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SOME INTEGRAL INEQUALITIES FOR CONVEX FUNCTIONS

M. EMIN OZDEMIR, HAVVA KAVURMACI AND MERVE AVCI

Abstract. In this paper, by using some classical inequalities from the Theory of Inequality

and integral identity, we establish two new general inequalities. Our results have some

relationships with certain integral inequalities obtained by Sarikaya and Aktan.

1. Introduction

The following inequality is well known in the literature as the Hermite-Hadamard integral

inequality:

f
(a +b

2

)

≤
1

b −a

∫b

a
f (x)d x =

f (a)+ f (b)

2

where f : I ⊂ R→ R is a convex function on the interval I of real numbers and a,b ∈ I with

a < b.

A function f : [a,b] ⊂ R→ R is said to be convex if wherever x, y ∈ [a;b] and t ∈ [0,1], the

following inequality holds

f (t x + (1− t )y) ≤ t f (x)+ (1− t ) f (y).

We say that f is concave if (− f ) is convex. For recent results concerning Hermite-Hadamard’s

inequality for convex function, we refer to the readers [1], [2], [3].

In [1], Sarıkaya and Aktan obtained the following results concerning Hermite-Hadamard

inequality for functions whose second derivative in absolute value is convex as follows:

Theorem 1. Let I ⊆ R be an open interval, a,b ∈ I with a < b and f : I → R be a twice differ-

entiable mapping such that f " is integrable and 0 ≤λ≤ 1: If | f "| is a convex function on [a,b];

then the following inequalities hold:

∣

∣

∣(λ−1) f
( a +b

2

)

−λ
f (a)+ f (b)

2
+

1

b −a

∫b

a
f (x)d x

∣

∣

∣
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b−a)2

12

[(

λ
4 + (1+λ)(1−λ)3 +

5λ−3
4

)

| f "(a)|

+

(

λ
4 + (2−λ)λ3 +

1−3λ
4

)

| f "(a)|
]

, for 0 ≤λ≤
1
2 ,

(b−a)2(3λ−1)
48 + [| f "(a)|+ | f "(b)|], for 1

2 ≤λ≤ 1.

(1.1)

• (Midpoint inequality) In (1.1), if we choose λ= 0 we have;

∣

∣

∣

1

b −a

∫b

a
f (x)d x − f

( a +b

2

)∣

∣

∣≤
(b −a)2

24

[ | f "(a)|+ | f "(b)|

2

]

. (1.2)

• (Trapezoid inequality) In (1.1), if we choose λ= 1 we have;

∣

∣

∣

f (a)+ f (b)

2
−

1

b −a

∫b

a
f (x)d x

)∣

∣

∣≤
(b −a)2

12

[ | f "(a)|+ | f "(b)|

2

]

. (1.3)

• In (1.1), if we choose λ=
1
2 we have;

∣

∣

∣

1

b −a

∫b

a
f (x)d x −

1

2

[

f
(a +b

2

)

+
f (a)+ f (b)

2

]
∣

∣

∣≤
(b −a)2

48

[ | f "(a)|+ | f "(b)|

2

]

. (1.4)

Theorem 2. Let I ⊆ R be an open interval, a,b ∈ I with a < b and f : I →R be a twice differen-

tiable mapping such that f " is integrable and 0 ≤ λ≤ 1: If | f "|q is a convex function on [a,b],

q ≥ 1; then the following inequalities hold:

∣

∣

∣(λ−1) f
(a +b

2

)

−λ
f (a)+ f (b)

2
+

1

b −a

∫b

a
f (x)d x

∣

∣

∣

≤



















b−a)2

12

[(

λ
4 + (1+λ)(1−λ)3 +

5λ−3
4

)

| f "(a)|

+

(

λ
4 + (2−λ)λ3 +

1−3λ
4

)

| f "(a)|
]

, for 0 ≤λ≤
1
2 ,

(b−a)2(3λ−1)
48 + [| f "(a)|+ | f "(b)|], for 1

2 ≤λ≤ 1.

(1.5)

• (Midpoint inequality) In (1.1), if we choose λ= 0 we have;

∣

∣

∣

1

b −a

∫b

a
f (x)d x − f

( a +b

2

)∣

∣

∣≤
(b −a)2

24

[ | f "(a)|+ | f "(b)|

2

]

. (1.6)

• (Trapezoid inequality) In (1.1), if we choose λ= 1 we have;

∣

∣

∣

f (a)+ f (b)

2
−

1

b −a

∫b

a
f (x)d x

)
∣

∣

∣≤
(b −a)2

12

[ | f "(a)|+ | f "(b)|

2

]

. (1.7)

• In (1.1), if we choose λ= 1
2

we have;

∣

∣

∣

1

b −a

∫b

a
f (x)d x −

1

2

[

f
(a +b

2

)

+
f (a)+ f (b)

2

]∣

∣

∣≤
(b −a)2

48

[ | f "(a)|+ | f "(b)|

2

]

. (1.8)
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In this paper, we obtain some inequalities concerning Hermite-Hadamard integral in-

equality for functions whose second derivative in absolute value is convex.

2. Hermite-Hadamard type inequalities for convex functions

Now, we will give a new Lemma and then we establish two new generalizations of Hermite-

Hadamard type inequality.

Lemma 1. Let I ⊂ R be an open interval, a,b ∈ I with a < b and f : I →R be twice differentiable

mapping such that f " is integrable and 0≤ t , λ≤ 1. Then the following identity holds:

(b −a)2

2

∫1

0
m(t ,λ) f "(at + (1− t )b)d t

= (2λ−1) f (
a +b

2
)−λ( f (a)+ f (b))+

1

b −a

∫b

a
f (x)d x

with

m(t ,λ) =







t (t −2λ), t ∈ [0, 1
2

),

(1− t )(1− t −2λ), t ∈ [ 1
2 ,1].

Proof. It suffices to note that

I =

∫1

0
m(t ,λ) f "(at + (1− t )b)d t

=

∫ 1
2

0
t (t −2λ) f "(at + (1− t )b)d t

+

∫1

1
2

(1− t )(1− t −2λ) f "(at + (1− t )b)d t

= (t 2
−2λt )

f ′(at + (1− t )b)

a −b

∣

∣

∣

1
2

0
−

∫ 1
2

0
(2t −2λ)

f ′(at + (1− t )b)

a −b
d t

= −
2

a −b

[

∫ 1
2

0
(t −λ) f ′(at + (1− t )b)d t +

∫1

1
2

(t +λ−1) f ′(at + (1− t )b)d t
]

= −
2

a −b

[

(t −λ)
f (at + (1− t )b)

a −b

∣

∣

∣

1
2

0
−

∫ 1
2

0

f (at + (1− t )b)

a −b
d t

(t +λ−1)
f (at + (1− t )b)

a −b

∣

∣

∣

1

1
2

−

∫1

1
2

f (at + (1− t )b)

a −b
d t

]

= −
2

(a −b)2

[

(1−2λ) f (
a +b

2
)+λ( f (a)+ f (b))

]

+
2

(b −a)3

∫b

a
f (x)d x.

By multiplying the I with (b−a)2

2 , we get the desired equality. ���

Now by using the above lemma, we prove our general theorems:
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Theorem 3. Let I ⊂ R be an open interval, a,b ∈ I with a < b and f : I → R be twice differen-

tiable mapping such that f " is integrable and 0 ≤ t , λ≤ 1. If | f "| is a convex function on [a,b];

then the following inequalities hold:

∣

∣

∣(2λ−1) f (
a +b

2
)−λ( f (a)+ f (b))+

1

b −a

∫b

a
f (x)d x

∣

∣

∣

=







(b−a)2(64λ3−6λ+1)
48

[| f "(a)|+ | f "(b)|], λ∈ [0, 1
4

),

(b−a)2(6λ−1)
48

[| f "(a)|+ | f "(b)|], t ∈ [ 1
4

, 1
2

].

Proof. From Lemma 1 and using the modulus, we get

∣

∣

∣(2λ−1) f (
a +b

2
)−λ( f (a)+ f (b))+

1

b −a

∫b

a
f (x)d x

∣

∣

∣

≤
(b −a)2

2

∫ 1
2

0
|t (t −2λ)|| f "(at + (1− t )b)|d t

+

∫1

1
2

|(1− t )(1− t −2λ)|| f "(at + (1− t )b)|d t . (2.1)

We suppose that 2λ ∈ [0, 1
2 ) and using the convexity of | f "|, we get

(b −a)2

2

∫ 1
2

0
|t (t −2λ)|| f "(at + (1− t )b)|d t

+

∫1

1
2

|(1− t )(1− t −2λ)|| f "(at + (1− t )b)|d t

≤
(b −a)2

2

{

∫2λ

0
(2λt − t 2)[t | f "(a)|+ (1− t )| f "(b)|]d t

+

∫ 1
2

2λ
(t 2

−2λt )[t | f "(a)|+ (1− t )| f "(b)|]d t

+

∫1−2λ

1
2

(t 2
+ (2λ−2)t + (1−2λ))[t | f "(a)|+ (1− t )| f "(b)|]d t

+

∫1

1−2λ
(−t 2

+ (2−2λ)t +2λ−1)[t | f "(a)|+ (1− t )| f "(b)|]d t
}

≤
(b −a)2(64λ3 −6λ+1)

48
[| f "(a)|+ | f "(b)|]. (2.2)

On the other hand, 2λ ∈ [ 1
2

,1]. And similarly using the convexity of | f "|, we get

(b −a)2

2

∫ 1
2

0
|t (t −2λ)|| f "(at + (1− t )b)|d t

+

∫1

1
2

|(1− t )(1− t −2λ)|| f "(at + (1− t )b)|d t

≤
(b −a)2

2

{

∫ 1
2

0
(2λt − t 2)[t | f "(a)|+ (1− t )| f "(b)|]d t
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+

∫1

1
2

(−t 2
+ (2−2λ)t + (2λ−1))[t | f "(a)|+ (1− t )| f "(b)|]d t

≤
(b −a)2(6λ−1)

48
[| f "(a)|+ | f "(b)|]. (2.3)

Then we use (2.2) and (2.3) in (2.1), we get the desired representation.

Remark 1. In Theorem 3, if we use λ = 0, 1
2 , 1

6 ; we have the inequalities (1.2), (1.3) and (1.4)

respectively.

Theorem 4. Let I ⊂ R be an open interval, a,b ∈ I with a < b and f : I → R be twice differen-

tiable mapping such that f " is integrable and 0 ≤ t ,λ≤ 1. If | f "|q is a convex function on [a,b],

q ≥ 1, then the following inequalities hold:

∣

∣

∣(2λ−1) f
(a +b

2

)

−λ( f (a)+ f (b))+
1

b −a

∫b

a
f (x)d x

∣

∣

∣

=



































































(b−a)2

2

{(

8λ3

3 +
1−6λ

24

)1−1/q[(

3−16λ
192 +

8λ4

3

)

| f ′′(a)|q

+

(

8λ3(1−λ)
3 +

5−32λ
192

)

| f ′′(b)|q
]

1
q

+

(

(1−2λ)2(2λ+2)
3 +

14λ4−5
8

)1−1/q[(

(1−2λ)3
(

2λ+1
6

)

+
4λ−1

8 −
1

64

)

| f ′′(a)|q

(

(1−2λ)2
(

4λ2+4λ+3
6

)

+ 5λ−2
4

+ 1
64

)

| f ′′(b)|q
]

1
q
}

, λ ∈ [0, 1
4

),

(b−a)2

2 ( 6λ−1
24 )

1− 1
q

{

[ 16λ−3
192 | f ′′(a)|q +

32λ−5
192 | f "(b)|q ]1/q ,

+

[(

4λ−1
24

+ 1
64

)

| f ′′(a)|q +

(

λ

12
− 1

64

)

| f ′′(b)|q
]

1
q
}

, t ∈ [ 1
4

,1].

(2.4)

Proof. Suppose that q ≥ 1. From Lemma 1 and using the well-known power-mean inequality,

we have

∣

∣

∣(2λ−1) f
(a +b

2

)

−λ( f (a)+ f (b))+
1

b −a

∫b

a
f (x)d x

∣

∣

∣

≤
(b −a)2

2

{(

∫ 1
2

0
|t (t −2λ)|d t

)1− 1
q
(

∫ 1
2

0
|t (t −2λ)|| f ′′(at + (1− t )b)|q d t

)
1
q

+

(

∫1

1
2

|(1−t )(1−t−2λ)|d t
)1− 1

q
(

∫1

1
2

|(1−t )(1−t−2λ)|| f ′′(at+(1−t )b)|q d t
)

1
q
}

. (2.5)

Let 2λ ∈ [0, 1
2 ]. By a simple calculation, we have

∫ 1
2

0
|t (t −2λ)|d t =

8λ3

3
+

1−6λ

24
(2.6)

∫1

1
2

|(1−t )(1−t−2λ)|d t =
(1−2λ)2(2λ+2)

3
+

14λ−5

8
. (2.7)

And by using the convexity of | f ′′|q , we have

∫ 1
2

0
|t (t −2λ)|| f ′′(at + (1− t )b)|q d t
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=

(3λ−16

192
+

8λ4

3

)

| f ′′(a)|q +

(8λ3(1−λ)

3
+

532l

192

)

| f ′′(b)|q (2.8)

and
∫1

1
2

|(1−t )(1−t−2λ)|| f ′′(at+(1−t )b)|q d t

≤

(

(1−2λ)3
(2λ+1

6

)

+
4λ−1

8
−

1

64

)

| f ′′(a)|q

+

(

(1−2λ)2
(4λ2 +4λ+3

6

)

+
5λ−2

4
+

1

64

)

| f ′′(b)|q . (2.9)

If we use (2.6)-(2.9) in (2.5), we get the first inequality in (2.4).

Now, let 2λ ∈ [ 1
2

,1]: Similarly using the convexity of | f ′′| and well-known power-mean

inequality, we have

∣

∣

∣(2λ−1) f
( a +b

2

)

−λ( f (a)+ f (b))+
1

b −a

∫b

a
f (x)d x

∣

∣

∣

≤
(b −a)2

2

{(

∫ 1
2

0
|t (t −2λ)|d t

)1− 1
q
(

∫ 1
2

0
|t (t −2λ)|| f ′′(at + (1− t )b)|q d t

) 1
q

+

(

∫1

1
2

|(1−t )(1−t−2λ)|d t
)1− 1

q
(

∫1

1
2

|(1−t )(1−t−2λ)|| f ′′(at+(1−t )b)|q d t
)

1
q
}

. (2.10)

A simple calculation, we have

∫ 1
2

0
|t (t −2)λ|d t =

∫1

1
2

|(1− t )(1− t −2λ)|d t =
6λ−1

24
(2.11)

and
∫ 1

2

0
|t (t −2)λ|| f ′′(at + (1− t )b)|q d t ≤

6λ−3

192
| f ′′(a)|q +

32λ−5

192
| f ′′(b)|q (2.12)

∫1

1
2

|(1−t )(1−t−2λ)|| f ′′(at+(1−t )b)|q d t ≤

[4λ−1

24
+

1

64

]

| f ′′(a)|q +

[

λ

12
−

1

64

]

| f ′′(b)|q

(2.13)

If we use (2.11)-(2.13) in (2.10), we have the second inequality in (2.4). This completes the

proof. ���

Remark 2. In Theorem 4, if we use λ = 0, 1
2 , 1

6 ; we have the inequalities (1.5), (1.6) and (1.7)

respectively.
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