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ON CERTAIN CLASSES OF MEROMORPHICALLY P-VALENT
STARLIKE AND P-VALENT QUASI-CONVEX FUNCTIONS

MOHAMED KAMAL AOUE JACEK DZIOK AND JANUSZ SOKOL.

Abstract. By making use of a familiar analogue of the generalized hypergeometric func-
tion, we introduce and investigate some inclusion properties of certain class of mero-
morphically p-valent starlike functions of order A and certain class of meromorphically
p-valent quasi-convex functions of order A.

1. Introduction

Let 2, be the class of functions f of the form:
(.
f@=27P+Y arz"7 (peN={1,2,...]), (1.1)
k=1

which are analytic in the punctured unit disc * ={z:z€ C and 0 < |z| < 1} = %\{0}. For a
function f(z) € 2, given by (1.1) and g(z) € X, a function given by

g@)=z"+) b P (zeu”), (1.2)
k=1
the Hadamard product (or convolution) of f(z) and g(z) is defined by
(f*@=2""+) arbiz" P =(g* f)(2). (1.3)
k=1

For complex parameters
ai,...,agand PB,...,Bs (Bj ¢Zo=1{0,-1,-2,...}; j=1,2,...,9),

we now define the generalized hypergeometric function ;4 Fs(ay,...,aq; B1,..., Bs; 2) by (see,
for example, [15])

® (a)g(ag)
qu(aly---Jaq;ﬁl""’ﬁs;z): Z 1 k q k ‘

Br (B k! 1.4
& Bk Bk (1.4)
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(g<s+1;,q,seNg=NU{0};z€ %),

where (0), is the Pochhammer symbol defined by

. 1 (v=0;0 € C\{0}),
V10O +1)--@+v—1) (veEN;0€C).

Due to Dziok and Srivastava [7] (see also [8]) we consider a linear operator
Hp(al,...,aq;ﬁl,...,ﬁs) . Zp i Zp,

which is defined by the following Hadamard product (or convolution):

Hp(alr---raq;ﬁlr---rﬁs)f(z) = {Z_qus(a];---;aq;ﬁ];---;ﬁs;z)}*f(z)-

We observe that, for a function f(z) of the form (1.1), we have

[ele] (a) ...(a )
Hy(@1reees Qg3 Brreves B f(2) = 2P 4 Y, —h Ok

I S k-p
& Boe (Pokl

If, for convenience, we write
Hp,q,s(al) = Hp(al,...,aq;ﬁ],...,ﬁg),
then one can easily verify from the definition (1.7) that

2(Hp,q,s(@1) f(2) = a1 Hp,g (@1 +1) f(2) = (@1 + p) Hp, g,s(a1) f (2).

(1.5)

(1.6)

(1.7)

(1.8)

(1.9)

(1.10)

The linear operator H), 4 s(a1) was investigated recently by Liu and Srivastava [13] and Aouf

[2]. In particular, for g =2, s=1 and a, = 1, we obtain the linear operator:

Cp(ay, 1) f(2) = Hy(ay, 1; 1) f(2),

which was introduced and studied by Liu and Srivastava [12]. Also for g =2, s=1, a1 =

n+p(n>-p;peN)and B, = a, = p, we obtain the linear operator on Zp:

Hpo1(n+p,p;p)f(z) = D"P7 f(2)

= m *f(Z)

or equivalently by

1 (Zn+2p—1f(z) )(n+p—1)

n+p-1 -
b 1@ (n+p-1!

= (n>-p;peN;feZ,).

The operator D”+p—1f(z) (f € Z,) was studied by Cho [5], Cho and Owa [6], Aouf [1], Aouf and

Srivastava [3] and Uralegaddi and Somanatha [16].

Making use of the operator Hp, 4 s(a1), we define two classes of functions connected with

the class of p—valent meromorphilally starlike and quasi-convex functions.
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Definition 1. Let pe N, 0< A < p and a; > 0. A function f(z) € X, is said to be in the class
Fp.q,s(a1; A) if it satisfies the following condition:

9%{ a1 Hpgs(a1+1)f(2)

Slarpp <o zew 1.11
Hp,g,s(a1) f(2) (@ p)} (z€U) 11

or, by using (1.10), if it satisfies the following condition:

: { 2(Hp,q5(@1) f(2)’

—A U). 1.12
Hp,q5(@1)f(2) }< (zew) (1.12)

We note that for g =2, s=1,a1 =n+p (n>-p;p € N) and a» = f; = p, the class
Ip21(n+p,p;p,A) = Mpyp-1(1), (n> —p;0 < A < p;p € N) was studied by Cho and Owa
[6].

Definition 2. Let pe N, 0 <A < p and a; > 0. A function f(z) € Z, is said to be in the class
Qp,q,s(a1; A) if and only if there exists a function g € _#, 4 s(a1) := _#p,4,s(a1;0) such that

e { 2(Hp,q,5(@1) f(2))’

}<—ﬂ (ze€). (1.13)
Hp, q,s(a1)g(2)

We note that for g =2, s=1,a1 =n+pn>—-p;p eN) and a» = 1 = p, the class
Qp21(n+p,p;p, V) = Qpp(A) (n > —p;0 < A < p; p € N) was studied by Kulkarni et al. [11].
If Hp 4s(a1)f(z) = f(2), z € %, then the classes ¢ 4 s(a1;A) and Qp 4,s(a1;1) become the
classes of p-valent meromorphically starlike or quasi-convex of order A, respectively.

2. Main results

In proving our main results, we shall need the following lemma due to Jack [10].

Lemma 1 ([10]). Let a function w(z) be analytic in % with w(0) = 0. If |w(z)| attains its maxi-

mum value on the circle|z| = r <1 at a point zo € %, then
zow' (20) = {w(zo),
where( is a real number and { = 1.

Theorem 1. A function f is in the class #p,q s(a1; 1) if and only if there exists an analytic func-
tion w, |\w(z)| < 1), w(0) =0, such that

F2(p—Nw(t
Hp,q,s(afl)f(Z) =zP expfifl+—u)jl(l;§]) dt. 2.1)
0
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Proof. If f is in the class _#,, 5 s(a1;A), then there exists a function w, [w(z)| < 1), w(0) =0,

such that
(Hp,qs(@)f(2) _p+RA-pw(

Hpqsa)fz)  zll+w(2)]

Therefore we obtain

(Hpgs@)f@) p_ p+CAi-puw@ p

= . 2.2
Hyqs(a)f(z)  z z[1+ w(z)] z 2.2)

Integrating (2.2) we get

¥4

2(p—A7A ¢
log [ZpHp,q,s(a])f(Z)] :fw
0

dt, (2.3)
1+ w(n)]

which gives (2.1). If, conversely, the function H) 4 s(a1)f(z) is given by (2.1) with an ana-
lytic function w, |lw(z)| < 1), w(0) = 0, then differentiating (2.1) logarithmically we can obtain
(1.12) thus f is in the class _#), 4,s(a1; 1) O

Theorem 2. I[fpeN,0< A< p anda; >0, then
fp,q,s (a1 +LA) c fp,q,s(al; A). (2.4)

Proof. For f(z) € #) 4s(a1 + 1;1), we find from (1.12) that

H, 1 !
{ z(Hp,q,s(a1 +1) f(2)) } - 2.5
Hp,q,s(al +1)f(2)
In order to show that (2.5) implies the inequality (1.12), we define w(z) in % by
H, ;s ! -
z2(Hp,q,s(1) f(2))" _pt@A-pw(z . 2.6

Hpgqsa)f(z) 1+ w(z)

Clearly, w(z) is regular in % with w(0) = 0. Using the identity (1.10), the equation (2.6) may
be written as

Hpgs(@1+1)f(2)  ay+(a)+2p-2 ) w(2)

a 2.7
! Hp,q,s(al)f(z) 1+ w(z)
Differentiating (2.7) logarithmically with respect to z, we obtain
Z2(Hp,qs(a1 +Df(2)" _prRA-pw
Hy g,s(a1+1) f(2) 1+ w(z2)
+2p-2A ! !
(a1+2p )zw'(2) zw' (2) 20

a1+ (@ +2p-20w(z) 1+w(z)

We claim that |w(z)| < 1 in %. For, otherwise (by Jack’s lemma) there exists zy in %/ such that

zow'(z0) = {w(zp), lw(zp)l =1, 2.9)
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where { = 1. From (2.8) and (2.9) we obtain

20(Hp,q,s(a1 + 1) f (29)) _ _p+@A-plw(z)
Hpgsla1+1f(z0) 1+ w(z)
(a1 +2p—21) zw'(2) zw' (zo)

- . (2.10)
ar+ (a1 +2p-20)w(zg) 1+ wl(zp)

Thus, if w(zg) = e'?, then

20 (Hp,q,s(@1 + 1) f(z9))’ +2p—21)el® i0
e gt et DIGON |, gy [ (@ 2p-20e? e .

Hp g,s(a1 +1) f(z0) ay+(ay +2p—21)el?  1+e¢
ay+2p-21 1) 1

>-A+(

ar+ (a1 +2p-21) 2

which obviously contradicts (2.5). Hence |w(z)| < 1 in % and it follows from (2.6) that f(z) €
Fp.q,s(a1; A). This completes the proof of Theorem 2. Oa

Theorem 3. Let f(2) € X, satisfy the condition

Hy s ' _
SRe{Z( p,g.s(@1) f(2)) }< e P A zew), 2.11)
Hp,q,s(al)f(z) 2(c+p-7N)
forc>0. Then
— ¢ ct+p-1
(Fepf)(2) = prae f t f() dt (2.12)

0
belongs to the class ¢4, s(a1;A).

Proof. Let f(2) € ¢} 4s(a1;A) f(2). Define w(z) in % by

Z(Hp,q,s(al)(Fc,pf)(Z))/ _ p+Q2A-plw(z)

(2.13)
Hy, q,s(a1)(Fe,pf)(2) 1+w(z)
Clearly, w(z) is regular and w(0) = 0. Using the identity
Z(Hp,q,s(al)(Fc,pf) (2) = CHp,q,s(al)f(Z) —(c+ p)Hp,q,s(al)(Fc,pf)(Z)» (2.14)
the equation (2.13) may be written as
Hpgs@)f(z)  c+(c+2p-20)w(2) 2.15)
Hp, g,s(@1)(Fe,p ) (2) c(1+ w(2) ' )
Differentiating (2.15) logarithmically with respect to z, we obtain
2Hpgs@)f@) _ p+r@A-pw@ (c+2p-20)zw'(x)  zw'(2) 2.16)

Hpgsa)f(z) 1+ w(z) c+c+2p-2Mw(z) 1+w(@)’
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We claim that |w(z)| < 1 in % . For otherwise (by Jack’s lemma) there exists zy in % such that
zow'(20) = {w(zp), (2.17)

where |w(zp)| =1 and { = 1. Combining (2.16) and (2.17), we obtain

Hp,g,s ’ -

Hp qs(a1)f(z) 2(c+p-A)

which contradicts (2.11). Hence |w(z)| < 1 in % and from (2.13) it follows that (F,, f)(z) €
Fp.q,s(@1;A). This completes the proof of Theorem 3. O

Similarly, from Theorem 3, we have

Corollary 1. Let f(z) € #p gs(ai;A). Then (F.,[)(z) defined by (2.12) belongs to the class
fp,q,s(al;il

Remark1l. () Forp=1,g=s=1,a; =61 =1 c¢=1and A =0, we note that Theorem 3

extends a result of Bajpai [4].

(i) Forp=1,g=s=1,a; = p; =1and A =0, we note that Theorem 3 extends a result of
Goel and Sohi [9].

For the function (Fy, , f)(2) defined by (2.12), we have
Hp, q,s(@1) f(2) = Hp q,s(a1 + 1) (Fa,,p ) (2). (2.19)

Thus we obtain following theorem:

Theorem 4. Let f(2) € ¢ 4 s(a1;1). Then (Fy, ,f)(z) defined by (2.12) belongs to the class
Ipqs@r+LA).

Theorem 5. Let (F;, [)(2) € #p qs(a1;A) and let f(z) be defined as (2.12). Then

a1 Hp g,s(a1+1) f(2)
Re{ DL — (@ +p)} <-4 (2l<Ro), (2.20)

where

_ _ _ 2 _
R, = (p-A+D++v(p-A+1)2+clc+2(p )L)]. 2.21)
c+2(p—-A7)

Proof. Since (F¢,, )(z) € #p q,s(a1; 1), we can write

Z(Hp,g,5(a1) (Fe,p ) (2))’
Hp,q,5(a1) (Fe,p f)(2)

=—[A+(p-Dux)], (2.22)
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where u(z) € &, the class of functions with positive real part in % and normalized by u(0) =

1. Using the equation (2.13) and differentiating (2.22) logarithmically with respect to z, we

obtain
2(Hp,q,s(@1) f(2)) 1 '@
Hp,q,s(al)f(z) zZu \z
= u(z) + ) (2.23)
p-A {c+p) - [A+(p-Du@]}
Using the well-known estimates [14]
|zu'(2)|  2r B 1+r B
Reud) < =2 (lzl=r) and Reu(z) < 1= (lzl=1),
the equation (2.23) yields
2(Hp,qs(@1) f(2))’ 1 ,
Re Hy 5@ f(2) > Re {u (2)— zu'(u) “
p—A7 (c+p) - [A+(p-Nu(z)]
!
> %e{u(z) - au () “
(c+p) - [A+(p-Nu(2)]
|zu' (2)|
> Reu(z){ 1- Heu(z)
(c+p) —[A+(p—-NReu(z)]
2r
=NReu(z){1- . (2.24)
e )

Now the right hand side of (2.24) is positive provided r < R., where R, is given by (2.21). Hence
we have (2.20). This completes the proof of Theorem 5. o

We shall prove an inclusion property of the general class Q, 4 s(a1; 1), associated with the
integral operator (Fg,,, f)(2) defined by (2.12), which is stated as :

Theorem 6. If f(z) € Q) 4 s(a1;A), then

F(2) = (Fa, p f)(2) € Qp g5 (@1 +1;A). (2.25)

Proof. Let
G(2) = (Fa,,p8)(2) (€ Ppgslar; ). (2.26)

Then, by using Theorem 3, we have
8€ Ipgsa;A)=>Ge 2, 4s(a1+1;1) (@ >0, 0= A< p). (2.27)
In view of (1.8) and (2.12), the definitions in (2.25) and (2.26) yield

2(Hp,g,s(@1)F(2)) = a1 Hp,g,s(@1) f(2) = (@1 + p) Hp, g5 (@1) F(2) (2.28)
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and
Z(Hp,g,5(1)G(2)) = a1 Hp,g,s(a1)8(2) — (a1 + p) Hp,q,s(@1)G(2), (2.29)

respectively. Upon expressing the first members of (2.28) and (2.29) by means of the identity
(1.10), and then comparing the corresponding right-hand sides with the second members of
(2.28) and (2.29), respectively, we obtain (see (2.19))

Hy gs(@) + DF(2) = Hy 4 s(@) f(2) (2.30)

and
Hy gs(a1 +1)G(2) = Hp, g,s(@1)g(2). (2.31)

Finally, since f(z) € Qp 4,s(a1; 1), we have

e { 2(Hp,q5(@1) f(2)’

<-1 (geQ @) z€U),
Hp,g,s(a1)g(2) } (8 € q,s(a1) )

which, by virtue of (2.30), (2.31) and (2.27), yields

e { 2(Hp,q,s(@1 + 1 F(2))’

-1 (GeQ ;2 €U,
Hpgs(@1 + DG ) }< (GEQpgslm)izen)

and the proof of the assertion (2.25) of Theorem 6 is completed. O
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