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ESTIMATES FOR SOLUTIONS TO THE TRANSPORT EQUATION
UNDER THE PERTURBATION OF ITS ATTENUATION AND
SCATTERING TERMS

DAIKI TANAKA, NOBUYUKI HIGASHIMORI AND YUUSUKE ISO

Abstract. The aim of the paper is to give LP-estimates for the weak solution to the trans-
port equation with L*-perturbation both of the attenuation coefficient and of the scat-
tering kernel. We try to clarify the constants in our estimates, and we show the estimates
by a direct calculation. We introduce the albedo operator for the solutions, and we show
stability of perturbed albedo operators.

1. Introduction

The transport equation is one of the mathematical models to support the diffuse optical
tomography (DOT) (e.g. [2], [3], [7],[8] etc.), which is considered as a coming medical tomog-
raphy. We give L -estimates to solutions to the equation as a basic study of DOT.

The governing equation of light propagation in biomedical tissues is described by the
transport equation as a mathematical model, and it is well known that the solutions to the
transport equation are approximated by those to the diffusion equation (e.g. [3]). DOT is re-
duced, from a theoretical viewpoint, to an inverse problem of the transport equation or of the
diffusion equation, and the authors consider the former approach is more suitable to realize
high-resolution DOT. We regard DOT as the inverse problem to determine the unknown atten-
uation coefficient in the transport equation ([3] etc.), and we show some estimates, which are
expected to give so-called a priori information in the analysis of the inverse problem. More
in detail, we estimate the LP-weak solutions to the transport equation in the case that the
attenuation coefficient and/or the scattering kernel are perturbed.

Let T be a positive number, let Q be a domain of R2 with a smooth boundary 6Q, and let
U be a bounded domain of IR?. We set

Qr:=0,T)xQxU,
L :={(tx8€eQr|xedQand +n(x)-&> 0}

where n(x) is the unit outer normal vector at x € Q2. We consider the initial-boundary value
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problem of the transport equation:

(% +€-Vx) u(t,x,&) = —u(t, x, &) ult, x,&) +fUk(t,x,é,f’)u(t,x,f’)df’, (t,x,$)€Qr, (1.1

u(oy X, 6) = uO(x) 6)» X € Q)f € U) (1~2)
u(t,x,¢) = q(t,x,4), (t,x,8)el_, (1.3)

and the aim of the paper is to give estimates of solutions for the case that the attenuation
coefficient p and the scattering kernel k are perturbed in L* sense.

Prior to the discussion, we should define the LP-weak solution to (1.1)-(1.3). Let us as-
sume pu(t, x,¢) € L°(Qr) and k(t, x,¢,¢') € L®(Qr x U). We call a function u(t, x,¢) € LP(Qr)
(1 = p < o0) a weak solution to (1.1)-(1.3), when u satisfies

fQTu(%+€-Vx)(pdtdxd€+fQT(kaudf’—pu)(pdtdxdf

=f n(x)-¢ qe dtdvxdf—fguoq)lt:o dxd¢ (1.4)

forallpeV:i={pe C(‘;O(G) | ¢lr, = 0 and ¢(T,-,-) = 0}, where dv, denotes the surface ele-
ment along 0Q). Let us introduce the following notation. For (¢, x,¢{) € @, the line / given by

Li={(t+s,x+sE&E) | seER} (1.5)

is called a characteristic line of the transport equation (1.1), and we set [ (t, x, ) and [y(¢, x,¢&)
by

ly(t,x,8):=inf{s=0| (t£s,x+5¢,8) ¢ Qrl,
lo(t,x,8) :=1_(t,x,8) + 1. (£, x,¢).

Wenote 0 < [_(t,x,¢) < t < T. We introduce weighted function spaces:

LP(QXU;IO)::{U:QXU—>IR

f |u(x,f)|Plo(o,x,f)dxd5<oo},
QxU

LP(T_;p-):= {qtf— —R U Iq(t,x,f)lpp-(t,x,é)dtdvxdf<00},
I_

where p_(t, x,&) := ly(t, x,¢) In(x) - €| for (¢, x,&) e T'_. It is easily checked that these spaces are
Banach spaces with the norms

1

lvlrxu;t) == U lv(x, 1P lo(O,x,f)dxdE)p ,
QxU

||q||LP(I‘7;p7) = (ﬁ |q(t»x»§)|pp—(t) x)f)dtdvxdf)p

respectively. Under the preparations above, we state the results about well-posedness of (1.1)—
(1.3), which are well-known ([5], [11]).
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Proposition 1.1. For ug € LP(Qx U;ly) and g € L” (T'—; p-), there exists a unique weak solution
u(t,x,&) € LP(Qr) to (1.1)—(1.3).

Proposition 1.2. Let K be
K= |1l oy + UKl (@0 x 01 (1.6)

where|U| denotes the Lebesgue measure of U. We have, ifug € LP(Qx U;ly) andqg e LP(T_;p_),

K -1
lullrQp < (1 - %) e”(lluolle(QxU;zo) + Hq||L,,(r_;p_)) (1.7)

forA>K.
We may abbreviate the estimate (1.7) as

1l = C (ol @xui + 9l o _p )

in order to show well-posedness of (1.1)-(1.3), but we prefer (1.7) in order to clarify dependent
relations in constants appeared in the estimates, since we will aim at an inverse problem of
(1.1)-(1.3) in future.

According to Ukai [11], the derivative of the weak solution along a characteristic line

((Z—L;) (t,x,8):= (% +§-Vx) u(t,x,&) ((t,x,¢) € Qr) belongs to L” (Qr), and it has the estimate

The estimate (1.7) follows from (1.8) and the fact that the weak solution satisfies the integral

ou
ol

<K]| u”LP(QT) . (1.8)
LP(Qr)

formula

u(t,x,&) = u(t—1-(t,x,8),x—1_(t,x,8)¢,¢)
1_(t,x,&)
+f {—u(t—s,x—Ss‘,f)u(t—s,x—Ss‘,f)
0

+f k(t—s,x—s&,&ENU(t—s,x— sf,f’)df’} ds. (1.9)
U

Remark 1.1. We can minimize the constant in (1.7) as a function of the parameter A, and
ming i (1- ) e*K = 1+ D)el, where L= 1K T (1+1/1+ 7).

Let u(t) be the weak solution to (1.1)-(1.3), and let #(t) be the one with perturbation,
and we will estimate || %(#) — u(f)ll.» @« ) in the next section. We show, in §3, stability of the

albedo operator under perturbation as an application of the main theorem stated in §2.
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The transport equation is considered as the fundamental mathematical model to de-
scribe propagation of lights in biomedical tissue, and the scattering kernel, such as the Henyey-
Greenstein kernel (see [3], [8]), is proposed through experimental data. We should remark that
the mathematical model of the scattering kernel needs to admit observation errors, and we
think it necessary to estimate their influence to the solutions before starting analysis of the
inverse problem aimed at DOT; we expect our estimates to give a clue to guarantitative dis-

cussion on a priori information which is necessary in the analysis of the inverse problem.

2. Estimates of the solutions under L*°-perturbation

We give an estimate of the solutions [|(t) — u(#)llzrx ), Wwhere we denote the solution
to the perturbed system by . The results mean stability of the L”-weak solution under L*°-
perturbation of the attenuation coefficient 2 and of the scattering kernel k, and it implies dif-
ficulty in solving the inverse problem related with DOT. We may estimate || &Z(¢) — u(£)llzr ox v
by the reduction of the errors caused by the perturbation to the inhomogeneous term of the
equation (1.1), but we choose a direct calculation to clarify the constants in the final estimate
(2.4).

Let us consider the following initial-boundary value problem:

(% +€'Vx) ﬁ(t) x)f) = _ﬁ(t»xyf)ﬂ(t»xyf) +fU Ih(’:(t, x,f,fl)ﬁ(t, x)fl)dfly (t) x)f) € QT) (2~1)

(0, x,8) = up(x,6), xeQ,cel, 2.2)
a(t, x,8) = q(t,x,8), (t,x,8el_, (2.3)

where fi(t, x,¢) € L*°(Qr) and k(t, x, &,&') € L®(Qr x U). The problem (2.1)-(2.3) is a perturbed
system of (1.1)-(1.3), but we note that the initial data and the boundary data are the same. To

state our estimate, we introduce constants K and AK by

K:= ”:a”LOO(QT) +|Ul ”iC”LO"(QTxU)' AK:= ”'a_'u”LOO(QT) +U| ”ic_k”Lm(QTxU)'

Theorem 2.1. Let u € LP(Qr) (1 < p < 00) be the LP -weak solution to (1.1)—(1.3), and let ii €
LP(Q7) be that to (2.1)—(2.3). We have

_ 1-1 1-1 2P-LRP P
i) —u <oy <2° PAKE » eXP(T) lullzr Q) - (2.4)

Proof. We recall the integral equation (1.9) which the L”-weak solution to (1.1)—(1.3) satisfies,

and we obtain

I (t,x,8)
a(t,x,6) —u(t,x,¢) = —fo {ae—s,x—s&,Oalt—s,x—s¢,&)
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—p(t—s,x—s&u(t—s,x—s¢,8)} ds
L(£,x,8) -
+/ {f {k(t—s,x~56,6,¢)a(t—s,x~56,¢)
0 U
—k(t—s,x~56¢ ¢ ult—s,x— Ss‘,f’)}dé’}ds. (2.5)

We are going to give the proof of (2.4) in two steps.
(1) 1st step: estimation of || %(¢) — u(D)llLr x)-

From (2.5), we have

+
LP(QxU)

l_(t,',') B
f (f (ka—ku)df’)ds
0 U

l_(t,',')
/ (i —puwds
0

%(0) — u()lrxu) = :
LP(@QxU)

(2.6)

Since

I
f lulds
0

)

Ly

L L
Hf (pi—pu)ds f la—ulds|| +|a-p|
0 0 r

we estimate the first term of the right hand side of (2.6) as follows;

=&l
LP

1 (t,)
Hf (@i —pu)ds
0

I-(t,x,6) p % 1 (t,x,8) p »
s||p||Lm(fme0 Iﬁ—ulds) dxdf) +||,1-,l||m(fw(f0 Iulds) dxd{)

_ - L(txd) >
SHH”Loo(fngl— (/0 Iu—ulpds)dxdf)

i [ [FERO 5
o[ ([

P 1
<Vl 5 ([ = i )+ il F gy 2

LP(QxU)

Werecall 0 < I_(¢,x,¢) < t < T, and we remark the above estimation is justified by the Fubini-

Tonelli theorem. By the same manner, the second term is estimated as

1_(t,,) _ I
f (f (ka—ku)df’)ds - {f s (f
0 U LP(QxU) QxU 0
L p ’
+ { f [Pt ( f ds) dxdf}
QxU 0

: 1
<101 ([ [0 o )

i p 5
fk(ﬁ—u)dé" ds)dxdf}p
U

f (k—kyudé'
U

~ t G
0P O el [ [0y )
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~ t ? ~ _1
= |U| tl_% ||k||L°° (\/(; || a(t/r ) ') - u(tlr ) ') ||Zp(qu') dt/) ’ + |U| ||k_ k”Loo tl Fl; ”u”Lp(QT) . (2-8)

Since we know (a + b)P <2P~1(a” + bP) for a > 0, b > 0, we conclude, from (2.7) and (2.8),
LP(QxU) LP(QxU) LP(Qr) |

t p
[FIGERTO] < (Prl2PTIRP U [ay—uH|? dt’+% lull? 2.9)
0

(2) 2nd step: Gronwall type estimation.

Let us define a function F(¢) by
‘ AKP
E(1):= fo |2 = wt) Lo oy 41+ 5 Ul

then we have, from (2.9), % <2P~1KPP~1F Hence we have

d op-1gp
—(exp(— > t”)F(t))sO,

dt
and immediately we obtain

2P-1gP

dF )
IO RO Ap——— SZp_let’”—lexp(

LP@QxU) = g¢ t’”)F(O).

Thus we obtain the estimate (2.4) Oa

Remark 2.2. Substitution of the estimate || u|| LP(Q7) of (1.7) into (2.4) leads us to the estimate

_1 _1 2P-1gP P
l22(2) = u(O)lLraxvy <2 vAkt! ”eXP(T)

K -1
x (1 - 1) et (II Uollr@x vy + ”q”LF’(F_;p_))'

3. Stability estimate for the Albedo operator

Applied mathematicians ([9], [4], [12] etc.) have defined the Albedo operator for the
transport equation and have discussed inverse problems, and we also give an estimate to
the operator under the same perturbation as in §2. Let us define the Albedo operator for the
transport equation with the homogeneous Cauchy data. Before starting discussion, we in-
troduce the Banach space L”(T';; p4) in the same manner with L”(I'_; p_), which is defined
in§1.

Since we have (1.8), we can introduce a Banach space W” (Qr) by

WP(Qr):= {ME LP(Qr)

0
O—L; eL”(QT)}



ESTIMATES FOR SOLUTIONS TO THE TRANSPORT EQUATION 319

ou
— , and we note that the weak solution to

(1.1)-(1.3) belongs to W”(Qr). Let us define the traTce operator y4 : WP(Qp) — LP(T'+; p+) as

follows. For ¢ € C3° (Qr), integration along the characteristic line gives

with the norm ”ullwp(QT) = u”Lp(QT) +T

1_(t,x,¢) 0(/)
(l)(t_ l—(t)xyf)»x_fl—(t»xyf))f) :L E(t_S)x_sfyf)ds"'(p(t)x)f)»

which leads us to [|plr_| ., ) < [|¢]l e, - Hence we can define the trace operator y_ as

—p-
continuous extention of the restriction operator |r_. It is quite the same for y,. We remark,

from (1.3), that y_u = g for the weak solution u, and we note that the trace y. u belongs to
LP(T4;p4), since we have u € WP(Qr). Thus we define the Albedo operator.

Definition 3.1. (Albedo operator)

Let u € LP(Qr) be the weak solution to (1.1)-(1.3) with the homogeneous Cauchy data;
up(x,&) =01in (1.2). We define an operator A: LP(I'_;p_) — LP(T'y; p+) by Aq := v, u, and we
call it the Albedo operator.

Since we assume ug(x,¢) = 0, we have, from (1.8) and Proposition 1.2,

K\ or
400y = Vilnign =0+ KD(1-3) el
for A > K and the albedo operator is well-defined as a bounded operator. We state our result.

Theorem 3.1. Supposel < p <oo. Let A be the albedo operator connected with (1.1)—(1.3), and
let A be the one connected with (2.1)—(2.3). Then we have

K)_le”AK{ 1 +1€T(exp((21€T)P

A= Alswra o rmrw o S (1 ) 2p ) - 1)% " T} (3-1)

forA>K.

Proof. We firstly remark, by integrating the both side of (2.4) that

2P-1gp

1
B AK p Z
la—ullirp) < e exp =1 lullrrp (3.2)

Since we assume u(x,¢) =01in (1.2) and (2.2), we have

3+§-vx)(a—u):—;1(a—u)+f l”c(a—u)df’—(ﬁ—p)mf (k-k)uaé,
ot U U

and
o Ou

ol 3l || oy
< la—ulpp + KT - ullron + AKT lullpr g -

||Aq_Aq||LP(F+;p+) < |\ia- u”Wp(QT) = |- uIILp(QT) +T
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Substituting the estimates (1.7) and (3.2), we conclude

| Aq - Aq||LP(F+;p+ =

K\! o 1+KT (K T)? ,
S(l_z) T”q”LF’(F ipo) AK{ K (XP(T)—].) +T}

AK 2PIRP
ral e —TP|- "u“LPQT +AKT lulzrgp

Hence we obtain our final estimate. Oa
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