SUBORDINATIONS FOR MULTIVALENT ANALYTIC FUNCTIONS ASSOCIATED WITH
WRIGHT GENERALIZED HYPERGEOMETRIC FUNCTION

N. SARKARA, P. GOSWAMIB, J. DZIOKC AND J. SOKOLP

ABSTRACT. Recently M. K. Aouf and T. M. Seoudy, (2011, Integral Trans. Spec. Func. 22(6) (2011), 423-430)
have introduced families of analytic functions associated with the Dziok—Srivastava operator. In this paper we use the
Dziok—Raina operator to consider classes of multivalent analytic functions. It is connected with Wright generalized
hypergeometric function, see J. Dziok and R. K. Raina (2004, Demonstratio Math., 37(3) 533-542). In this paper we
present a new result which extends some of the earlier results and give other properties of these classes. We have made
use of differential subordinations and properties of convolution in geometric function theory.

1. INTRODUCTION

Let A, denote the class of functions f(z) of the form

(1.1) f(z)=2"+ Z az®, (peN:={1,2,3,...}),

k=p+1

which are analytic in the open unit disk
U:={z:2€C and |z <1}.
For analytic functions f € A, given by (1.1) and g € A, given by

(1.2) g(z)=2"+ Y bz* (peN)
k=p+1

the Hadamard product (or convolution) of f and g is defined by

Fro)) =2+ 3 abiz® = (g% f)(2).

k=p+1

Let a1, A1, ... a4, Aq and b1, B1,...,bs, Bs (¢, s € N) be positive real parameters such that
s q
LY By A
k=1 k=1
The Wright generalized hypergeometric function [I7]

q‘I]s[(ah Al)a ey (aq7 Aq)7 (bla Bl)a ey (bsa Bs>7 Z] = q‘ps[(am; Am)l,q§ (bm7 Bm)l,s; Z]
is defined by

(T T(am +nAy)) 2™
1. U, A ;(bg, Br)1.s; 2] i = m=1__ M YAl .
(1.3 PVl(an Ax)s 0 B so] = 3 | etiom e 20 (e

IfA,=1(m=1,...,¢9) and B,, =1 (m =1,...,s), we have the following relationship
wqq]s[(amy 1)1,q§ (bm7 1)175; Z] = qu(ah ... 7aq; blv ceey bs; Z)a

where (Fs(ai,...,aq;b1,...,bs;2) is the generalized hypergeometric function (see for details [T, 4 [5] and any many
others) and

-1 s
(1.4) w = {11}, T(am)} {115,211 (bm) } -

The Wright generalized hypergeometric functions (|1.3) have been recently involved in the geometric function theory,
see , as well as: [2 [3 [5 [6 8 12] 13]. Using the Wright generalized hypergeometric functions we introduce the linear
operator

@p[(avam)l,tﬁ (bma Bm)l,s] : Ap = Ap
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defined by the convolution

@p[(amv Am)l,q§ (b, Bm)l,s]f(z) =w {qu\lfs[(am, Am)l,tﬁ (b"u Bm)Ls? Z]} * f(Z)

In particular, the operator
(15) 9[(am7 Am)Lq? (bm7 Bm)l,s] = 91 [(am7 Am)l,q; (bm7 Bm)l,s]
was investigated by Dziok and Raina [6]. We observe that for a function f defined by (1.1)) we have

(16) ep[(ama Am)l,q; (bma Bm)l,s}f(z) =2+ Z Qk[ai; bi]ckzk;
k=p+1

where

I'(a1 + Ay(k —p))...T(ag + Ag(k — p))
(b1 + Bi(k = p))...D(bs + Bs(k — p))(k — p)!

and w is given by (1.4). For our convenience, we write
Oplailf == Op[(am, Am)1,q5 (bm, Bm)1,s] f-

Let f and g be analytic in U. Then we say that the function g is subordinate to f if there exists an analytic function
w in U such that

w(0) =0, Jw(z)]<1l (z€U) and g(z)=f(w(z)).

For this subordination, the symbol g(z) < f(z) is used. In case f is univalent in U, the subordination g < f is
equivalent to

9(0) = f(0) and ¢(U) C f(U).

Now we define two subclasses Sp[A, B] and Kp[A, B] of the class A, for
—1<B<A<LI1,peN, as follows:

B z2f'(2) 1+ Az
(1.8) S,,[A,B]_{feAp. e <p1+Bz, (zeU)},
1 A
(1.9) ICp[A7B]:{f€Ap:1+ZJJ;(S)<pijr_Bz, (zeU)}.
Clearly
(1.10) 2f € S[A, B] & f € K,y[A, B.

We note that for special choices of the parameters we obtain the classes of p-valent starlike of order « and of p-valent
convex of order «

Si[1 = 2a,—1] = S* () , K11 —2a,—1] = K(«),
Spll = 2a,—1] = S)(a) , Kp[l —2a, —1] = )(a),

where 0 < o < 1. Next, using the operator ©,a;]|, we introduce the following classes of analytic functions for ¢, s € N
and —-1<B<A<I1

(1.11) S5 gslari A, B = {f € A, : ©,[alf € S,[4, B]}
and
(1.12) Kpgslai; A, Bl = {f € Ap : Oplail f € KA, B}
We also note that
zf' €8, slais A, Bl & f € Ky gslai; A, B].

IfA,=1(m=1,...,¢) and B, =1 (m=1,...,s), then the operator ©,[a;]f becomes the operator H,:
Hp(ah"'aaq;ﬁla"'vﬁs)f:quFS(aflv"'7aq;b1a-~-7bs;z)*f7

and the class S;; , ;[a1; A, B] becomes the class Vj(a;; A, B) considered in [14], see also [IT, 15, 16].
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2. MAIN RESULTS
We assume throughout this section that 0 < 6 < 27, —1 < B < A <1 and QJa;] is defined by (L.7).
Theorem 2.1. Suppose that the function f is defined by (1.1). Then f is in the class Sp[A, B] if and only if

1 2P — DzPtl
(2.1) w f(Z)*W #0
forall z € U and 0 < 0 < 2w, where
e+ B
2.2 D=1+ ——.
(22) p(A - B)

Proof. First, suppose f is in the class S,[A, B]. Then by definition of subordination it is equivalent to
2f'(2) 1+ Ae?

i) 7 P1yBen
for all z € U and 0 < 0 < 2m. Since,
(2.3) G 2P + i (k—p+1)2F, and ﬂ = i (k —p)z*
(1—2)2 et ’ (1—2)2 Wi
we have
1T 2P — DzPt1
;_f(Z)* (1—2)2 :|
- ip fR){zP+ > F+1-D) Y kF+pD-1) Y 2}
z L k=p+1 k=p+1 k=p+1
_ Zip f@+0=D) Y ket 4pD-1) 3
L k=p+1 k=p+1
= Zip [f(2) + (1 = D)[zf'(2) = p2¥] + p(D — 1)[f(2) — 2"]
LT, 20
- Sle{Fa-pra-pem}]
1 e W4 A e A
7 w6 [_ Ai-B " a-B ]
=0
which proves the necessary part.
Again, if the condition hold, then because
1 2P — DzPt1] 1 2f'(2)
(2.4) o [f(z) * (1_2)2] =2 [f(z) { 702) (1-D)+(1 —p‘f—pD)H ;

we can write

zip {f(z){zﬁg)(l—D)Jr(1—p+pD)H #0

for all z € U and 0 < 6 < 2w. Then we easily obtain the required result as

2f'(2) 1+ Ae®?
f(2) 7 P Bei

for all z € U and 0 < 6 < 27, which proves that f € Sy[A4, B].

Theorem 2.2. Suppose that the function f is defined by (1.1). Then f is in the class KC,p[A, B)] if and only if

1 L P = {p+D(p+1)—2)}2PT + D(p — 1)2P+2

(2.5) w» f(2) (1—2z)3 70

for all z € U and 0 < 6 < 27, where D is given by (2.2)).
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Proof. Choose

2P — Dzt
U R

and we note that

(2.6) 2g'(2) = pz? —{p+D(p+1) —2)}2PT1 + D(p — 1)2P+2

(1—2)°

From the identity zf’(2) * g(2) = f(2) * zg’(z) and the fact that
F€K,A B) & 2f'(z) € Sp[A, B

we can say that f € K,[A, B] if and only if

Zip [2f/(2) * g(2)] # 0, (By Theorem
1) 20/ (2)] #0

which, on using (2.6)) gives the required result (2.5]). O

Theorem 2.3. Suppose that the function f is defined by (L.1). Then a necessary and sufficient condition for the

Junction f to be in the class S, , la;; A, B] is that

2.7) - i [(k—P)e_w—Ap—i—B(k:—p—i— 1)

p(A—B) ] Qilai; bilex 27 #0

k=p+1
forall z €U and 0 < 0 < 2m.
Proof. From Theorem we find that f € S;fa;; A, B] if and only if

1 2P — DzPt1

(28) 5 odar TP #o

zp

for all z € U and 0 < 0 < 27. Using relations (2.3) and after a long calculations with the help of (1.6)), we can write
from (2.7) that

1+ i [1 + (p — ]{?)(D — 1)]Qk[az, bi]ckzk_p #0

k=p+1
0o k— 6—1«9 —_A +B E— 1 .
k=p+1
This proves Theorem 2.3 )

Theorem 2.4. Suppose that the function f is defined by (L.1). Then a necessary and sufficient condition for the
function f to be in the class ICp q.s[ai; A, B) is that

= (k—p)e® — Ap+ Bk e
2.9 1-— k Qrlai; bilerz""P #£0
(2.9) > T fas; il

forall z€ U and 0 < 0 < 2m.

Proof. From Theorem we find that f € KCp q.¢[a;; A, B] if and only if

1 p? —{p+D(p+1) —2)}z"*' 4+ D(p — 1)zP*2
(2.10) % ealre)» — £0
for all z € U and 0 < 8 < 27. Now, it can be easily shown that
2P = (k—p+D(k—p+2) ,

2.11 = P4 z",
(2.11) (1-2)3 k_zp;rl 2

il o~ (k—p)(k—p+1) ,
(2.12) T = > 5 2*,

k=p+1

22 o~ (k—p—1)(k—p) ,

(2.13) i = > 5 2~

k=p+1
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Using (2.11))-(2.13) in (2.10) and noting that ©p[a;] f(2) * 2P = 2P, we can say that (2.10)) is equivalent to
1 oo
po+ o5 > k—ptDp—p+2) = (k-p){lp—2) +Dp+1)}
k=p+1
+ D((k = p)(p — D] as; bilexz " # 0

= (k—p)e ® — Ap+ Bk e
- Qlai; bi P#0
& p kglk A= B) klai; bilepz" P #

= k—ple® — Ap + Bk _
& 1-— Z k( p)p( P Qk[ai;bi]ckzk P£0

A - B)
k=p+1
Thus, the proof of Theorem [2.4] is completed. O
Theorem 2.5. If the function f is defined by and it belongs to S, , (lai; A, B], then
(2.14) > [(k=p)+1A4p — B(k — p + 1)||Q%[as; billcx| < p(A - B).
k=p+1
Proof. Since
- (k'p)ewAp+B(kp+1)} -
1-— Qi lag; bilexz"7P
X [ty
— |(k=pe —Ap+ B(k—p+ 1)’
> 11— Qk[ai; bi] ‘Ck‘
k;p;rl p(A = B)
and
‘(lc—p)eie —Ap+B(k—p+1)'
p(A—B)
B |(k —pe @ —Ap+B(k—p+ 1)’
p(A - B)

o k=p)+]Ap—Bk-p+1)|

- p(A - B)
the results follows from Theorem 2.3 O

In the same way, we can also prove the following theorem.

Theorem 2.6. If the function f is defined by (L.1) and it belongs to Kp 4.s[ai; A, B], then

(2.15) > k{(k - p) +|Ap — Bk[}Qxai; bil|ck| < p(A - B).
k=p+1

We will need the following Lemma on Briot—Bouquet differential subordination.

Lemma 2.7. [9] Let h be convex univalent in U, with Re[(Bh(z) + )] > 0. If ¢ is analytic in U, with ¢(0) = h(0),
then

q(z) + _zd(z) < h(z) = q(2) < h(2).

Ba(z) +~
Corollary 2.8. If q is an analytic function in U, ¢q(0) = p and
2q'(2) 1+ Az [ 1+A}
z) + . Re|y+p—=| >0,
q(2) 1y 1T B (s Sony:
then
(2) < 1+ Az
z .
N =P B,
Theorem 2.9. Suppose thati € {1,...,q} and
a; A-B
—2=>p
A ="1+B

Then for m € N we have
Kpla; +m; A, B] C Kpla;; A, BJ.
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Proof. Tt is clear that it is sufficient to prove this theorem for m = 1. Let a function f belong to the class Kp[a;+1; A, B],
then from (1.12), we can write
A0yl + S ()] 1+ Az

2.16 1+ < e ).
(2.16) ©,la + 10727 “PirBe €V
From we get

i + Ai(k —
Qk[ai + 1; b,‘] = Ha—wgk[aﬁ bi]7
thus through (1.6)) we obtain
Oplai +1]f(2) = 2P+ Z Qkla; + 1; bi] g 2"
k=p+1
o, N Gt Ailk-p)
= 2P+ Z o Qi lai; bierz
k=p+1
A; =
= (1 . ) 2P 4 Z Q. [a; bi]ckzk
@i k=p+1
+ A pzP + i Qplai; bilkep2"
aZ 1y Y1
k=p+1
PA; A;

(2.17) = (1 - > Opla;]f(z) + P [@p[ai]f(z)]/.

Therefore, after some calculations we obtain from ([2.17))
2[Oplai +1]f(2)]" 2F'(2)

2.18 14220 =F(2) 4+ ——t
(218) O+ G I G T g
where

2[0p[ail f(2)])"
F(z)=1+ P
[Oplasl f(2))
Thus from ([2.16)) the right side of (2.18]) is subordinated to the function h(z) = p%igz which is convex and univalent
in U. Therefore, by Corollary

2 [Op(as) f(2)]” 1+ Az
©0,(a)f (=) P17 Bz

whenever Re [p %igz + fT‘i - ] > 0 for z € U, which follows from the assumption that j—’l > pﬁ—g and —1 < B <

AL ]

1+ (z€l),

Remarks :
(i) On substituting p=1and A; = B; =1, where¢ =1,...,gand j = 1,...,s in Theorems we obtain known
results given by Aouf and Seoudy [2, Theorems 1-6].
(i) On substituting p = m =1 and A; = B; = 1, where i = 1,...,¢ and j = 1,...,s in Theorems we obtain
known results given by Aouf and Seoudy [2, Theorem 8] but the proof is not convincing there.

Using Lemma one can obtain a sufficient conditions for functions to be in the class Sj[a;; A, B]. This problem
was considered earlier in [7] in a more general situation. This result is presented below, in current notation.

Theorem 2.10. 7] Letp e N, i € {1,...,q}, 0 < B<A<1and 3 > pﬁ—g. If a function f € A, satisfies the
following inequality
i +2 A—B)(1+ A;
Oyl +2f(x) || _pA-BIUTA) o
Oplai + 1)f(2) (15 B)(1+a)

then f belongs to the class Sylai; A, B.

(2.19)

To obtain next theorem which is in a way the sharp version of Theorem [2.10] we shall recall an another basic lemma
in the theory of Briot—Bouquet differential subordinations.

Lemma 2.11. [10] Let 3,7, € C with Re[B+ 7] > |BS]. If s(z) =1+ a1z + azz® + -+ satisfies

z8'(2) _—
s(z)+7ﬂs(z)+7<1+5 (z€U),
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then
s(z) < q(z) < 1+dz (z€l),
where
()= 3
T Bee) B
and

1

g(z) = /eﬁé(t—1)2t3+'y—1dt = 1 F(1L,B+v+1;-352)(B+~)" L.
0
Moreover, the function q is the best dominant in the sense that if s < q1, then q < q1.

Lemma in a more general case one can be found in [I0, p. 109].

Theorem 2.12. Letp € N, i € {1,...,q}, 0 < B < A<1 and ‘“i > pH_E If a function f € A, satisfies the
following inequality

Oplai +2]f(2) _p(A-B)(1+4)
(220 S+ ilfz) | T G BT (Y
then
[Oplas]f(2)) (ai + 1)r
(2.21) 0, @i/ (=) <q(z) <p+ ﬁz (z€l),
where the function q is given by
1 -1
rz(a; +1)(t 1) al a;
/ ;

and it is the best dominant.

Proof. By using (2.17)) the inequality (2.19]) becomes

(2.23) z [(539:[[;::11}];((5))} <p+ Z —:_ llrz (€ 0),

where

T+ Bt a)
From ([2.23) trough (2.17) we have
2Oplailf ()]’
SOl USCN 20l T
PO,la; + 117 (2) POlailf(z) | TG ICT | a
r(l+a;)
2.24 < 1+ .
(224) p(I+ 4"
If we apply Lemma to (2.24) with § = ;((iiz)), B=p v=% —pand
!
(o) - 210ulaf(2)
POypla] f(2)
we obtain
© ' 1
) = 2Ol (),
POplai] f(2) pfeirzwli‘)(t “tfg 14t pA;
0
what gives (2.21]) and the best dominant (2.22]). O
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