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COEFFICIENT INEQUALITIES FOR STARLIKENESS
AND CONVEXITY

ROSIHAN M. ALI, MAHNAZ M. NARGESI AND V. RAVICHANDRAN

Abstract. For an analytic function f (z) = z+X.77 , a, z" satistying the inequality > 37 , n(n—
1lay| < B, sharp bound on f is determined so that f is either starlike or convex of order
a. Several other coefficient inequalities related to certain subclasses are also investigated.

1. Introduction

Let o/ be the class of analytic functions in D = {z € C: |z| < 1}, normalized by f(0) = 0 and
f'(0) = 1. A function f € o has a Taylor’s series expansion of the form

flz)=z+ Z a,z". (1
n=2

For 0 < a < 1, let #*(a) and ¥ (a) be the subclasses of o/ consisting respectively of starlike
functions of order a and convex functions of order a. These functions are known to be uni-
valent, and are defined analytically by

FH(a) = {fed:Re(%)>a},

and

i
€ (a):= {fEd:Re(1+Z;,(S))>a}.

The classes .#* := #*(0) and € := €(0) are the familiar classes of starlike and convex func-
tions. Closely related are the classes of functions

. |&f'@) ~
Sﬂa.—{fed. @ 1| <1 a},
and 12
zf"(z
(ga.—{fE.Qf. W <1—(X}.
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Note that ., < .#*(a) and 6, < € (a). For B <1, @ € R, a function f € o/ belongs to the class
Z(a, P) if it satisfies the inequality

Zf’(Z)( zf"(2)
R
e( f@ Y@

Clearly, Z(0, B) = #*(B). For f = —a/2, Li and Owa [6] proved that Z(a, f) c #*.

+1])>p.

A function f € .% is k-uniformly convex (k = 0), if f maps every circular arc y contained
in D with center {, |{| < k, onto a convex arc. The class of k-uniformly convex functions is
denoted by k —% €7 . Goodman [4] introduced the class %€V :=1—% €7V while the class
k — %€V was introduced by Kanas and Wisniowska [8]. They showed that f € k— %€V [8,
Theorem 2.2, p. 329] (see also [3] for details) if and only if f satisfies the inequality

Zf/l(z))
@ )

Zfl/(z)
f'(@

<Re(1+

This analytic characterization is used to obtain the following sufficient condition for a func-

tion to be k-uniformly convex.

Theorem 1.1 ([8, Theorem 3.3, p. 334]). Iff(z) = z+X.5 , anz" satisfies the inequalityy>" , n(n—
Dlapl <1/(k+2) (k=0), then f € k—%%€7V . The bound1/(k+2) cannot be replaced by a larger
number.

The above result extended Goodman’s [4, Theorem 6] case of k = 1 for functions to be
k-uniformly convex. In the special case k = 0, Theorem 1.1 shows that the constant is 1/2 for

functions f to be convex.

A function f € & is parabolic starlike of order « if

zf'(z)

1
f(2)

Zf’(Z))
fz) )

<1—2a+Re(

A sufficient coefficient inequality condition for functions to be parabolic starlike is given in
the following result.

Theorem 1.2 ([2, Theorem 3.1, p. 564]). If f(z) = z+Y.5, a,z" satisfies the inequality}">> ,(n—
Dlayl < (1 —-a)/(2—-a), then f is parabolic starlike of order «. The bound (1 - a)/(2—-a) cannot
be replaced by a larger number.

Further to Theorems 1.1 and 1.2, the present paper determines the largest bound g for
analytic functions f(z) = z+ Y97, a,z" satisfying the inequality >%°, n(n—1)|a,| < f to be

either starlike or convex of some positive order. In Section 3, a similar problem is investigated
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for functions f satisfying the coefficient inequality Y52, (an? + (1 - a)n— f)la,| <1 - . Sec-
tion 4 looks at starlike and convex functions of positive order with negative coefficients. In
these classes, the largest value is obtained that bounds each coefficient inequality of the form
Y na, Y nn-1ay, ¥.(n—1)a, and Y. na,. The final section of the paper applies the results
obtained to hypergeometric functions.

The following necessary and sufficient conditions for functions to belong to certain sub-
classes of starlike and convex functions will be used in the sequel.

Theorem 1.3 ([9, Theorem 2, p. 961], [11, Theorem 1 & Corollary, p. 110]).

1. Iff(2) = z+ Y52, a,z" satisfies the inequality
Y (n-alayl<1-a, )
n=2

then f € ;. If a,, <0, then condition (2) is necessary for f € #* (a).

2. Similarly, if f satisfies the inequality

Zn(n—a)lanlsl—a, (3)
n=2

then f € 6,. If a,, <0, then condition (3) is necessary for f € € (a).

Theorem 1.3 (1) was proved independently by Merkes, Robertson, and Scott [9, Theorem
2, p. 961] in 1962, and by Silverman [11, Theorem 1, p. 110] in 1975. Theorem 1.3 (2) follows

by an application of Alexandar’s result, and it was proved in [11, Corollary, p. 110].

2. Sufficient coefficient estimates for starlikeness and convexity

The following theorem provides a sufficient coefficient inequality for functions to be in the
classes €, or #; .

Theorem 2.1. Leta €10,1), and f € o given by (1) satisfy the inequality

(e8]

Y nn-Dlal<p<1. (4)

n=2
(1) The function f belongs to the class €, if f< (1—a)/(2—a). The bound (1-a)/(2—-a) is
sharp.

(2) The function f belongs to the class ¥, if f<2(1-a)/(2—a). The bound2(1-a)/(2 - a)
is sharp.
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Proof. (1) Let f satisfy inequality (4) with < (1-a)/(2—a). Since

n-a<@-a)(n-1 5)
for n = 2, the inequality (4) leads to
Y nn-alazl<2-a) ) nn-lal<2-a)f<l-a.
n=2 n=2

Thus, it follows from Theorem 1.3 (2) that f € 6. The function f; : D — C defined by
1 —
_LTe 2
22-a)
satisfies the hypothesis of Theorem 1.3 and therefore fj € €. This function fy shows that the

fo(z) =z—

bound for § is sharp.

(2) Now, let f satisfy inequality (4) with f <2(1 - a)/(2 - a). When n = 2, inequality (5)

leads to
nn-a) - 2-a)n(n-1)

(n—a)< 2 < 2 R
and hence - ) @
-a
(n—a)la,| < Y nn-Dla,<1-a).
n=2 n=2

By Theorem 1.3(1), f € .%, . The function

l-a

fole=z— 5

2 *
z°es,

shows that the result is sharp. O

Corollary 2.2. [8, Theorem 3.3, p. 334] If f € o/ given by (1) satisfies the inequality

o 1
nn-1)a,l £ ——,
n;z ( )an| 12

then f € k—% €V . Further, the bound 1/(k +2) is sharp.

Proof. By Theorem 2.1 (1), it follows that f € €/+1), and hence

zf"(2) 1
@) | k+1 ©
Inequality (6) yields
zf"@|  k 1 zf"(2) zf”(z))
| ke Tk 72 <1+Re( 2 )
and hence fe k— %€V . a

It is evident that Alexander’s relation holds between the classes 6, and .#, . Thus f € 6,
ifand only if zf’ € #;, and Theorem 2.1 (1) readily yields the following result.
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Corollary 2.3. Leta €[0,1). If f € o is given by (1) and

o l-«a
Y. (n=Dlapl < —,

n=2 2-a
then f € ;. Further, the bound (1 - a)/ (2 — a) is sharp.
The corollary above can also be deduced from Theorem 1.3 (1) and the inequality n—a <

2-a)(n—-1), n=2.

Remark 2.4. Theorem 1.2 for the class of parabolic starlike functions of order p was obtained
by Ali [2, Theorem 3.1, p. 564] by using a two-variable characterization of a corresponding

class of uniformly convex functions.

Theorem 2.5. Leta €10,1) and f € «/ be given by (1).

() If) nlapl<1-a,then feF;.

n=2

) Ifz nzlanl <l-a,then fe%b,.
n=2

(3) IfZ nlla,l <40 -a)/2-a), then f € & and the bound4(1 — a)/ (2 - a) is sharp.
n=2

Proof. The first two parts follow from Theorem 1.3 and the simple inequality n — a < n. The
third follows from Theorem 1.3 (1) and use of the identity (n — a) < n?2-a)/4 (n=2). The

result is sharp as demonstrated by the function f; given by

L
foe) =z o 0

3. The subclass Z(a, B)

As introduced earlier, the class Z(«, B) consists of functions f satisfying the inequality

zf'(2) ( zf"(2)
R
e( @ a 7

+1))>/3, (B<1, acR). (7)

The following lemma provides a sufficient coefficient condition for functions f to belong
to the class Z(a, B).

Lemma 3.1. ([7, Theorem 6, p. 412]) Let B < 1, and a = 0. If f € of satisfies the inequality
[e 0]
Y (an®*+Q-a)n-p)layl<1-p, (8)
n=2

then f € Z(a, ).
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In the special case a = 0, Lemma 3.1 reduces to Theorem 1.3 (1). The following theorem
provides sufficient coefficient conditions for functions to belong to either Z(a, f) N.%#*;, or
Z(a, p) N6, for an appropriate value 7.

Theorem 3.2. Let <1, a >0, and f € of satisfy inequality (8).

(1) A function f is in the class & ifn < Qa + )/ 2a +1). The bound 2a + p)/2a +1) is
sharp.

(2) Afunction f isin the class 6y ifn < (a—1+ p)/a, and = 0.

Proof. (1) If n <ng := Qa+ p)/2a+1), then 5@; c 5@*. Hence it is enough to prove that
f €, The inequality

Qa+ln-2a<an’+(1-a)n (n=2, a=0)

together with inequality (8) show that
S Ra+n-2a-p

oo
n-— a,l= a
,;2( 170)| nl n;z cat1 lanl
© an’+(1-a)n-
SZ ﬁlan|
=2 2a0+1
1-p
< =1-nop.
2a+1 o

It is now evident from Theorem 1.3 (1) that f € .% *no- The result is sharp for the function

fo € Sy, given by
B >

f@=z= o 5 5%

() If n = no := (@ -1+ p)/a, then 6, < 6,;. Hence it suffices to show f € €,,. The
inequality
(xn2+(1—a)n—n,65an2+(1—a)n—,6 (n=z2, B=0)

together with inequality (8) yield

(o] 1 (e8]
Y nm-nolanl ==Y (an®*+1-a)n-np)layl
n=2 a =
<= (an*+1-a)n—p)lanl
@ =2
1-
<= 2 =1-n,.
It follows now from Theorem 1.3(2) that f € €. a

Along similar lines with Theorem 2.1, the following result provides a sufficient coefficient

inequality for functions to belong to the class Z(a, §3).
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Theorem 3.3. Letf<1landfe .

(1) If f satisfies 357, n(n—1lay| <2(1-p)/2a+2-p), a =0, then f € Z(a, f). The bound
2(1-PB)/2a+2—p) is sharp.

(2) Let0<a <1 andneR be given by

B 4(1-6)/Ba+1), a+pf=1,
41-pB)/R2a+2—-p), a+p=<1.

If f satisfiesy 5" , n?la,| <n, then f € Z(a, B). The result is sharp fora+p < 1.

Proof.

(1) Let f satisfy Z‘r’f’zz nn—-1layl<2(1-pP)/2a+2-p). Since
2an®+2(1 —a)n-2<Ra+2-Pnn-1), n=2,

it follows that

Y (an®*+Q-a)n-p)lanl < % Y nn-D@Ra+2-p)la, <1-B.
n=2 n=2

Lemma 3.1 now yields f € Z(«, ). The result is sharp for the function fy € Z(a, B) given by

_1-F .
2a+2-p

fola) =z—
(2) Leta+ =1 and f satisfy Z‘;fzz n?la,l <41 - B)/(3a +1). In this case, since
4(an®*+(1-ayn-B)<@Ba+n* (n=2),

it readily follows that
& 3a+1 &
> (an2+(1—a)n—,6)|an| L2 > n?la,l<1-8B.
n=2 4 n=2

Lemma 3.1 shows that f € Z(a, B).

Now, let a + < 1 and the function f satisfy 9, n?la,| < 4(1 - B)/(2a+2— ). In this
case, the inequality

d(an®*+(1-ayn-B)<n*Ra+2-p) (n=2)
shows that

Y (an2+(1—a)n—,6)|an| < i > n*a+2-P)lanl<1-B,

n=2 n=2
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and hence, Lemma 3.1 implies that f € Z(a, B). The function fy € Z(a, ) given by

-B

P& =2 a2 5"

demonstrates sharpness of the result. O

4. Functions with negative coefficients

In this section, certain classes of functions with negative coefficients are investigated.
The class of functions with negative coefficients, denoted by 9, consists of functions f of the
form

[e.e]
f@=z-) apz" (a,=0). )
n=2

Denote by 7 % (a), T &}, T €(a), and T €, the respective subclasses of functions with
negative coefficients in &#* (@), ¥, , €, and € (a). For starlike and convex functions functions

with negative coefficients, Silverman [11] obtained the following result.

Theorem 4.1 ([11, Theorem 2, p. 110], [11, Corollary 2, p. 111]). Leta € [0,1), and f € I be
given by (9). Then

o0
feT S ()= feT Sy ) (n-aa,<1-q,
n=2

and
o0

feETEC@) <= feTECq<— ) nn-aa,<1-a.

n=2
For functions with negative coefficients, the next theorem proves the equivalence be-

tween the inequalities Y-9° , n(n—1)a, < fand | f"(2)| < .

Theorem 4.2. Let 3> 0. If f € I is given by (9), then
If"(@<B= Y nn-a,<p.
n=2

Proof. The necessary condition follows by allowing z — 17 in

[e.e]

"2 =Y. n(n-Da,z"2| <.

n=2
If f satisfies the coefficient inequality .7, n(n - 1)a, < , then
oo

If"(2)] < Zn(n—l)anlzln_zs Y n(n-1a,<§p. O

n=2 n=2
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Remark 4.3. Itis known that functions f € «f satisfying the inequality | f”(z)| < ffor0< <1
are starlike, and if | f”(z)| < f for 0 < < 1/2, then f € ¢ [13, Theorem 1, p.1861].

Theorem4.4. Let0<a<1.

(1) IffeT € (a), then) ) ,na, < (1-a)/(2—a). The bound (1 - a)/(2— a) is sharp.

) IffeT€(a), then) ] ,n(n-1)a,<1-a.

@) IffeT€(a), theny ,(n—1a, <(1-a)/2(2-a). The bound (1 - a)/2(2 - a) is sharp.
4) If feT€6(a), theny¥S, na,<2(1-a)/2-a). Thebound2(1-a)/(2-a) is sharp.

Proof. The results follow respectively from Theorem 4.1 and the simple inequalities 2 —a <
n-a,n-1<sn-a,22-a)(n-1) <n(n-a),and n?(2-a) < 2n(n—a) for all n = 2. Sharpness
of the result are demonstrated by the function f; given by
2
22-a)

fo@=z- O

O

The Alexander’s relation between I 6 (a) and 9. (a) readily yields the following corol-
lary.
Corollary 4.5. Let0<a<1.
) IffeT F*(a), then Z‘;fzz an<(1—-a)/2-a). Thebound (1 —-a)/(2—- a) is sharp.
) IffeT S (@), then ¥ ,(n—1a,<1-a.
3) If feT F*(a), then Yor,na,<2(1-a)/(2—a). The bound?2(1 - a)/(2— a) is sharp.

We conclude this section with the investigation on functions with negative coefficients
in the class Z(a, B). The class of all such functions is denoted in the sequel by 9 Z%(a, ). The
following lemma is needed.

Lemma 4.6. [7, Theorem 8, p.414] Let f< 1, =0, and f € I . Then,
o0
feTR@,p) =) (an*+1-a)yn-p)a,<1-B.
n=2
Corollary4.7. Letf<1,a>0and f € T Z(a, P).

(1) The function f € 915”*n providedn < 2a + B)/2a + 1), and the bound 2a + B)/(2a +1) is
sharp.

(2) The function f € I €, providedn < (a—1+ p)/a, and f=0.
Proof. The result follows from Lemma 4.6 and Theorem 3.2. O

The next result shows that 9%((2a +36-2)/2a +,B)) cT R, pP)for0<pf<1,aelR.
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Theorem 4.8. LetO<f<1,anda=0.Ifn=QR2a+36-2)/2a+p), thenT €(n) < I Z(«, ).

Proof. Forny <n, 9 € (n) c I €(ny) and therefore it is sufficient to prove I € (n9) < I % (a, B)
where g = 2a+36—-2)/2a + B). For n =2, the inequality

2an*+2(1-a)n-2p < n(Ra+pPn-2a+36-2)

holds, and Theorem 4.1 yields

oo 1 o0
Y (an®*+(Q-a)n-p)a, < 5 Y n(Ra+pn-2a+36-2))an
n=2 n=2
2+ &
_2a+p Y n(n-no)ay
2 n=2
2a+p
< 1-—
2 (1-=70)
=1-p.
It is now evident from Lemma 4.6 that f € 5 Z(a, ). O

Theorem 4.9. Letf<1,and f € T R (a, P).

(1) Then¥3?,n(n-1)a, <(1-p)/a whena>0.

2) X ,(n-1a, snwheren=~1-p)/1-a), f<3a+1,and0<a<1.
(3) ForO<a<1,and

1-P)/a, f=<2(0-a),a>0
T]:
41-pB)/Ra+2-p), p=20-a),B=0,a>1/2,

then} 5, na, <n. The result for B =2(1 - a) is sharp.
4) Yo ,na,<2(1-P)/2a+2-p), a,p =0. Theresult is sharp.

Proof. The equivalence in Lemma 4.6 between f € 9 Z%(a, ) and
o0
Y (an2+(1—a)n—,6)ans 1-6
n=2
is used throughout the proof of this theorem.
(1) Since

an(n—l)san2+(1—a)n—,6, n=2,

it readily follows that

i X an’+(1-a)n— 1-
Z nn-1)a,< Z ( ) 'Bans 'B.
n=2 n=2 a o
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(2)If B<3a+1, then
n-1NA-a)<ann-)+n-p, n=2,

and use of this inequality shows that

& X an’+(1-a)n— 1-
Y (n-Da,< ), ( ) 'Bans 'B.
n=2 n=2 ]. a

l-a
(3) If B <2(1 — ), the inequality
2 2 2
an“<an“+2(l-a)-Pf<an“+n(l-a)-p

shows that

n<
n=2 a a

* X an’+(1-a)n- 1-
Y nfa,< ) ( n=p ., 'B.
n=2

In the case 8= 2(1 — @), the inequality
n*QRa+2-p)<s@n*+(1-a)n-p), n=2,

readily gives
* X 4lan?+(1-a)n- 4(1-
£ s T P
n=2

n=2

(4) For a, B = 0, the inequality
Ra+2-pn<2(an*+1-a)n-p)
shows that

x © 2(an’+1-a)n-p) 2(1-P)
,,22”“"5,,; 2a+2- an52a+2—[3'

The sharpness can be seen by considering the function f, given by

1-6

2 - o
_ T R(a, P).
2a+2—,6Z € (@, f)

fl2)=2z-

5. Applications to Gaussian hypergeometric functions

159

For a, b,c e Cwith ¢ #0,-1,-2,..., the Gaussian hypergeometric function is defined by

() 2
F(a,b;c;2):= Z —(a)n(b)n "=1+a—bE a(a+1)b(b+1)z_

20 cn T sy 2

where (1), is the Pochhammer symbol defined in terms of the Gamma function by

I'A+n)

=T

(n=0,1,2,...).



160 ROSIHAN M. ALL, MAHNAZ M. NARGESI AND V. RAVICHANDRAN

The series converges absolutely in D. It also converges on |z| = 1 when Re(c —a — b) > 0. For
Re(c—a-b) >0, the value of the hypergeometric function F(a, b; c; z) at z = 1 is related to the

Gamma function by the Gauss summation formula

_TI'el(c—a- b)

Flabic) =5 = e b

(c#0,-1,-2,...). (10)

By making use of Theorem 1.3, Silverman [12] determined conditions on a, b, ¢ so that
the function zF(a, b; c; z) belongs to certain subclasses of starlike and convex functions. In
the following theorem, conditions on the parameters a, b, c are determined so that the func-
tion zF(a, b; c; z) belongs to the class 2 («, B). With regard to the other classes investigated in
this paper, similar results could also be obtained. The proof follows directly by applying ap-
propriate theorems from the previous sections, the Gauss summation formula for the Gaus-
sian hypergeometric functions, and certain straight forward manipulations; the method of
proof is similar to those of Silverman [12], and Kim and Ponnusamy [5]. The following Gauss

summation formula for the Gaussian hypergeometric functions is required.

Lemma 4.10. [1, Lemma 10, p.169] Let a, b, ¢ > 0.

(1) Ifc>a+b+1,
OO (a)n(b)n _ ab

2,y c—a—b-1

F(a,b;c;1).

(2) Ifc>a+b+2,

Oonz(a)n(b)n_( (@a(D)2 ab
n=1 (C)n(l)n (C—d—b—Z)z C_a_b—l

Theorem 4.11. Leta,b e C and c € R satisfy c > |al + |b| + 2. If either

)F(a,b;c;l).

(. Uazab 2lab| 2(1- )
F('“"'b"c’”((c—|a|—|b|—2)2+c—|a|—|b|—1)52a+2—ﬁ 4
fora=0,6<1,or
[ GaDzab 3labl 6-5p+2a
F('“"'b"c’”((c—|a|—|b|—2)2+c—|a|—|b|—1“)S 2a+2-p (2

forl1—a=p, a€l0,1], then the function zF(a, b; c; z) € Z(a, B). In the case b = a, the range of
¢ in either case can be improved to ¢ > max{0,2(1 + Rea)}.

Proof. Fora =0, 8 < 1, it follows from the fact |(a) ;| < (|al), and Lemma 4.10 that

o0 @prDn| | 2 (alp-1 (b n-i
B ) It Lttt — )l
,;2”(” N O ,,;2"(" ) O W

(laD2(1bD)2 2|ab|
+

=F(al,|bl;c;1)
lal, b1 (c—lal=1bl=2)2 c—lal-1bl-1
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2(1-P)
T 2a+2-f

and Theorem 3.3 (1) shows that zF(a, b; c; z) € Z(a, B).

For1—-a = B, a € [0, 1], it follows from Lemma 4.10 that

i "2 (@) p-1(b) -1 < i 2 (lahn-1(bDp-1
n=2 (@p-1(D)p-1 n=2 (-1 p—1
(lal)2(1b))2 3lab|
=F(al,bl;¢;1) + +1
(c—lal=1bl-2)2 c—lal—|bl-1
4(1-p)
T2a+2-f
The result follows from Theorem 3.3 (2). The proof for the case b = a is similar. O
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