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CAUCHY-TYPE MEANS FOR POSITIVE LINEAR
FUNCTIONALS

M. ANWAR!, J. PECARIC? and M. RODIC LIPANOVIC3

Abstract. Some mean-value theorems of the Cauchy type, which are connected with
Jensen’s inequality, are given in [8] in discrete form and in [11] in integral form. Here
we give the generalization of that result for positive linear functionals. Using that result,
new means of Cauchy type for positive linear functionals are given. Monotonicity of these
new means is also discussed.

1. Introduction

The well-known Jensen inequality asserts that for function f holds

1 Z 1 Z
J— X | < — . Xi 1
f(Pni:ZIpl | B L pif ) M
if and only if f is convex function on interval I < R, where p; are positive real numbers and
x;€I(i=1,...,n),while P, = Z;‘:lpi.

In [10, p.9] authors gave an estimation of the quotient of differences of the left and the
right side of the Jensen inequality for different functions, assuming that p; and x; are as above
and P, = 1. Their result is a discrete version of a result previously given in [1].

Theorem 1.1. [10, p.9] Let p; >0 (i =1,...,n) withP,=1,and x; € I (i = 1,...,n) are not all
equal. Let f, g : I — R be twice differentiable functions such that

osm<f"x)<M and 0<k<g'(x)<K forallxel.

Then " "
m - 22:1 pif(xi)_f(zilzl pixi) < M @)
K= Y7 pigta) - (X, pixi) ~ k
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Under the same conditions on p; and x;, A. McD. Mercer in [7] and [8] gave the following
two mean-value theorems of the Lagrange and Cauchy type.

Theorem 1.2. Let I be a compact real intervaland f,g: 1 — R. Letx; € landp; >0(i=1,...,n)
such that P,, = 1.

(i) IffeC?(), then

n n 1 B n n 2
Zpif(xl')—f(ZPixi) =5f (f)(z Pix,?—(ZPixi) ) 3)
i=1 i=1 i=1 i=1

holds for someé € I.

(ii) Iff,ge C?(I), then
Z?:l Pif(xi) _f(Z?:] pixi) _ fu(f)
Lopigx)-g(Xi pixi) &'©)

holds for some¢ € 1, provided that the denominator of the left-hand side is non-zero.

4

Remark 1.3. We use f € C?(I) to denote that function f has continuous second derivative on
1.

Furthermore, having in mind the integral Jensen inequality, the authors in [11] gave sim-
ilar results in integral form.

Theorem 1.4. ([11]) Let I be a compact real interval and @, v : I — R. Let h be an integrable
function with respect to a normalized weight w on [a, b] c R such that the range of h is a subset

of I.

(i) Ifg € C*(I), then

b b
f(p(h(x))w(x)dx—(p(f h(x)w(x)dx)
2

1 b b
=5<p”(é) U (h(x))zw(x)dx—(f h(x)w(x)dx) (5)

holds for some¢ € 1.
(ii) Ife,v € C?(I), then

fftﬂ(h(x))w(x)dx—(p(ffh(x)w(x)dx) _ 0" (&)
fflll(h(x))w(x)dx—i//(f:h(x)w(x)dx) ")’

(6)

holds for some¢ € 1, provided that the denominator of the left-hand side is non-zero.
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In [13] the generalization of these results is given for the case when the function h is
defined on a convex set Q < R" equipped with a probability measure.

The aim of our paper here is to give further generalization of (5) and (6), for positive linear
functionals, and also to define adequate Cauchy-type means.
2. Mean-value theorems for positive linear functionals

Let E be a nonempty set and L be a linear class of real-valued functions f : E — R having
the properties:

(L1) f,geL=>(af+bg)eLforalla beR

(L2) 1€ L, thatisif f(¢r)=1fort€ E, then f € L.
A positive (isotonic) linear functional is a functional A: L — R having the properties:

(Al) A(af+bg)=aA(f)+bA(g) for f,ge L, a,beR (Aislinear);

(A2) feL, f(t)=z00on E= A(f) =20 (A is positive or isotonic).

B.Jessen in [6] (see also [12, p.47]) gave the following generalization of Jensen’s inequality
for positive linear functionals.

Theorem 2.1. Let L satisfy properties L1, L2 on a nonempty set E and let ¢ : I — R be a continu-
ous convex function on an interval I c R. If A is a positive linear functional on L with A(1) =1,
then for all g € L such that ¢(g) € L we have A(g) € I and

p(A(g)) < Alp(g).

Using this result we shall give two mean-value theorems for positive linear functionals.

The following result (see for example [12, p.4]) will be very useful.

Lemma 2.2. Let¢: 1 — R, I R, be such that ¢ € C*(I), ¢" is bounded and m = inf,c; " (1),
M =sup,.;¢"(1).
Then the functions @1, @2 : I — R defined by
M ,
p1(8) = 7t - (1)
m >
p2(1) = (1) — ?t )

are convex functions.
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Now we give our mean-value theorems for positive linear functionals.

Theorem 2.3. Let L satisfy properties L1,L2 on a nonempty set E and let ¢ : I — R, ¢ € C*(I),
where I R is a compact real interval. If A is a positive linear functional on L with A(1) =1,
then for all g € L such that g%, ¢(g) € L there exists some & € I such that the following holds

@' (&)

S [AEY) - (A)*]. (8)

Alp(g) —p(A(g) =

Proof. Denote m = minc; ¢’ (t), M = max;c; ¢" (t). The previous Lemma states that then the
functions ¢4, ¢, : I — R defined by (7) are convex functions. As they are also continuous, we
can apply Theorem 2.1 on them.

We get

M
Alp(@) - 9(AR) = — [A(g?) - (A(g)?] 9)

and
Alp(©) - p(A(g) = g [A(g®) - (A(g)2]. (10)

Now combining these two inequalities and since ¢" is continuous, there exists some ¢ € [
(m < ¢" (&) < M) such that

¢"©) (o 2
Alp(8)) —p(A(g) = — [A(g") - (A(g)7]. O
Theorem 2.4. Let L satisfy properties L1,L2 on a nonempty set E and let o, : 1 — R, @,y €
C?(I), where I c R is a compact real interval. If A is a positive linear functional on L with
A(1) =1, then forall g € L such that g%, p(g), v (g) € L and A(g%) — (A(g))? # 0, there exists some
¢ € I such that the following holds

Alp@) - 9(A®) _ ¢"©)
Ay (@) -y(A@®)  ¥"©

provided that the denominator of the left-hand side is non-zero.

Proof. Consider the function y defined by

(0 =[A(v(@)-v(A@)] -9 - [Alp@) -9 (A@)] - v(®.

Function y is linear combination of functions ¢ and v, so y € C?(I) and y(g) € Lforall g € L.
Now we can apply Theorem 2.3 on function y and it follows that there exists some ¢ € I such
that the following holds

_X'©

Alx(@) - x(A@) = == A" - (A@)7].
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The left-hand side of this equation equals to zero, the term in the square brackets on the
right-hand side is non-zero, so we have that

1) =0.

Now the assertion of our theorem follows directly. O

3. Cauchy-type means for positive linear functionals

Let L satisfy properties L1, L2 on a nonempty set E. Let A be a positive linear functional
(i.e. Asatisfies the conditions Al, A2) on L with A(1) =1, andlet g€ L.

Then for a strictly monotone continuous function @ such that ¢ o g € L, the generalized
quasi-arithmetic mean, M, (g, A), of g with respect to the positive linear functional A and the
function « is defined by (see for example [12, p.107])

My(g, A) = a ' (Alao g)). (11)

The following theorem holds.

Theorem 3.1. Ler g € L be such that the image of g is a compact real interval I, and let a, 3,
I — R be strictly monotone functions, a, B,y € C*(I), such that o g, o g,yo g,(yo g)* € L and
Alyo®?) - (Alyo g)? #0.
Then
a(Mq(g,A) - a(My(g, A)) 3 a”(n) f)/’(n) _ a/(n) Y”(U)
,B(Mﬁ(g, A)) —,B(My(g, A)) h B'@m -y m)—p m-y"m)

holds for somen in the image of g, provided that the denominator of the left-hand side is non-

(12)

zero.
Proof. If we apply Theorem 2.4 on the functions

p=aoy™, y=poy™, g=yog
we find that there exists some ¢ such that

a(Ma(g, A) —aMy(g,A) "y 1)y @) -y &)Y (y (&)

= . 13
B(Mp(g, A) = f(My(g,A) By 1Yy 1) =By 1Ny (y 1) 49

Thus, by setting Y1 (¢) = 1, we find that there exists some 7 in the image of g such that

OC(Ma(g» A)) - a(My(g, A)) _ a”(n) f)//(n) _ a/(n) 'YH(T])
ﬁ(Mﬁ(g) A)) _ﬁ(My(g, A)) ﬁ”(n) ')//(17) _ﬁ/(n) ,y//(n)

provided that the denominator of the left-hand side is non-zero. O
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Corollary 1. Let the conditions of Theorem 3.1 hold.

Let
_a"m-y'm—-a'm-y"n)

By ) =B @)y ()

x(m

be invertible function.

Then

My (g, A)—a(My(g, A
n= —1(“( (8, A) —a(My(g ))) (14)

B(Mg(g, A) - f(M, (g, A)

is a mean, provided that the denominator of the term in the brackets is non-zero.

Proof. Since 7 is in the image of g, it follows that

a(Mq (g, A) —a(My,(g,A) )
B(Mp(g, A)) — P(My (g, A)

ming(f) < )(_1 ( <maxg(7).
teE

This shows that this is a mean. O

Now, from the results given above, we can deduce the corresponding results for the gen-
eralized power mean, M, (g, A), of g with respect to the positive linear functional A which is
defined for r € R by (see for example [12, p.108])

(Agn)’,  r#o
M, (g, A) = (15)
exp(Adogg)), r=0

where g(t) >0fort€ E,logge Land g" € L for r e R\ {0}.
Corollary 2. Let g € L be such that the image of g is a compact real interval I. Letr, [, s € R\{0},
r#1,s;1#s,suchthatg’,g', g%, g*° € L and A(g*%) — (A(g*))? #0. Then

M7 (g, A) - Ms(g,A) _r(r—s)

r—1I
- n (16)
Ml(g, A -Mig,A) -5

holds for somen in the image of g, provided that the denominator of the left-hand side is non-
zero.

Proof. If we set
ai)=t", py=rt, y(=1°,

in Theorem 3.1, we get the assertion (16). g

Since 7 is in the image of g, (16) suggests a new mean as it is

I(1-5) M (g, A)—M!(g, A"’
< maxg(1r)
r(r—s) Ml(g, A) - Mg, A) teE

g0 =
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forr,l,se R\ {0}, r #1,5; 1 # 5; A(g%%) — (A(g*))? #0.

From (16) it follows that we can define a new mean Misl] (g, A) as follows

I(1-s) M (g, A)— M (g, A\’
r(r—s) Ml(g,A) - ML(g, A)

Milig, )=

forr,I,se R\{0}, r # 1, 5; [ # 5; A(g*%) — (A(g%))? #0.

Similarly, we can calculate some other cases for r, [, s € R and we get the following defini-
tion of Mﬁsl] (g, A).

Definition 3.2. Let L satisfy properties L1,L2 on a nonempty set E and let A be a positive
linear functional on L with A(1) =1. Letr,/,s€ R and let g € L be such that the image of gis a
compact real interval I c R*, and g', g/, g%, g%, log g,log? g € Lfor r,1, s € R\ {0}.

Then we define the Cauchy-type mean Mﬁsl] (g, A) of g with respect to the positive linear
functional A by
1
I(l-s) M](g,A)—-Mi(g A\’
rir—s) Ml(g,A)-MLig, A

forr,I,s#0; 7 # 1,5, 1 £ 5; A(g%) — (A(g*))? #0;

Mg, )=

~ 1=

’

S M (g, A)—M;(g A
ML ) = M g, 20 = - LB e ]

rir—s) log(Mo(g, A)) —log(M(g, A))
for r,s #0; r # 5; A(g%%) — (A(g*))? #0;

1
lz M;(g;A)_Mg(grA) !

r? Ml(g,A)- Mi(g, A

M) (g, A) =

forr,1 £0; 1 # I; A(log® g) — (A(log g))% #0;

where we suppose that all expressions are well defined.

4. Monotonicity of Cauchy-type means for positive linear functionals

The following Lemma is valid.

Lemma 4.1. Define the function ¢s:R" — R by

om0 S#01
@s(x) =1 —logx, s=0 (17)
xlogx, s=1.

Itis ) (x) = x572, 50 @ is convex function.



518 M. ANWAR, J. PECARIC AND M. RODIC LIPANOVIC

We shall use the following result from [2].

Theorem 4.2. ([2]) Let L satisfy properties L1, L2 on a nonempty set E and let A be a positive
linear functional on L with A(1) = 1. Let a positive function g € L be such that g" € L for
reJ\{0,1}, JcR),logge Lifr=0€ ] andglogge Lifr=1€].

Let us define

Ai(8A) = Alg:(8)) — ¢ (A(g)). (18)

(i) Thenforalls,te J we have
A2, < Ag- Ay
2

Thatis, t — A; is log-convex in Jensen's sense.

(i) Ift— A, iscontinuouson ], then it is also log-convex. That is, forr < s< t (r,s,t € ]J) we
have that
(AT = AN (ADTT

We can represent the function A, defined by (18), where the function ¢, is defined by
(17), using generalized power means defined by (15), as

t(tl—l) [M}(g,A)-M(g A, 1#£0,1
M (glogg, A)— My (g, A)-log(Mi(g, 4), t=1.

Note that, as it follows from the previous Theorem, that if so defined function ¢ — A; is

continuous on J, then it is also log-convex.

The following Lemma is also valid.
Lemma 4.3. Define the functionws:R — R by
sizesx , $#0
Ws(x) = ) (20)
3x%,  s=0.
Itisy'(x) = e, soy; is convex function.

Remark 4.4. The authors in [2] proved that Theorem 4.2 also holds if we define function A;
by

A (8, A) = Ay (8) — v (A(g)), 21

where the function vy, is defined by (20).
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Now we can also represent our newly defined function A, which is defined by (21) where
the function v, is defined by (20), using generalized power means, as follows

L IMi(g, A - Mi(g A, t#0
At:{,[ g A= Mj(g, )] # o)

3 [M2(logg, A) — M?(logg, A)] , t=0.
Also note that if so defined function ¢ — A, is continuous on J, then it is also log-convex.

The following result gives us the useful property for log-convex functions.

Lemma 4.5. ([4]) Let f : ] — R* (J € R) be log-convex function and x1, X2, y1, y» € ] such that
X1 < Y1, X2 < V2, X1 # X2, Y1 # Y. Then the following inequality holds

1

(f(xz))ﬁ 3 (f(yz))ﬁ
fx1) “\fon '

(23)

Now in the next theorem we give the comparison for our newly defined Cauchy-type

means, Misl], from the previous section.

We shall suppose that g and A are such that both defined functions A; (in (18) and in
(21)) are continuous functions.

Theorem 4.6. Leta,b,c,d,s€R besuchthata<c,b<d,a#b,cZdands#a,b,c,d.
Then, for Mﬁsl] defined in Definition 3.2 we have that

[s] [s]
Mb,a < Md,c' (24)

Proof. Case I.:

Let us consider the function A; defined by (18). As A; is log-convex, previous Lemma
implies that for a,b,c,d e Rsuch thata<c, b<d, a#b, c # d, the following is valid

Ap\Fa T
-
Aq Ac

g o — £S5 — 4 _b ._c¢ _d a_c b_d
For s >0, by substituting: g = f*,a=,b=3,c=¢,d=,suchthat { < ¢, T <, a#b,

¢ #d,in Ap, we get
mﬁ—z—s)[Mé’(f,A)—Mf(f,A)] , b#0,s
Aps(f,A) = s[—logMo(f,A)+long(f,A)] , h=0 26)
s[My(f*log f, 4) = MS(f, 4)-log (M.(f, )], b=s,
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and (25) becomes

Aps\a  (Ags)ae
( b,s ) < ( d,s) ) ©27)
Aa,s Ac,s

As itis s > 0, the statement (24) follows directly.

G o _ _b ._ _d b.d
For s <0, by substituting: g= f*,a=%,b=7%,c=5,d=%,suchthat ¢ = $, 2 2%, a#b,

¢ #d,in Ay, we get again (26), but (25) becomes

Ap\7a (AT
( b,s) < ( d,s) ) (28)
Aa,s Ac,s
Because it is s < 0, we have that
Ap \7a (A 7=
s 2
Aa,s Ac,s

wherea=c,b=d, a#b, c # d and we get our required result.
CaseIl.:

Let us consider the function A; defined by (21). As A, is log-convex, previous Lemma
implies thatfor a, b, c,d e Rsuchthata<c, b=<d, a# b, c # d, inequality (25) holds.

Therefore we have for a,b,c,d e Rsuchthata<c,b<d, a# b, ¢c # d, that it holds

(30)

Remark 4.7. If we set the functional A of the function g to be

A(g) =ng(u)du(u),

where Q € R” is a convex set equipped with a probability measure p, we get the means of
Cauchy-type given in [4] and also adequate results.

5. Some related results

In this section we will give related results of Mercer’s and Aczél’s type.

5.1. Means of the Mercer type

In [5] the following version of Jessen’s inequality is given.
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Theorem 5.2. Let L satisfy properties L1, L2 on a nonempty set E and let ¢ : I — R be a contin-
uous convex function on an interval I = [m, M] (—co < m < M < o0). If A is a positive linear
functional on L with A(1) = 1, then for all g € L such that ¢(g),(m+ M — g) € L (so that
m < g(t) < M forall t € E), we have the following variant of Jessen’s inequality

p(m+M-AQ) <pm) +pM) - A(p(g). (31)

Using this result we shall give two mean-value theorems for positive linear functionals.

Theorem 5.3. Let L satisfy properties L1,L2 on a nonempty set E and let ¢ : 1 — R, ¢ € C?(I),
where I = [m, M] (—oo < m < M < oo). If A is a positive linear functional on L with A(1) =1,
then for all g € L such that g%,¢(g), p(m+ M — g) € L (so that m < g(t) < M for all t € E) there
exists some ¢ € I such that the following holds

@(m) + (M) - A(p(g)) —p (m+ M- A(g)

_9"©)
2

[mz +M*— A(gY) — (m+M- A(g))z] . (32

Proof. The proofis similar to the proof of Theorem 2.3 using Theorem 5.2 instead of Theorem
2.1. O

Theorem 5.4. Let L satisfy properties L1,L2 on a nonempty set E and let o,y : [ - R, @,y €
C2(I), where I = [m,M] (—oo < m < M < oco). If A is a positive linear functional on L with
A(1) = 1, then for all g € L such that g%, ¢(g), p(m+M—g), w(g), w(m+ M - g) € L (so that
m < g(t) < M forall t € E) and m? + M2 — A(g%) — (m+ M — A(g))* #0, there exists some & € I
such that the following holds

p(m) + (M)~ A(p(g)) —p(m+M-Ag)  ¢"©
wim) +y (M) - A(p(@) -y (m+M-A@) v'©)

(33)

provided that the denominator of the left-hand side is non-zero.

Proof.The proof is similar to the proof of Theorem 2.4 using Theorem 5.3 instead of Theorem
2.3. O

Let L satisfy properties L1, L2 on a nonempty set E. Let A be positive linear functional
on L with A(1) =1 and let g € L. Then for a strictly monotone continuous function a such
that a o g € L, the generalized quasi-arithmetic mean of the Mercer type, .#,(g, A), of g with
respect to the positive linear functional A and the function « is defined by (see [5])

My (g, A) =a” ! (a(m)+a(M) - Alaog)). (34)

The following theorem holds.
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Theorem 5.5. Let g € L be such that the image of g is a compact real interval I = [m, M] and let
a, B,y : I — R be strictly monotone functions, a, B,y € C*(I), such thataog, fog,yog, (yog)? € L
and (y(m))? + (y(M))? — A((y 0 £)?) — (y(m) +y(M) - A(y 0 ))” #0.
Then
a(Mqy(g,A) - a(ﬂy(g, A)) 3 a”(n) Y’(n) _ a/(n) Y”(U)
ﬁ(ﬂp(g, A)) - ﬁ(/%y(g, A)) B B'm) -y ) — B M) -y" 1)

holds for somen in the image of g, provided that the denominator of the left-hand side is non-

(35)

zero.

Proof.The proof is similar to the proof of Theorem 3.1 using Theorem 5.4 instead of Theorem
2.4 with substitution

p=aoy , w=Poy!, g=yog, m=y(m), M=yM).

Corollary 3. Let the conditions of Theorem 5.5 hold.

Let
_a"m-y'm-a' -y

B -y () - B ) -y ()

x(m

be invertible function.

Then

(36)

B _1(a(/%a(g,A))—a(/%y(g,A)))
" B(Ap(g, A) — ALy (8, A))

is a mean, provided that the denominator of the term in the brackets is non-zero.

Proof. Since 7 is in the image of g, it follows that

a(u%a(g,A))—a(u%y(g,A))) < maxe(d
By(g, M) — Bty (g, A) ) = 1eE S

. -1
121]51 g =y (
This shows that this is a mean. O

Now, from the results given above, we can deduce corresponding results for the gener-
alized power mean of the Mercer type, Q,(g, A), of g with respect to the positive linear func-
tional A which is defined for r € R by (see [9])

(m’+M’—A(g’))% , T#0
Qr(gA) = - 37
exp(A(ogg)) ’ r=0,

where g(t) >0for t€ E,logge Land g" € L for r e R\ {0}.
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Corollary 4. Let g € L be such that the image of g is a compact real interval I = [m, M]. Let
rL,s€R\O}, r #1,5;1# s, suchthatg', g', g°, g% € L and m?S+M> - A(g%)—(m® + M* — A(g%))* #
0. Then

Qr(g,A-0Qi(g A _rr=9)
Ql(g, A —-Qlg,A) lU-9

(38)

holds for somen in the image of g, provided that the denominator of the left-hand side is non-
zero.

Proof. If we set
ai)=t", py=rt', y(=1°,

in Theorem 5.5, we get the assertion (38). O

Since 7 is in the image of g, (38) suggests a new mean as it is

1
r—1

I(1-3s) Qr(8, A —Q(g A)
r(r=s) Q)(g, A)-Ql(g,4)

< ntneellsxg(t)

Igl]glg(t) < (

forr, 1, s€ R\ {0}, r # 1, 5; [ # 5; m2S + M% — A(g%) — (m® + M* — A(g"))* #0.

From (38) it follows that we can define a new mean M[rS} (g, A) as follows

€
r—1

I(1-5) Q/(g,A-Qi(g A
r(r—s) Ql(g,A)-Ql(g, A

M=

for r,1,s € R\{O}, 1 # I, 5; | # 5 m® + M% — A(g2%) — (m® + M* — A(g"))* #0.

Similarly, we can calculate some other cases for r, [, s € R and we get the following defini-
tion of M[rsg (g, A).

Definition 5.6. Let L satisfy properties L1,L2 on a nonempty set E and let A be a positive
linear functional on L with A(1) = 1. Letr,/,s€ R and let g € L be such that the image of gisa

compact real interval I = [m, M] cR*,and g", g/, g%, g%, log g,log® g € Lfor r, 1, s € R\ {0}.
Then we define the Cauchy-type mean M[rs} (g, A) of g with respect to the positive linear

functional A by

-9 QEA-Qlg A\

rr=s) Qi(g,A)-Qi(g, A

for r,1,s #0; r # 1,53 1 # 5; m2 + M5 — A(g%) — (m® + M® — A(g%))” #0;

M=

’

s Qi (g, A - Qg A) )%

M (¢ 4) = MY (g, A :(_ .
r0& A =M (84 = =205 10g(00 (g, 4)) —10(Qs (g, A))

s
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2s 28 2s s S $1)2
for r,s #0; r # s; m*S + M** — A(g*°) — (m* + M* — A(g"))" #0;

M (g, A) = P Qg A-Qug M|
ot 2 Qlig, A-Ql(g A

for 1,1 #0; r # I;1og? m +log® M — A(log® g) — (logm +log M — A(logg))2 #0;
where we suppose that all expressions are well defined.
Theorem 5.7. Leta,b,c,d,seR besuchthata<c,b<d,a#b,c#dands#a,b,c,d.
Then, for M[rs} defined in Definition 5.6 we have that
M <Ml (39)
ba— dc’
Proof. The proof is similar to the proof of Theorem 4.6, using adequate results from [2]. O

Remark 5.8. If we set the functional A of the function g to be

A(g) =ng(u)du(u),

where Q < R” is a convex set equipped with a probability measure u, we get the means of
Cauchy-type given in [3] and also adequate results.

5.2. Means of the Aczél type
The following version of Jensen’s inequality is valid too ([12, p.124-125]).

Theorem 5.9. Let L satisfy properties L1,L2 on a nonempty set E and let A be a positive linear
functional on L. Let ¢ : I — R be a continuous convex function on an interval I c R. Suppose
that w e L withw =0 on E and 0 < A(w) < u € R, 24=2W8)

i €1 (ae ), whereg: E— R is such
that wg € L and we(g) € L. Then

(ua—A(wg)) - up(a)— Alwe(g)) (40)

u—A(w) u—A(w)
Using this result we shall give two mean-value theorems for positive linear functionals.

Theorem 5.10. Let L satisfy properties L1, L2 on a nonempty set E and let A be a positive linear
functional on L. Let ¢ : I — R, ¢ € C*(I), where I c R is a compact real interval. Suppose that
weLwithw=00nEand0< A(w) < ueR, %%g) €I (ael), whereg:E — R is such that

wg, wg?, we(g) € L. Then there exists some ¢ € I such that the following holds

(ua—A(wg)) _up(a) - Awe(g) _ ¢"©)

(ua - A(wg))2 _ua® - Awg®)
u—A(w) u—A(w) 2

u—Aw) u—Aw)

(41)
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Proof. The proofis similar to the proof of Theorem 2.3 using Theorem 5.9 instead of Theorem
2.1. O

Theorem 5.11. Let L satisfy properties L1, L2 on a nonempty set E and let A be a positive linear
functional on L. Let o,y : I — R, @,y € C*(I), where I < R is a compact real interval. Suppose

that we L withw =0 onE and0 < A(w) < u € R, %ﬁﬁ) €I (ael), whereg:E— R is such
_ 2 2_ 2
thatwg, wg?, we(g), wy(g) € L and(uz_ﬁ%g)) - ”“u_ﬁ%g ) 0. Then there exists someéel

such that the following holds

( ua-Awg) ) _ up(@)-Alwe(g))

= A(w) w=Aw)  _ ¢"(©) 42)
ua-Awg)| _ uy@-Awy(g) (&)’
Y\ —~—aw) u—Aw)

provided that the denominator of the left-hand side is non-zero.

Proof.The proofis similar to the proof of Theorem 2.4 using Theorem 5.10 instead of Theorem
2.3. O

Let L satisfy properties L1, L2 on a nonempty set E and let A be positive linear functional
onL.Let we Lwithw=00nE,0< A(w)<ueRand acR. Let g: E— Rbe such that wge L.

Then for a strictly monotone continuous function @ : I — R (I € R, a € I) such that
wa(g) € L, the generalized quasi-arithmetic mean of the Aczél type, 91,(g, A), of g with re-
spect to the positive linear functional A and the function « is defined by

1 (uala) — Alwa(g))
u—Alw)

My(g, A =a (43)

The following theorem holds.

Theorem 5.12. Let g : E — R be such that the image of g is a compact real interval I and let

a, B,y : I — R bestrictly monotone functions, a, B,y € C>(I), such that wa(g), wB(g), wy(g), w(yo

2 2 2
2 uy(a)—A(wy(g)) u(y(@)=—A(w(yeg)?)
g el “”d( u=A(w) ) - u—A(w) 7 0.

Then
aMy (g, A)—a®e(8,A)  a’"m)-y'm)—a' -y @)

= 44
BN, (g, ) - BMp(g, A) B -y () — B )-y" () @y

holds for somen in the image of g, provided that the denominator of the left-hand side is
non-zero.

Proof.The proofis similar to the proof of Theorem 3.1 using Theorem 5.11 instead of Theorem
2.4 with substitution

p=aoy !, y=Poy™!, g=yog, a=y(a.
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Corollary 5. Let the conditions of Theorem 5.12 hold.
Let

) = a’m)-y'm—a'm-y"(n)
B'm)-y'm—-p'm-y"m
be invertible function.

Then

M, (g, ) —aMy(g, A
0= —1(“( v(8 A)) —a, (g ))) 45)

BN, (8, A) — fMp (g, A))

is a mean, provided that the denominator of the term in the brackets is non-zero.

Proof. Since 7 is in the image of g, it follows that

a@y (g, A) —a(My(g,A)
BN, (g, A) — MNp(g, A)

; -1
I}leglg(t) <x ( ) sntl&xg(t).

This shows that this is a mean.

a

Now, from the results given above, we can deduce corresponding results for the general-
ized power mean of Aczél’s type, 2,(g, A), of g with respect to the positive linear functional
A, which is defined for r € R by

1
ua"-A(wg")\r
( u—A(w) ) ’ r#0
2,(8,A) = (46)
uloga—A(wlogg) _
EXP(W) , r—O,

where g(f) >0for t€ E, wlogg e Land wg” € L for r e R\ {0}.

Corollary 6. Let g: E — R be such that the image of g is a compact real interval I. Letr,l,s €
ua’-Awg®) 2 _ua®-Awg*) £0
u—A(w) u—A(w) ’

R\{0}, r # 1,5, # s, such that wg", wg',wg*,wg* € L and(
Then
2,8 A-2/(8A) rlr-s
2Lg -2/ A U-9

nr—l (47)

holds for somen in the image of g, provided that the denominator of the left-hand side is non-

zero.

Proof. If we set
a=t", py=r, y(=1°,
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in Theorem 5.12, we get the assertion (47). O

Since 7 is in the image of g, (47) suggests a new mean as it is

1
r—1

< ntneellsxg(t)

rir—s) 2lg, A -2lg A

Igl]glg(t) < (

s 512 2s 2s
—-A -A
for 1,1, sER\(O}, 7 # 1,53 1 # 5; M=) |7 - W2 ) e,

From (47) it follows that we can define a new mean N[rsg (g, A) as follows
1

l(l-s) 2[(8,A-2/(g A\
r(r—s) 2Lg, A -2lg A

S

s 512 2s 2s
—-A -A
for 1,1, s€R\(O}, 7 # 1,5 L # 5; (M=) |7 - MG 5,

Similarly, we can calculate some other cases for r, [, s € R and we get the following defini-
tion of N[rs} (g, A).

Definition 5.13. Let L satisfy properties L1, L2 on a nonempty set E and let A be a positive
linear functionalon L. Let we Lwith w=00n E,0< A(w)<ueRandaeR. Letr,[,seR
and let g : E — R be such that the image of g is a compact real interval I < R* (a € I), and
wg,wg", wg',wg*, wg?, wlogg, wlog? g € Lforr,1,s € R\ {0}.

Then we define the Cauchy-type mean N[rs} (g, A) of g with respect to the positive linear
functional A by
1
ll-s) 2{(gA-2/(gA)|""
rr—s 2lg A -2/ g, A

S

s 5112 25 25
. . L[ ua’-Alwg®) ua*—A(wg*)
forr,l,s;éO,r;fl,s,l;és,( Ao ) - AW #0.

1
s 2{(g,A)-2/(g A )’

NI (g, 4) =Nyl (g, A :(— :
08 A =No, (8 4) r(r—s) log(2s(g, A)—log(2y(g, A)

s 5712 2s 2s
. . [ua’-Awg’) ua*—A(wg*)
forr,s;éO,r;és,( AW ) - AW #0.

1
r=1

P 2054 -2](gA4
r’ 2ig N -2!@g A

0
N g, A=

3 . [ uloga—A(wlogg) 2 ulog? a—A(wlog’ g) 3
for r, 1 #0; r # 1; (11844 (L1088) )7 _ Mlog a2 0E 8) o1

where we suppose that all expressions are well defined.
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Theorem 5.14. Leta,b,c,d,s€R besuchthata<c,b<d,a#b,c#dands+# a,b,c,d.
Then, for N[rs} defined in Definition 5.13 we have that

[s] [s]
bea < Nd,c' (48)

Proof. The proof is similar to the proof of Theorem 4.6, using adequate results from [2]. O

5.3. Means of the Aczél type for discrete case

Let x = (x1,...,x) € " <R" and p = (py,..., pn) be the real n-tuples such that
p1>0, p2,..., pn =0, P, >0,

where P, =Y.', p; and Pin Yipixiel
Setting in Theorem 5.9 that E = {2,3,...,n}, u = p1, a = x;, w(i) = —p; and g(i) = x; for
i € E, Alw) = Y ;egw(i), then for continuous convex function f : I — R we get the reverse

Jensen inequality

>

1 n
o Y pif(x). (49)
ni=1

f

1 n
L
P, izzlpl i

Now we can define similar results as in the previous subsection, and also the new means
of the Cauchy type. Firstly, let us define the adequate power means.

Definition 5.15. Let r € R and let x € R? and p be the real n-tuples such that
p1>0, p2,..., pn =0, P, >0,

where 7' | p;x] >0 for r e R\ {0}.
Then the power means of order r € R are defined by

(Pin Xin Pix,-r)%, r#0;

(I, <)%, r=o.

The definition of the means of the Cauchy type follows.

Definition 5.16. Let r,/,s € R. Let x = (x1,..., X;) be a positive real n— tuple such that not all

x; are equal and let p be a real n—tuple such that
p1>0, p2,...,pp <0, P, >0,

where Y7 pix!, X7, pixf,zl’.’zl pix; >0forrl,seR\{0}.
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Then we define the Cauchy-type mean M[rs} (x, p) in which we suppose that all expressions
are well defined.

. - 1
—s) M (x,p)—-M; (x, =1
MU (x, p) = (AL o en T Gl nLsAGr£Lsl#s

r=38) M!(x,p)—ML(x,p)

_ _ 1
[s] — Ml _ sIM; (x,p)— M (x,p)] ¥ . .
Mo p) =My, (x, p) = (r(r—S)[long(x,p)—IOgMo(x,P)]) ’ nsEbr#s;

[s] — Ml _ (1U=s) LI, pix;logx;—M; (x,p)log Ms(x,p)
MU, p) = MYt (x, p) = (100 20

1

=
< - y Ls#0; L #s;
M. (x,p)— M. (x,p) ) 7 7

(51

s “rs - 1
(s] — M _ (Zii pix;logxi—M; (x,p)log Ms (%, p) ); )
Ms,O (x, p) - MO,s(x’ P) - ( log M; (x,p)—log My (x,p) ’ s#0;

_ - 1
0] _ [ PM](x,p) =M (x,p)) \ 71
M (x, p) = ( :

- - TEOGT#L
r2(M} (x,p)— M} (x,p)) breor#l
0] 0] 20N (e, p) My ep)] \7
_ _ r Vo pP)— Vg A, r
Mr,O (x, p) - MO,r(x’ p) - (rz[M§ (logx,p)—M? (log x,p)] ) ’ r#0.
[s] _ _ 2r—s , Xipixjlogxi—M{(x,p) long(x,p)) ) )
Mr,r(xy p) - eXp( r(r—s) + Mrr(x,p)_MSr (x,p) » r» N # 0) r # Sy

ML) =esp( -+ SRR ), 0
M{}(x, ) = exp (§ Er b oat o )

MEL s p) = exp -+ S e ) $#0
My p) = exp (1 + S pules—tomptenty, s#0.

Theorem 5.17. Let a,b,c,d,s € R be such thata < c, b < d. Then, for M[rs} defined in Defini-
tion 5.16 we have that

[s] [s]
Mb,a < Md,c' (52)

Proof. The proof is similar to the proof of Theorem 4.6. O
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