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SUBORDINATIONS FOR MULTIVALENT ANALYTIC FUNCTIONS
ASSOCIATED WITH WRIGHT GENERALIZED
HYPERGEOMETRIC FUNCTION

N. SARKAR, P. GOSWAMI, J. DZIOK AND J. SOKOL

Abstract. Recently M. K. Aouf and T. M. Seoudy, (2011, Integral Trans. Spec. Func. 22(6)
(2011), 423-430) have introduced families of analytic functions associated with the Dziok—
Srivastava operator. In this work we use the Dziok-Raina operator to consider classes of
multivalent analytic functions. It is connected with Wright generalized hypergeometric
function, see J. Dziok and R. K. Raina (2004, Demonstratio Math., 37(3) 533-542). More-
over, we present a new result which extends some of the earlier results and give other
properties of these classes. We have made use of differential subordinations and proper-
ties of convolution in geometric function theory.

1. Introduction

Let Aj, denote the class of functions f(z) of the form

f(z):zp+ Z ckzk, (peN:={1,2,3,...}), (1.1)
k=p+1

which are analytic in the open unit disk
U:={z:z€C and |z| < 1}.

For analytic functions f € A, given by (1.1) and g € A}, given by

(o]
g =2+ Y bk (peN (1.2)
k=p+1
the Hadamard product (or convolution) of f and g is defined by

(fxg@=2"+ Y bz’ =(g* 2.
k=p+1
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Let ay, Ay,...,aq, Ag and by, By, ..., b, Bs (g, s € N) be positive real parameters such that
N q
1+ ) Brz=) At
k=1 k=1
The Wright generalized hypergeometric function [16]

qq]s[(aly A1),y (aq» Aq); (b1, B1),..., (bs, Bs); z] := q\Ps[(am» Am)l,q; (b, Bini,s 2l

is defined by

o (117 _ T(a,+nA,)) zm
7 VAL g (b, B s 2] = m=1 i . 1.
q¥sl(ax, Ax)1,q5 (bk, Br)y,s; 2] Z:: {Hﬁnzlr(bm+n3m) - (zel) (1.3)

IfAn,=1(m=1,...,q)and B;, =1 (m=1,...,s), we have the following relationship
wq\Ps[(dm» 1)1,q) (bl’rb l)l,S;z] = qu(alyn-) aq) b],...,bs;Z),

where ;Fs(ay,...,aq; by, ..., bs; z) is the generalized hypergeometric function (see for details

[1, 5, 6] and any many others) and
w={"_ T(am} {115, ,T(bm)}. (1.4)

The Wright generalized hypergeometric functions (1.3) have been recently involved in
the geometric function theory, see , as well as: [2, 4, 6, 7, 9, 12, 13]. Using the Wright general-

ized hypergeometric functions we introduce the linear operator
Opl(am, Am1,gs Dm, Bm)1,s1: Ap— Ap
defined by the convolution
Opl(@m, Am)1,q5 (D, Bud1,s1 f(2) = 0 {2P g ¥ s[(@m, Apd1,q3 (B Bim1,s; 21} * f(2).
In particular, the operator
Ol(@m, Am,q; bm, Bm)1,s1 = O11(@m, Am1,q5 (Dm, Bm)1,s] (1.5)

was investigated by Dziok and Raina [7], see also [3, 14]. We observe that for a function f
defined by (1.1) we have

Opl(@m, Am)1,q5 b, Bi)1,s) f(2) = 2P+ Y. Qulas; bilerz", (1.6)
k=p+1

where
['(ay + Ay(k—p))...T(aqg+ Aqg(k - p))

Qlai; bil =
Klas bl = o g = ). T(bs + Btk p) (k= p)!

(1.7)
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and w is given by (1.4). For our convenience, we write
®p[ai]f = 0Opllam, Am1,q (b, Bp)1,s1f-

Let f and g be analytic in U. Then we say that the function g is subordinate to f if there
exists an analytic function w in U such that

w()=0, |lw)l<1l (zeU) and g(z) = f(w(z)).

For this subordination, the symbol g(z) < f(z) is used. In case f is univalent in U, the
subordination g < f is equivalent to

g0)=f(0) and gU)c f(U).

Now we define two subclasses #,[A, B] and £}, [ A, B] of the class A, for
-1<B<A<1, peN, asfollows:

zf’(z)< 1+ Az
f@ Piisz

FplA, Bl = {fEAp (Z€[U)}, (1.8)

" 1+A
H,plA B = {feAp 1+ ff,(z)<pl+3§, (zeU)}. (1.9)
Clearly
zf' € FplA Bl < f e HpylA Bl (1.10)

We note that for special choices of the parameters we obtain the classes of p-valent starlike of

order a and of p-valent convex of order a
All=-2a,-11=S"(a), Hi[1-2a,-1]= X (),

Fpll —2a,-1] = 5’ (@), Zpll-2a,-1]=Hp(a),

where 0 < a < 1. Next, using the operator ©,[a;], we introduce the following classes of ana-
lytic functions for g,seNand -1<B< A<1

Ly asla A Bl ={f € Ap:Opla;l f € #[A Bl} (1.11)

and
Hp,qslai; ABl={feA,:0pla;lf € #,[A Bl}. (1.12)

We also note that
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If Ay=1(m=1,...,q) and B;, =1 (m = 1,..., ), then the operator ©,[a;]f becomes the
operator #:

%p(al,...,aq;ﬂl,...,ﬂs)f:quFg(a],...,aq;b],...,bg;Z) *f»

and the class &

0.4, slai; A, Bl becomes the class V), (a;; A, B) considered in [14].

2. Main results

We assume throughout this section that 0 <6 <27, -1 < B < A< 1 and Qla;] is defined
by (1.7).

Theorem 2.1. Suppose that the function f is defined by (1.1). Then f is in the class #,[ A, B] if
and only if

p sz+1
— [f@* mpy, #0 2.1)
forallzeUand0 <6 < 2n, where 4
e 91
D=1+——. (2.2)
p(A-B)

Proof. First, suppose f is in the class #;[A, B]. Then by definition of subordination it is
equivalent to 4
z2f'(z) 1+ Ae'?
f(2 P Bei®

forall ze Uand 0 <0 < 27. Since,

P e 3 Gmpen, and = B k-t 23)
—— =zl + -p+ , — = - .
1-27? z i p zZ", an 1-2)72 i plz

we have

1 zP — DzPH!

7 |/ T
L Y Z+a-p Y kF+p-1 Y M

ZpL k=p+1 k=p+1 k=p+1

1
:E f(@+1-D) Z kepzt +p(D-1) Z cpz®

k=p+1 k=p+1
=;[f(Z)+(1—D)[Zf'(Z)—pzp]+p(D—1)[f(Z)—zp]
T i

= 1-D)+(1-p+pD

e 0ra 044

+ =0
A-B A-B

1
?fz—pf(Z) -
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which proves the necessary part.

Again, if the condition (2.1) hold, then because

1 2P -DzP*1] 1 zf'(2)
Pl Ao e e f(Z){ f@ (I_D)+(1_p+pD)H’ e
we can write ) £
zf'(z
? f(z){ @ (1—D)+(1—p+pD)}]¢0

forall ze Uand 0 <6 < 27. Then we easily obtain the required result as
zf'(z) 1+ Ae'?
f(z) P+ Be®
forall ze Uand 0 <6 < 27, which proves that f € .%,[A, B]. Oa

Theorem 2.2. Suppose that the function [ is defined by (1.1). Then f is in the class %[ A, B] if
and only if

1 2P —{(p+D(p+1)-2)}zP*' + D(p-1)zP+2
L g« PR P Dp+ 1)~ 2)) p-D 40 2.5)
zP (1-2)3
forallze U and0 < 0 < 2, where D is given by (2.2).
Proof. Choose
zP — DzP*1
g(z) = 027
and we note that
ZP —{p+D(p+1)-2)}zP* + D(p - 1)zP*?
2g(5) = | PE PP T P 2.6)
From the identity z f'(z) * g(z) = f(z) * zg' (z) and the fact that
feZylA Bl & zf'(2) € #,[A Bl
we can say that f' € %), [A, B] if and only if
1
> [2f'(2) x g(2)] #0, (By Theorem 2.1)
1
® = [f(2)* zg'(2)] #0
which, on using (2.6) gives the required result (2.5). Oa

Theorem 2.3. Suppose that the function f is defined by (1.1). Then a necessary and sufficient
condition for the function f to be in the class 5”; 45 la;; A, B] is that

© |(k-pe®—Ap+Bk-p+1)

1-
oy p(A=B)

Qlai; bilerz" P £0 2.7)

forallzeU and0 <0 < 2m.
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Proof. From Theorem 2.1, we find that f € 5”; [a;; A, B] if and only if

zZP — DzP*!

L Oplailf(z) * #0 (2.8)
zp | P T e '

for all ze U and 0 <6 < 27. Using relations (2.3) and after a long calculations with the help of

(1.6), we can write from (2.7) that

1+ Y [0+ (p-kD-DIQla;bilckz"P #0

k=p+1
X |(k-ple®—Ap+Blk-p+1
o1- Z (k—-ple p (k-p+1) Qk[ai;bi]ckzk‘p;éo
o p(A-B)
This proves Theorem 2.3. O

Theorem 2.4. Suppose that the function f is defined by (1.1). Then a necessary and sufficient
condition for the function [ to be in the class %), 4 s|a;; A, B] is that

. i k(k—p)e‘ie—Ap+Bk
k=p+1 p(A-B)

Qilag; bilexz"P #£0 2.9)

forallzeUand0<0 < 2n.

Proof. From Theorem 2.2, we find that f € %), 4 s[a;; A, B] if and only if

1 P—i{p+D(p+1) -2}z + D(p—-1)zP*2
Lo lafo« PP DR+ D=2 +Dp-D2l 7|, 2.10)
zP (1-2)3
for all ze Uand 0 <6 < 2. Now, it can be easily shown that
p © - 1 - 2
L ey KoprDEopED (2.11)
(1-2) k=p+1 2
p+1 o] _ _ 1
z = Z (k—p)k—p+ )zk, 2.12)
1-2° S 2
ZP*? X (k-p-Dk-p)
— = . 2.13
(1-2)3 Z 2 ‘ 2.13)

k=p+1

Using (2.11)-(2.13) in (2.10) and noting that ©,[a;] f(2) * zP = zP, we can say that (2.10) is
equivalent to

1 o0
p+ = Z (k-p+DIlplk—p+2)-(k-p)i(p-2)+D(p+1)}
2 k=p+1

+ D(k—p)(p - DIQxla; bilckz" P #0
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S k(k—p)e‘ie—Ap+Bk

o p-— Qila;; bilcrz"P #0
p k:Xp:H p(A—B) kLA, UilCk
% (k-pe - Ap+Bk
o 1- Z k( ple P Qk[ai;bi]ckzk_’”;éo
= p(A=B)
Thus, the proof of Theorem 2.4 is completed. O

Theorem 2.5. Ifthe function f is defined by (1.1) and it belongs to ¥, , ;|a;; A, B, then

Y ltk=p)+1Ap—B(k—p+D1Q¢lai; billckl < p(A- B). (2.14)
k=p+1

Proof. Since

X [(k=pe ®—Ap+Blk-p+1
1- ) Eopie protkzprl Qilag; bilcgz"™P
k=p+1 p(A-B)
x |(k=pe - Ap+Bk-p+1)
>1- ) P P P Qilai; bil ekl
k=p+1 p(A-B)
and
(k-pe —Ap+Bk-p+1)| _|(k—ple ™~ Ap+Bk-p+1)|
p(A-B) - p(A-B)
_ (k—=p)+|Ap-B(k-p+1)]
- p(A—B)
the results follows from Theorem 2.3. Oa

In the same way, we can also prove the following theorem.

Theorem 2.6. If the function f is defined by (1.1) and it belongs to %, q sla;; A, B], then

Y kitk—p)+|Ap - Bk|}Qklas; billckl < p(A-B). (2.15)
k=p+1

We will need the following Lemma on Briot-Bouquet differential subordination.

Lemma 2.7 ([10]). Let h be convex univalent in U, with Re[(Bh(z) +v)] = 0. If q is analytic in
U, with q(0) = h(0), then

zq'(2)

+ W < h(Z) = q(Z) < h(Z)

q(2)
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Corollary 2.8. If q is an analytic function inU, g(0) = p and

zq'(2) - 1+ Az

@+ N 1+A]>0
z , ¢ — - =2Y
I q(z)+vy p1+Bz Y p1+B
then

() < 1+Az

z .

q p1+Bz
Theorem 2.9. Suppose thatie{l,...,q} and

a; A-B

—=p .

A; 1+B

Then for m e N we have
HKplai+m; A, Bl < Apla;; A, B].

Proof. It is clear that it is sufficient to prove this theorem for m = 1. Let a function f belong to

the class £ [a; + 1; A, B], then from (1.12), we can write

z[Opla; +11f(2]" 1+ Az

©pla+ Uf@r P1vBz “Y (2.16)

From (1.7) we get
ai+A;(k—p)
Qila; +1;b;] = %Qk[ai; bil,
1

thus through (1.6) we obtain

Oplai+11f(2)=2P+ Y. Qila;i+1;bilcpz”
k=p+1
® g+ Aik—p)

=z'+ )

Qilai; bilciz"

k=p+1 a;
= (1— p l) 2P+ Y Qplagbilepz® |+ = |pzP+ Y Qilasbilkcpz®
ai k=p+1 ai k=p+1
= (1— pa'l)(ap[a,-]f(zn a—fz[(ap[a,-]f(z)]’. (2.17)
] l

Therefore, after some calculations we obtain from (2.17)

z[0pla;+11f(2)]” zF'(2)
=F(@)+ ———a—, (2.18)
Opla; +1]1f(2)) F@)+5 -p
where "
Opla;
F(z) = 1+—Z[ plail/ )]

©plailf@))
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Thus from (2.16) the right side of (2.18) is subordinated to the function h(z) = p %igj which is

convex and univalent in U. Therefore, by Corollary 2.8

z[0,(a)f@]"  1+Az
0, f@ P1+Bz

(zel),

whenever Re | p1H4Z + v p] > 0 for z € U, which follows from the assumption that 7 >
p2Eand-1=B<As<l. 0
Remarks.

(i) On substituting p =1 and A; = B; =1, where i = 1,...,q and j = 1,...,s in Theorems
2.1-2.6, we obtain known results given by Aouf and Seoudy [2, Theorems 1-6].

(ii) Onsubstitutingp=m=1and A; =B;=1,wherei=1,...,qand j=1,...,sin Theorems
2.9, we obtain known results given by Aouf and Seoudy [2, Theorem 8] but the proof is
not convincing there.

Using Lemma 2.7 one can obtain a sufficient conditions for functions to be in the class
&y lai; A, B]. This problem was considered earlier in [8] in a more general situation. This
result is presented below, in current notation.

Theorem 2.10 ((8]). LetpeN, i€ {l,...,q},0< B< A<1and 4 = p4-f. If a function f € A

satisfies the following inequality
Oplai+21f(2) | _plA-B)(+A)
Opla; +1]f(2) 1+B)(1+a;)

(zel), (2.19)

then f belongs to the class &) [a;; A, B].

To obtain next theorem which is in a way the sharp version of Theorem 2.10 we shall
recall an another basic lemma in the theory of Briot-Bouquet differential subordinations.

Lemma 2.11 ([11]). LetB,y,6 € C withRe[f+7y] > |B0I. Ifs(z) =1+ a1z + Arz% + -+ satisfies

zs'(2)
sS(2)+ —————<1+6z (zeU),
Bs(z)+y
then
s(2)<q(z)<1+6z (z€l),
where )
_ _rY

q(z) = 5s2 B

and

1
g(z) = f POV A Y=g = |\ B (1, B+y+1;-B62)(B+7) L.
0

Moreover, the function q is the best dominant in the sense that if s < qy, then q < q;.
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Lemma 2.11 in a more general case one can be found in [11, p. 109].

Theorem 2.12. LetpeN,i€{l,...,q}, 0= B<A<1 and j—"l_ > p%. If a function f € Ap
satisfies the following inequality

Oyla;+2 A-B)(1+ A;
Oplai+21/12) ]f(z)_l‘qu( U+A) ey, (2.20)
Opla; +1]f(2) A+B)(1+a;)
then [©pla;lf(2)]
plailJ(z (ai+Dr
———— < g@)<p+—— 2z (z€l), (2.21)
af @ <pr TR BED
where the function q is given by
1 rz(a;+1)(1-1)  a; -1 .
q(z) = f e A tA__ldt] —(ﬂ—p) (2.22)
0 Aj
and it is the best dominant.
Proof. By using (2.17) the inequality (2.19) becomes
Opla; +1 ' -
21Oplai+ 1/ ()] <p+ atl (zel), (2.23)
Opla; +11f(2) Aj+1
where
_p(A-B)(1+Aj)
 (A+B)(+a)
From (2.23) trough (2.17) we have
z[0,lailf(2)]']
z[0pla; +11f(2)]' B z[©,lail f(2)] Z[ p@i,[ai]f(z)

O,la;+11f(z)  pO,la;lf(z) 2[0,la1f(2)]'
poplarcilf portals oyl * AP

r(1+a;)

—2Z. (2.24)
p(l+A;))
If we apply Lemma 2.11 to (2.24) with § = p&:j’) B=p,y=3—-pand
z[0,la;]f(2)]
S0 [Oplailf(2)]
pOyla;lf(z)
we obtain )
z|0yla;lf(z) 1 a;
S(Z) = [ - l ] rz(a;+1)(t=1)  a; - ( - - 1) 4
pgp[ai]f(z) pf()le T+4; tA__ldt pAl
what gives (2.21) and the best dominant (2.22). a
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