ac_s)rh1

q
ds

_ S)nfl

o (gL (=g D)= By s (g + 1, <n—1>q+1>) |

n(z—a)

b n q
(x—s) x—b n1
L= |- -
8 /d n(b—a) bfa(x 2 ds
B (b—x)”q‘H n(n—1)a+1
= (B L0t DBy (a1 (1))

Asis c—a+b—d > 0, the second integral is

o[ (i) e

_ (c—a+b—ad) /d
Cni(b—a)(d-e)? /.
Since sg — ¢ = % > 0 and dfsozw > 0, then sg € [¢,d]. So we have

c—a+b—d
four possible cases:
1. f 2 +n(so —x) < ¢, (then also x > so) we have

’

T d
:/ (x—s)("fl)q(s—ac—l—n(ac—so))qu—i—/ (s—ac)("fl)q(s—ac—i—n(x—so))qu.

q
ds

(x— )" (x—s+n(so— x))‘qu.

(x—8)" " (x—s+n(so—a)| ds

‘ q

Now, using the substitution s — x +n (x — sg) = nt (x — o) we get

/I (x — s)("_l)q (s—x+n(z—s0))lds

= (z — 50)" 1 pantl (B(q—i—l,(n—l)q—i—l)—Bk - (q+1,(n—1)q+1)>.

n(x—sq)



292 A. AGLIC ALJINOVIC, J. PECARIC AND A.VUKELIC

Similar, using the substitution s — z = nt (z — so) we get

d
/ (s—2) "V (s—2+n(z—s))ds

=(x—s0)"T " 4. (n—1)qg+1,q+1). (4.4)

n(x—sq

2. If x +n(sop —x) > d, (then also sp > x) we have

d
/C ‘(:cfs)"fl (x —s+n(so—x))| ds

‘q
= /cx (z—3)"" D (z—s+4n (so—x))" ds—i—/: (s—2)" "V (z—s+4n (so — )" ds.

Using the substitution z — s = nt (so — x) similar we get

/1’ (=) " V(2 —s+n(so—x))ds

P Y . (n—=1)g+1,q+1) (4.5)

n(so—=

= (sp — )

and using the substitution x — s + n (so — ) = nt (sg — )

d
/ (s—2)" V(2 — s+ n(so—2))ds

= (so — z)" 1 pantl (B (q+1,(n—1)g+1) =B, _sw (q+1,(n— 1)q+1)>.

n(s0—7)

3. Ife<z+n(so—z)<dand x <x+n(sp—x), (S0 x < sg9) then

q

d
/C ‘(acfs)"_1 (x —s+n(so—x))| ds

:/ (x—s)(n_l)q (r —s+mn(so—x))lds

C

z+n(so—x)
+/ (s—2)" V(2 —s+n(so—x))"ds
T

d
+/ (s—x)("_l)q (s —x+n(z—s0))lds.
z+n(so—x)

We already had the first integral (see (4.5)), for second let © —s+n (sp — x) = nt (sg — x)
and then

z+n(so—x)
/ (s—2) "V (z—s+n(so—x))ds
T

=(so— )" "B (g+1,(n—1)q+1),
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and for third let s — z +n (x — s9) = tn(sop — ) so

d
/ (s—x)(n_l)q (s—x+n(z—s0))lds
z+n(so—z)

=(so—2)" 'Y _ow (g1, (n—1)q+1).

n(s0—7)

4. Ife<z+n(so—z)<dand x+n(sp —x) <z, (s0 5o < x) then

’

z+n(so—z) L
:/ (z— )" V(2 —s+n(so—x))"ds

(x—8)"" " (x—s+n(so—a))| ds

+/ (x—s)("_l)q (s—x+n(z—s0))lds
z+n(so—x)

d
+/ (s — x)(n_l)q (s —x+n(z—s0))!ds.
Now, let z — s +n(sog —x) = tn (z — sg) so
z+n(so—x) L
/ (x—s)("_ )a (v —s+n(sp—x))ds

_ ($ _ SO)Qn-H ndntly . (q +1, (n — 1) q+ 1) ,

n(z—s0)

and with s —z +n (x — s¢) = nt (x — sg) we get
/ (z—s)" V(s — 2z +n(z—s))ds
z+n(so—z)
= (z — so)qn'|r1 n" B (g4+1,(n—1)qg+1),

and we already had the third integral before (4.4). Finally, by summing Iy, I, and I3,
the statement for 1 < p < oo follows. For p = 1,we have

[ (2, 8) oo = sup |Kn (2, 5)]

s€la,b

B (x—38)" z—a ol
max{srél[z;?i] n(b—a)er—a( )

DD, +<:ca:cc) oo

selrd) nb—a) n(d-c) b—a d—c ’
max _(x—s)" —l—x_b(x—s)n_l
seldp]| n(b—a) b—a '
By an elementary calculation we get
(x—8)" x—a net]  (n—1)(x—a)"
srél[g,}i] n(bfa)—i_bfa(x 2 B nb—a)
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_ n—1)0b-2)"
nb-a) ’

(x—38)"  (z—8)" r—a xT—c 1
c—a+b—d .
=g ey @9 @ s o — )

($ — S) r—b )nfl

max wl—a) b—a(x_s

s€[d,b]

Again, for calculating max,e[. 4 ‘(:L’ — )" Nz —s+n(so— :c))‘ we have four possible
cases:
1. fz+n(so—x) < ¢, (then also 2 > sg) we have

Jnax, (z—8)" " (s—az+n(@—=s0))=(@—-M""(M-z+n(x—s0)),

where M = max{c,z+ (n— 1) (so — )}

nax, (s—a)" "(s—z+n(x—s))=d—2)""" (d—z+n(z—s0)).

2. If x +n(sp —x) > d, (then also sop > x)

max (z—5)" " (z—s+n(so—a))=(x—c)" " (

x—c+n(so—x)),
s€le,z]

Jnax, (s—x)" "z—s+n(so—a)=m—z)"""(x—m+n(so—x)).

where m = min{b,z + (n — 1) (so — z)}
3. Ifce<z+n(so—z)<dand x <x+n(sp—x), sox < sy then

Jnax, (x—s)" " w—s+n(so—a))=@—0c)" " (@—c+n(so—1)),

max (s—a)" "z—s+n(so—z))=(so—x)" (n—1)""",
s€[z,z+n(so—x)]

max (s—x)" (s—z+n(@—s))=d—2)""" (d—z+n(z—s0)).
s€[z+n(so—x),d]

4. Mfe<z+n(so—z)<dand x+n(sp —x) <z, so o < = then

max (z—8)"""(@w—s4+n(so—ax)=(x—c)" " (@—c+n(so—2)),
s€lc,z+n(so—z)]

max (x—8)" (s—z+n(x—s))=(r—s0)"(n—1)""",
s€lz+n(so—x),z]

Sren[i)é} (s—a)" " (s—z+n@—s0))=(d—2)""" (d—z+n(z—s)).

Thus, the proof is done.
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Remark 4. If we put ¢ = d = z as a limit case, the inequalities from Corollary 2

reduce to Ostrowski type inequalities from Corollary 1.

4.2. Case [a,b] N [c,d] = [c, b]

Corollary 3. Assume (p,q) is a pair of conjugate exponents. Let ‘f(")‘p a,d] = R
be an R-integrable function for somen > 2, [a,b]N[c,d] = [¢,b], x € [¢,b]. Ifc—a+b—d =
0 then for 1 <p < oo

1 1 1
pl— —.2)l<
‘ (ba’dc’x)‘_ (n—1)!

z—a)? L png+1
( )(ba)q (31_%(q+1,(n—1)q+1)—31_% (q+1,(n—1)q+1))
+C —a [ (x— c)("*l)qﬂ +(b— Z)(nfl)qﬂ
b—a (n—1)gq+1
1
| (d—x)nq—i_ln(n_l)(ﬁ_l q )
' d— o) (Bl—n(bifx) (Q+1a(N—1)Q+1)—BF% (q—l—l,(n—l)q—i—l)) Hf ,

and if c—a+b—d # 0, let 5o = cffljr‘lﬁ‘fd. Then for 1 <p < oo and x+n(so—z) € [¢,b]

we have

n—1+1
D L,L;x n
b—a'd—c (n—1)!

. M<B (g+1,(n—1)g+1)—B (g+1,(n—1) Jrl))
(b—a)° 1— = g ) q 1-1 (g , q

IN

lc—a+b—d|*

b —ay@ ey o (@ L= D+

+B(Q+1v(n71)Q+1)+\I}r2((nil)q*l’]-aq*l’]-))

(d_x)nq+1 %
S e Dae ), @ nern)| [
(d — c) n(d—a) -2 p
where for s > b, r| = %71, ro = m, while for sg < ¢, r, = ﬁfl, ro =

b—x
n(z—so) "
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If x4+ n(so — x) ¢ [c,b] we have

1 1 P
D(—, — 2| <
‘ (ba’dc’x)‘_(nl)!

7aq71+1
[% (Bl_ z—c (Q+1,(N—1)Q+1)—Bl_% (q+1,(’n—1)q+1))

n(z—a)

le—a+b—d*
(b—a)7(d— ) |z — S0l (Upy (n—=1)g+1,q+1)

+B(g+1,(n—=1)g+1)—B,, (¢+1,(n—1)g+1))

ng+1 %
(d—a)""" B B B (n)
+ 7 (Bi_ o= (¢+1,(n=1)¢g+1)-B,_, (¢+1,(n—-1)g+1) f
(d—c¢) (@) -3 p
where for x +mn(sg —x) > b, r3 = n(ﬁs“o_fz), rg=1-— %, while for x +n(sg —x) <
— b—x _ r—c
€T3 = sy M= LT sy

Forp=1andc—a+b—d=0 we have

‘D <ﬁﬁx)‘ - ﬁmax{("l)%*nl)%,

c—a n-1 €C—0a n—1
_ ’ b— H (n)
e R 1
and forp=1andc—a+b—d#0
1 1
D - .
‘ (ba’dc’x)
< irnax{(nl) (z=a)
n!

(b—a)’
|c*a+b*d| so—z|™ (n— n—1
(b—a)(d—e) 0" (n=1)

1

(d—z)" |c—a+b—d|
(d—c) " (b—a)(d—c)

A (! |d—x+n<x—so>|} e

(n—1)

(2—¢)" " Je—c+n (so—)|,

L .

Proof. We put w (t) = -, t € [a,b], and u (t) = 7=, t € [c,d] in the Theorem 4.

Thus
(x—38)" x—a

max{b,d} . % 1 e )
Ko (2, 8)%ds | = ——— _ )
/min{a,c} | (:L' S)| § (n - 1)' </a n (b - a) + b—a (:L' 8)

Jr/cb (x —s)" N (x—s)" Jr(Jc—ayc—c) (o 5!

“n(b—a)  n(d—c)
d
)

ds

(x—s)" x—d i
n(d—c) dfc(x_s)
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Iy is the same as in the proof of the Corollary 2 and with substitution d — = — % =
t(d—x)
_ (x _ S)n—l

d
13:/1, n(d—c) d-—c
(d,x)”qﬂ (et
(d—c)? ( 1=
If c—a+b—d=0 the second integral is

e = L B

(x—3s)" x—d

. (g1, (n=1)g+1) = Bi_ (a+1,(n=1)g+1)) .

(

b—a (n—1)g+1
Ifc—a+b—d#0, thensofc:wandsofb:w so we have four

c—a+b—d c—a+b—d ’
possible cases:
1. If c—a+b—d >0 (which implies so > b,¢) and « +n (sp — z) < b, we have

_ (c—a+b—a)? [P
IQm(ba)q(dc)q/c

Y@ —s+n(so—x))

(x— )" "z —s+n(so—a)) " ds.

and

ds

‘q
/ (n 1)q( —s+mn(so—x))lds

z+n(so—x)
+/ (s—2)" V(2 — s+ n(so—x))ds

+/ (s—2) " V9 (s— 2 +n(z—s))ds
+n(so—z)

= (s0 — )™ pont! (‘I’ se (n=1)g+1,g+1)+B(g+1,(n—1)g+1)

n(sg—=

+ 0 e (q—i—l(n—l)q—i—l)).

n(sg—x)

2. Ifc—a+b—d>0and z+n(syg—x) > b, we have
/b
c:v b
— [ a9 sl - o) ds+ [ (5= 0) TV (@ s ks - ) ds
& T
= (59 — x)" T pantt (\If e ((n—1)qg+1,q+1)

n(so—=
(a+1,(n=1)g+1)).

(x—8)"""(x—s+n(so— ac))}qu

+B(q+1,(n—1)g+1)—B,_

(90 T)
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3. If c—a+b—d <0 (which implies so < b,¢) and x + n (so — ) > ¢, we have

_ (@a—c+d-b)" [P
IQm(ba)q(dc)q/c

/

z+n(so—x) L
:/ (=) " V(2 —s+n(so—x))ds

(z—8)"""(s—az+n(z—s0)) *ds

and

(x—8)"""(x—s+n(so— :L'))‘q ds

+/ (x—s)("_l)q (s—x+n(z—s0))?ds
z+n(so—x)

b
+/ (s — x)(n_l)q (s—ax+n(z—s0))lds

(z — s50)?"H! pantl (\Il sme 1 (g+1,(n—1)g+1)

n(xz—sq)

TBg+1, (-1 g+ 1)+ ¥ s ((n-1)g+1,g+1).

n(x—sg)

4. Ifc—a+b—d<0and z+n(sg—x) < c, we have
/b
C;c b
:/ (z — ) a (S*ﬂCJrn(:E*S()))qu%»/ (s—2)" V(s —a+n(z—s))ds
c T

(x—9)" "z —s+n(so fm))‘qu

(2= s0)" 0 (Bl +1, (0= 1)a+ 1) = By__eee_(q+1,(n—1)q+1)

Tlz—s0)
+U_ . ((n—l)q—l—l,q—l—l)).

n(x—sq)

Finally, by summing I, I, and I3 the statement for 1 < p < oo follows. For p =1
we have

[ Kn (z,8)] = sup |Ky (2, 5)]
s€la,d]

@=s)" z-a, ..
_n(bfa)—i— bfa(x_s)

_(x—s)" (x —s)" Toa_z—c\ . el
se[c?li] n(ba)+n(dc)+(ba dc)( )
(x—s)" x-d

n(d—c) dfc(x_

By an elementary calculation we get

= max max
s€la,c]

max
s€b,d]

(x—8)" x—a

n((b—a) * b—a

max
s€la,c]

(x — S M
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(x —s)" o z—d
n(d—-c) d—c

(=1 (d—a)"
n(d—c)

(z—s)" "

s€[b,d]

Again, for maxge(c p) ‘*% + % + (33‘:;‘ - x_c) (x — S)nil‘ we have five possible

d—c
cases:

1. If c—a+b—d >0 (which implies so > b,¢) and « +n (sp — z) < b, we have

(=) (=) r—a w-—c _ne1
srél[%,)li] n(b—a)Jrn(d—c)Jr b—a d-c (z =)
_c—a+tb—d n—1
_n(b—a)(d—c)srg[%?é]‘(x 8)" (@—s4n(s ””))‘

and
max (z — )" ( e

x—c+n(so—1x)),
s€lc,x]

x—s+n(sp—x)=(x—c)

max (s—a)" "z—s+n(so—a))=(so—2)" (n—1)""",
s€[z,z+n(so—z)]

max (s—a)" "(s—z+n(x—s))=0b-2)""(b—z+n(z—s)).
s€[z+n(so—x),b]

2. Ifc—a+b—d>0and z+n(s)—x) > b, we have

max (z — )" ( "

x—c+n(so—1x)),
s€le,z]

x—s+n(sp—x)=(x—c)

n—1 ( n—1 (

max (s — x)

Jnax, x—m+n(s)—x))

xr—s+n(sp—x))=(m—=zx)

where m = min {b,z + (n — 1) (so — z)}.
3. If c—a+b—d <0 (which implies sop < b,¢) and = + n (sg — x) > ¢, we have

s (e e

max
s€[c,b]

a—c+d—2»

=G g 2| )

and

n—1 (

max (z—38)"" " (z—s+n(so—1z)) = (x—c) r—c+n(so—x)),

s€[c,xz+n(so—x)]
max (s—a)" " (w—s+n(so—x)=(so—x)" (n—1)""",
s€lz+n(so—z),z]

srél[i,)i] (s—a)" ' (s—z4+n(@—s))=0b-2)""(b—z+nx—s)).

4. Ifc—a+b—d<0and z+n(sp—z) < ¢, we have

Sren[gz] (z—8)" " (s—z4n(@—s0))=(@—M"""(M—-z+n(z—s))
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where M = max{c,z+ (n —1) (so — z)}

srél[i,)i] (s—a)" ' (s—z4n(@—s))=0b-2)""(b—z+nx—s)).

5. lfc—a+b—-d=0

doa e (e ) e

e e (T

max
s€[c,b]

Thus, the proof is done.

Remark 5. If we put b = ¢ = = as a limit case, the inequalities from Corollary 3
reduce to

/f dt——/f (t) dt + tlo] () — =] (1)

[nm 1)g+1 ((m )"~ 1>q+1+(d,m)<n71>q+1)

Tr—a

= (n— 1)!

f(n)

-(B(q+17(n—1)q+1)—31,%(q+1a(”_1)q“)>]% p

for 1 <p<ooandforp=1

/xf( dt——/f (8) dt + 1197) () — ¢l ()

< i'max{(nf D—a)"", (n—1) (dfx)"*l} Hf(”) 1

n:

Tr—a

Remark 6. If we suppose b = d in both cases [¢,d] C [a,b] and [a,b] N [c,d] = [c, b]
the analogues results in Corollary 2 and Corollary 3 coincides.
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