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CONVERGENT AND DIVERGENT SOLUTIONS OF A DISCRETE
NONAUTONOMOUS LOTKA-VOLTERRA MODEL

XIN-YUAN LIAO AND SUI SUN CHENG

Abstract. In this paper, a discrete nonautonomous m-species Lotka-Volterra system is investi-
gated. By using fixed point theorems, a set of simple and easily verifiable conditions are given

for the existence of convergent or divergent positive solutions.

1. Introduction

We consider the system of difference equations
v(n+1) =v(n)exp {r(n) + B(n)v(n)}, n=0,1,2,..., (1)

where v(n) is a column vector (vi(n),...,v,(n)), r(n) is a column vector (ri(n),...,
Tm(n))" and B(n) = (bki(n)),,,«., 15 & square m by m matrix for each n € {0,1,2,...}. In
case m = 1, our system is reduced to a scalar difference equation which can be used to
describe certain growth models. In the general case, our equation can be used to describe
growth models for several species under competition, or arm race models.

Similar models have been studied by many people. For example, Wang et al. in [6]
studied the global stability of discrete population models, Xu et al. in [7] investigated
a discrete periodic two-species Lotka-Volterra predator-prey model with time delays by
using Gaines and Mawhin’s continuation theorem of coincidence degree theory, and Li
and Ratfoul in [8] studied a classification scheme for the eventually positive solutions of
a class of two-dimensional Volterra nonlinear difference equations. Motivated by these
and other works [1-13], in the present paper, we discuss the existence of certain solutions
of system (1).

Throughout this paper we will assume that the vector sequence {r(n)} -, and the
matrix sequence {B(n)} -, are nonnegative and bounded, and

Ak:Zrk(i)<+oo, k=1,...,m. (2)
i=0

Received and revised May 13, 2004.

2000 Mathematics Subject Classification. 39A11, 92D25.

Key words and phrases. Asymptotic behavior, Lotka-Volterra competition system, positive
solutions, fixed point theorems.

337



338 XIN-YUAN LIAO AND SUI SUN CHENG

We will also be interested in solutions of (1) that originates from positive initial distribu-
tions. More specifically, a real vector v is said to be positive (nonnegative) and denoted
by v > 0 (respectively v > 0) if its components are positive (respectively nonnegative).
Let v(0) > 0, then in view of (1), we may determine v(1), v(2),... in a unique manner.
Such a sequence {v(n)} - is said to be a solution of (1) originated from a positive
distribution.

2. Main Results

Note that a solution {v(n)},-, originated from a positive distribution is a positive
vector sequence, that is, v(n) > 0 for each n € {0,1,...}. Let

ug(n) =Ilnvg(n), k=1,...,m. (3)
Then from (1), we see that

Au(n) = r(n) + B(n) exp(u(n)), (4)
where exp(u1, ..., u,)" denotes the vector (expui,...,exp um)T . We call the sequence

{u(n)} the positive sequence associated with the solution {v(n)}. In view of (3), once
the properties of positive solutions of (4) can be obtained, then we may infer from (3) the
corresponding properties of solutions of (1) originated from positive initial distributions.

To this end, we first note that if {u(n)} is a positive solution of (4), then Au(n) >0
for n > 0 so that each component sequence {ux(n)} is positive and nondecresing. Thus

lim wug(n) < +o0, k=1,...,m,
n—oo

so that each component sequence may be divergent or convergent.
First of all, it is easy to find conditions for every component sequence to diverge.

Theorem 1. Suppose (2) holds and

By, zzzbkl(i) =400, k=1,...,m
i=0 I=1

hold. If {u(n)} is a positive solution (4), then
lim ug(n) =+o0, k=1,...,m

n—oo

Proof. Let {u(n)} be a positive solution of (4). Then summing (4), we see that

ib i) exp(u (7))

7
L

up(n) = ug(0) + ”z: )+

=0 =1
n—1 m n—1 m
> Z Zbkl i) exp(uy(i)) > Zb i) exp(u;(0))
i=0 l=1 =0 =1
n—

> LY Y i),



A DISCRETE NONAUTONOMOUS LOTKA-VOLTERRA MODEL 339

where L = minj<;<,»{exp(u;(0)}. Therefore, our proof is completed by taking limits on
both sides as n tends to +oo.

Next, we turn to conditions for each component sequence to be convergent.
Teorem 2. Suppose (2) holds. If {u(n)} is a positive solution of (4) such that

lim wug(n) =ar < 400, k=1,...,m (5)

n—00

then

Ms

i=0
Conversely, if (6) holds, then (4) has an eventually positive solution {u(n)} that satisfies

(5)-

Proof. Suppose that {u(n)} is a positive solution of (4) such that lim, . ux(n) =

) < +oo, k=1,...,m. (6)

~

1

ap < +oo for k= 1,...,m. Then, there exists an integer N > 0 and positive constants
€1, .., Cm such that ¢y <wup < apforn>Nandk=1,...,m. In view of (4), forn > N,
n—1 n—1 m
up(n) = up(N) + Z ) + Z Zbkl i) exp(u (7)) (7)
i=N i=N l=1
Thus
n—1 n—1 m
Cr. Suk(n)guk(]\f)—i-z:m +ZZb i) exp(ay)
i=N i=N 1=1
n—1 n—1

where M = max;<;<m{exp(aq)}.
Conversely, suppose that By = Y oo0 > 0, br(i) < oo for k = 1,...,m. Note that
(4) can be written as

n—1 n—1 m
uk(n):uk(O)—i—Zrk +ZZbkl i)exp(u (7)), k=1,...,m. (8)
i=0 i=0 I=1

Next, we can choose an integer N large enough so that
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Let x be the Banach space of all bounded real-valued sequences {u(n)}° = {(u1(n),
S Um(n))}o° v with the norm

eaa (), s () =t () | = max{sup fun(m)], sup Jua(n), -, sup |um<n>|}7
n>N n>N n>N
and with the usual pointwise ordering <.

Define a subset ¥ of x by

W= {{u(m) € x: % <ugn) <di k=1, mn > N},

For any subset B of WU, it is easy to see that inf B € ¥ and supB € V. Define the
operator S : ¥ — x by

Ul % Z er()‘f'z N 1= 1bll()eXp(“l( )
sl: Jm={: |+ :
Um dT i Nrm( +Zz N 2oty bmi(3) exp(ui (i)

for n > N. We claim that S maps ¥ into ¥. To see this we let {u(n)} € ¥, then

n—1 n—1 m
dy

5 < (Suk)(n) = %’“ + > k() + YD brali) exp(u(i))

i=N i=N [=1

IN
QL
=
+
9
>
+
3
e
>
Y
)
=X
&

<o texp(d) Y Y buli) < da

for n > N. Since S is increasing, the mapping S satisfies the hypothesis of Knaster’s
fixed point theorem and hence we conclude that there exists {u(n)} € ¥ such that

{u(n)} = S{u(n)}), that is,

n— n—1 m
+Zrk )+ D buli) explui(@), ke l,....m,
=0 [=1
from which we obtain
lim ug(n) =dy, k=1,...,m,

n—oo

where d% are positive constants. This completes the proof.

We now turn to the existence of solutions with only one convergent component se-
quence.
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Theorem 3. Suppose (2) holds. Suppose Bj, = > o=, > =1 bjoi(i) < 400 and
B =720 Sty bri(i) = 400 for k € {1,...,m}\{jo}. If there exists a positive solution
{u(n)} of (4) such that

lim Ujo (n) = aj, < +00, (9)
n—oo
and
nh~>nc}o Uk(n) = Qo = +OO, k S {17 oy m}\{jo}, (10)
then .
ZZbM i) exp Zbl]0 exp(c)] < +oo, (11)
i=0 =1

for some positive constant c. Conversely, zf(ll) holds, then (4) has an eventually positive
solution {u(n)} that satisfies (9) and (10).

Proof. Let {u(n)} be a positive solution of (4). Then each component sequence
{ur(n)} is increasing, and then there exists a positive constant § such that u;,(0) <
ujo(n) < B for n > 0. From (4) we have

0) + i (i) + i > bra (i) exp(ui(i))
=0 i=0 [=1

n—1
>

%

for k # jo. On the other hand, we have

NE

bri(7) exp(u(0)),

Il
<
Il
—

|
—

n

m
B = wjy(n) = ujo(0) + Z 7jo (1) + Z bjor (i) exp(ui (7))

=0 [=1
n—1 m n—1 m
Z Z ot (1) exp(u (i Z mel exp {Z bij, (h) exp(uj, (0))} .
i=0 1=1 i=0 1=1

By taking the limit at infinity in the above inequality, we obtain (11).
Conversely, suppose that (11) holds. We can choose an integer N large enough so

that
D
E E bjol exp E bl]o < m, n > N, (12)

1=n [=1

and
D
E ’I”JO Sz, n > N.

Let x be the set of all bounded real-valued scalar sequences of the form w={w(n)} y
with the norm

[w] = sup |w(n)[},
n>N
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Then x is a Banach space. Define a subset ¥ of y by
D
U ={{wn)} e x: B <w(n) < D;n>N}.

Then V¥ is a bounded, convex and closed subset of x . Define the operator E : ¥ — x by

(Ew)(n) =D — ero Z Z bjo1(7) exp {Z bij, (h) exp(w h))} , n>N. (13)

1=n =1

First, E maps ¥ into V¥ since

D> (Bu)() =D =3 ri@) = 33 b eXPZleo exp(w(h)]
D———exp ZZ()JOI exp{Zblm }Zg

i=n |=1
Next, we show that E is continuous. Let {w?®} be a sequence in ¥ such that
lim ||w® —w]| = 0.
§—00
Since U is closed, w € . Then by (13), we have

|(Ew®)(n) — (Ew)(n)|
Z Z bjoi(i) exp { Z bij, (h) exp(w (h))}

1=n [=1

fZZbM GXP{Z%O exp(w (h))}|
i=n l=1
eXp{Zle0 exp(w® (h) }_eXp{Zblm exp(w(h ))} .

By the continuity of the exponential function and the Lebesgue dominated convergence
theorem, it follows that

lim sup |[(Ew®)(n) — (Ew)(n)| = 0.

STOn>N

This shows that E is continuous.

Finally, we show that EW is precompact. Let w € ¥ and k > n > N, then in view of
(12),

|(BEw)(k) — (Ew Z ot (1 exp{zbzm exp(w (h))}

bjo1(7) exp { Z bij, (h) exp( )} .

IN

NgE ”M'
EMg T
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This means that EW¥ is precompact.
Now, by Schauder’s fixed point theorem, we conclude that there exists w’ € ¥ such
that w'(n) = (Ew’)(n), that is,

(oo}
=D =3 i) S bl exp{szm exp(w <h>},n>N,

1=n [=1

from which we obtain
lim w'(n) = d°,

n—oo

where d° is a positive constant. On the other hand, set uj,(n) = w'(n) and

n—1 n—1 m
n) =Y (i) + Y bu(i)expw(i)), k# jo.
i=0 i=0 I=1
Then
Aug(n) +Zbkl n)exp(ui(n)), k=1,...,m,
and
n—1 m
Zb i) exp(u(0)) — 400
=0 =1
for k # jo. The proof is complete.
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