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CLASSIFICATION OF STABLE CURRENTS IN THE PRODUCT
OF SPHERES

SHIHSHU WALTER WEI

In [11] we constructed the first set of examples of area-minimizing hypersurfaces with
isolated singularities in various high dimensional locally symmetric spaces of both compact
type and non-compact type. These are not the minimizing cones in Euclidean spaces R"
constructed by Bombieri, de Giorgi and Giusti [2] and later by Lawson [6].

Among our first known examples in various locally symmetric spaces, the ones in the
product of hyperbolic spaces H"*! x H"*! are complete, while the examples in the product
of Euclidean spheres $"! x $"*! have boundaries, where n > 2. From the analytic viewpoint,
this is due to the fact that the non-linear elliptic partial differential inequalities involved in
§7*+1 x §"*1 unlike the ones in the non-compact type case, have only local solutions.

This striking contrast leads immediately to the conjecture that no closed stable rectifiable
(2n + 1)-current (or roughly speaking, no closed stable minimal hypersurface with singulari-
ties) exists in 7! x §”*! and hence motivates a general study in SP x S9. A stable rectifiable
current (resp. stable minimal submanifold) is a stationary or minimal rectifiable current (resp.
minimal submanifold) that has no mass (resp. area) decreasing variations. An extension of
Synge lemma due to Simons [9] which states that there are no closed stable hypersurfaces
in a Riemannian manifold with positive Ricci curvature supports a piece of evidence of the
conjecture.

In this paper, we give a positive answer to the conjecture and classify the stable currents
in the product of Euclidean spheres S” x S9.

Theorem. (Classification Theorem) For p and q # 1 or 2, the only closed stable rectifiable
currents in the product of Euclidean spheres SP x 89 are SP x {pt.} or {pt.} x S or sums of these.
In fact, any closed varifold of dimension # p or q is not stable, and neither is the diagonal
embedding of S into S™ x S" for n > 2. In S? x S2, the only closed stable rectifiable currents are
holomorphic or anti-holomorphic or sums of these. Hence, the diagonal and skew-diagonal
embeddings of S? into S? x S? are both stable.

The technique is to first prove a decomposition theorem for the tangent space to the sup-
port of a current in the product of Riemannian manifolds (cf. Theorem 1). Then derive a trace
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formula (Proposition 2), and make sharp estimates, case by case, of the trace of a quadratic
form involving the second variational formula over a vector space of certain selected “distin-
guished" vector fields in the product of spheres along which the deformation of a current is
being performed. Along with many other results, these trace estimates imply thata current T
in S x 89 (p and g # 1 or 2) is stable if and only if T is either of dimension p or g with tangent
vectors almost everywhere lying in one factor of the tangent space to SP x S9. We conclude
that these stable currents are in fact totally geodesic submanifolds S” or S by a beautiful
characterization technique [8] in geometric measure theory.

It should be pointed out that the average process from the calculus of variations was
first employed by Lawson and Simons [7]. They have shown that there are no closed stable
varifolds in the Euclidean sphere S”, and the only closed stable rectifiable currents in the
complex projective space CP" are algebraic cycles.

While the work generalizes an idea of Synge [10], study global geometry and topology
by deforming a geodesic along its parallel normal vector field, one can deform any current
along a “universally” fixed collection of distinguished vector fields to solve global problems by
averaging.

The method to classify the stable currents in S” x S7 can be carried over to a more general
setting. Namely, it can be applied to the study of topology of submanifolds in §” x S as well
as in Yang-Mills fields. We have discussed these phenomena in another paper [12].

The method can be extended to an extrinsic average variational method ([15]), for var-
ious manifolds that are not symmetric spaces, and for various functionals that are not area
and mass functionals (for the motivation, see also [16, p.626]). The extended method ([15])
was applied to harmonic maps by R. Howard and S.W. Wei, p-harmonic maps by S.W. Wei
and C.M. Yau, and F-harmonic maps by M. Ara to introduce and study the notions of su-
perstrongly unstable manifold, p-superstrongly unstable manifold, and F-superstrongly un-
stable manifold ([5],[18],[1]). The extended method has also been applied to establish some
topological vanishing theorems for higher homotopy groups ([16],[17]). This is in contrast to
[7] and [12], where topological vanishing theorems for homology groups are studied.

The author wishes to thank Professors H. Blaine Lawson Jr., and Ralph Howard for their
helpful discussions, and Professor Herman R. Gluck for his interest. The author also wishes to
express his gratitude to the editor, the staff, and Tamkang Journal of Mathematics for making
the present form of the paper possible.

1. Definitions and preliminary remarks

To solve the variational problems (e.g. oriented Plateau’s problem) and represent the
homology groups of a manifold N, Federer and Fleming [4] introduced rectifiable currents
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which may be thought of as an oriented surface with singularities. They have tangent planes
almost everywhere and can be strongly approximated by smooth surfaces.

For the purpose of completeness and calculation, we shall adopt the notation developed
in detail in [7] and outline briefly below. For convenience N can be considered as embedded
in some Euclidean space. We begin with the Hausdorff p-measure #7” of a set S c N defined

by
diamé@

77(8) = lim inf{ Y a( ), Ce%.9)}

€=0 feC
where 6. (S) is the collection of countable coverings of S by sets of diameter < € and «a, is
the p-area of the unit p-ball. An #”-measurable set S ¢ N with A" (S) < oo is called p-
rectifiable if for all € > 0, there is an embedded C' submanifold S’ of dimension p such that

AP (SAS') < €, where A denotes symmetric difference.

We call (S,¢) an oriented p-rectifiable setif S is a p-rectifiable set and ¢ an #” -measurable
section ¢ : S — AP T'(N) of the p-th exterior product of the tangent-bundle of N with the prop-
erty that for A" - almost all x € S, ¢y is a simple vector of unit length which represents T,(S).

Therefore, given an oriented p-rectifiable set . = (§,¢) and a smooth p-form w, we can
interpret

Flw) = f (€D dA ()
S

as a continuous linear functional on the space A (N) of differential p-forms on N with the
sup-norm topology. Furthermore, the norm M(#) = /P (#) and the M-closure of the group
generated by the oriented p-rectifiable sets in the dual space of AP () is called the set of
rectifiable p-currents and shall be denoted by R, (N). It is known that for any . € ‘R, (V)

o0
S =) n#,
n

where .#), are disjoint collections of oriented p-rectifiable set (S, ¢ ;) with M(#) = ¥.3° n AP (Sy,)
< oo. Hence we associate with each . € R, (N), a Borel measure ||.#| called the total varia-
tion measure of .%.

For every x € S;,, we define S, = &, (x). Thus S denotes the field of oriented tangent planes
of #. The boundary of .# is given by

(0F)(w) = F(dw)

where d denotes exterior differentiation. .# is an integral current if ¥ and 0.% are rectifiable.
We call . an m-dimensional normal current if S and 0.% are representable by integration (or
m = 0) with compact support.
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Just as rectifiable currents are defined as Z-chains of oriented rectifiable sets, so are rec-
tifiable G-currents R, (G) defined to be G-chains of oriented p-rectifiable sets

L= ) 8%
2€G—1{0}

where {F; = (Sg,¢g) : g € G} is a disjointed family of oriented p-rectifiable sets with
M(S) = )_|g1#P(Sg) < co.

We can define the support of G-current .%#, the field of unit tangent p-planes, and the
variation measure ||.| in an analogous way.

A p-dimensional varifold on N is a radon measure on the total space of the fiber bundle
G;(N)iN of unoriented p-dimensional subspaces of tangent space of N.

A current T € Ry(N) is said to be stationary or minimal if %M(g{);ﬁ (1) o= 0 for all
vector fields V on N with compact support where ¢ is the flow associated with V. A current
T € R (N) is said to be stable if for every vector field V with compact support, there exists an
€ > 0 such that

M(T) < M(¢p/. (T))

for |t| <e.

Note that if T is stable, then for each V we have
4 M, (rn| _ =0
dt r =0
2 e ()| _ =0
dr? e =0

A current T € R () is homologically (or absolutely) mass-minimizing over Z if for all com-
pact sets K < N, we have
M(pxT) =M((px T) +F)

for all & € %QOC(N) have compact support and boundary of a current in %i‘fl (N) (or zero),

where ¢k is the characteristic function on K.

Suppose now that N” is an n-dimensional complex manifold with almost complex struc-
ture J. A current & € Ry, (N) is holomorphic if JS, = 0 for || almost all x. A current
& € Ryp(N) is anti-holomorphic if ] S + is orthogonal to S, for || almost all x.
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2. A decomposition theorem in general product spaces

Theorem 1. Let x = (x1, X2) be a point in the product manifolds M, x M, of Riemannian man-
ifolds My and M. Suppose the support of a rectifiable p-current in R, (M x Ma), or R, (M x
M, G), or a p-varifold on My x M has a tangent space W at (xy,x»2). Then thereexisti, j, k=0
such that i+ j+k = p, and an orthonormal basis 9 for W, of the form 98 = %, U 9B, U %3,
where 8, = {é1,---,&;,} < Tx, (M), By =1{&1,--,ej} € T,(Mo), and Bz = {ey = a1+ by, -+, e =
ay+ by} with{ay, -+, ai} < Ty, (M), and {by,---, b} < Ty, (M>), such that

(ag,ap) = (bg, by = ay,és) = (by,e&,) =0, 1)

forevery ¢ #0', wherel<¢,0'<k,1<s<i,and1<t<j.Ifi=0 (resp. j=0, k =0), we define
B =@, (resp. Bo =@, B3 =@.) In particular, both a, and by are orthogonaltoW1 @ W, , where
W,=WnTy(M,),1=1,2.

Proof. Since #/, 1 = 1,2 is an inner product space, if #; # @, then there exists an orthogonal
basis {é},---,é;} of #1, an orthogonal basis {é],--- ,5j} of #5, and an orthogonal complement
Ws of W1 @ W, in W, such that # = W, @ W> @ #;5. Denote the orthogonal projections by P; :
T(x,,x,) (M1 x Mp) — Ty, (M,),1=1,2. Then P, induces a symmetric bilinear form B on #3 (resp.
on #) given by

B(X,Y) =(X,P2(Y)),

forevery X, Y e #5 (resp. every X,Y € #'). It follows from a diagonalization theorem in linear
algebra that there exists an orthonormal basis {e, -, ex} of #5 (if #5 # @) such that

(ep, Palep)) =6y pay 2)
for some ay € R. Let P1(ey) = ay, and Pa(ey) = by . In view of (2)
(be,ber) = (P2(e), be) = (eg, Pa(ep)) =0,
for every ¢ # ¢', and
(by,é;) = (Paleg), &) = (eg, P2(ér)) = (eg, ;) = 0.

It follows that
(ag,ap) ={eg—byg,ep—bp)=06¢p —(bp,bp)=0,

for every ¢ # ¢'. Similarly, (ay, &) = (es, é5) =0. O



432 SHIHSHU WALTER WEI

3. Derivation of a trace formula

Let 8" x S be the product of Euclidean sphere with metric tensor (, ) and Riemannian
connection V. We define

_ . n+1y/ . m+1y/
V= {grad(f|sn) fe®*N}e {grad(g'sm) e ®™Y)
, where (R"*1)" is the dual space of R**! . There is a canonical isomorphism
Rn+1 x Rm+1 - 7/

which associates to (v, w) € R*™! xR™*! | the gradient of the function defined by the Euclidean
inner product

(v, w), (x1, X2))gr+1 1 = fo (X1) + G (X2)

(Where (v (X1), gw(x2)) = ({v,X1), {W, X2>)) ,i.e., the isomorphism is given by
(v, w) — (V(x1), W(x2)) = (v — (v, x1) X1, W — (W, X2) X2)

for every point (x, x;) € S x S c R"*! x R”*1, This identification introduces a natural inner
product on 7 and 7 is an (n + m + 2)-dimensional vector space. For any simple p-vector
e NPTy (8" xS™) at x € S x §™, we associate a quadratic form Q¢ on 7 as follows: For V€7,
let ¢} be the flow generated by V,

d? 1
Qc(V) = 510/ Cll| _ where lp/¢ll=(pr:8,p/ &)

Likewise, given a p-varifold G in §” x S we can define a quadratic form Qg on 7

d2
Qe(V) = —M@}.8)| _.

Their traces are linked by
tr Qe = f trQe dS(©),
G}y (SmxSm)

where G;j (8" x 8™ is the Grassmannian of unoriented p-dimensional subspace of Ty, x,)(S" x
S). In general, to express the second variation formula in terms of geometry of submanifold
in N, we introduce two tensor fields &/ and Vy..V associated to a vector field V on N as
follows:

(1) Given any point x € N we define a linear map <" : T, (N) — Ty(N) by &V (X) = Vx V.
The map extends uniquely as a derivation to A” Ty ().

(2) At any point x € N, we define also a linear map Vy .V : Tx(N) — Tx(N) by Vy xV =
VyVxV - Vy, 5V where X is any extension of X to a local vector field. Let& =e; A---Aep
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where {ey,...,ep, n1,...,n4} is an orthonormal basis for T (N). It was computed in [5] that for
a gradient vector field V

d? v
TMel)| = | avianz

a=1

p s P 4 p
=fN(Z<£¢V(ea),ea>) 123 StV (e + Y (Vye, Viea) Al
a=1 a=1p=1 =

From now on let a simple p-vector & € AP (T (S x §™)) at a point x = (x1,x2) € S" x S be
givenby & =& A---Aé Ae A---N&jAe; A~ \eg where &, €, e, are as in Theorem 1, with
eo=ag+Dby, &, ape Ty (S"), e, by € Ty, (S™). Note i, j, k =0 are such that i + j + k = p. That
is, throughout this paper, we assume as in Theorem 1 (in which M; = §” and M, = §") that
among local frame of p tangent vectors a.e. to a given current in S” x §™, there are i vectors
&, lying in the first factor of the tangent space (to S™ x S™), j vectors ¢, in the second factor
and k vectors ey = ay + by in both factors.

Proposition 2.
k k .,k

(rQe = i+ (j+ K2 —ni—m(j+k)+ Qi —2j ~2k+4=n+m) Y lar+2( Y. lar?) =4 la,l"
/=1 /=1 /=1

Proof. To compute the trace over 7, we first consider the gradient vector field V over S"
corresponding to a fixed v € R"*! (with the Riemannian connection V) through the canonical
isomorphism,

AV (er) =Ve,V=Va,V=Ugv—(v,x)x)5L_.=—(v,x1)ae=-fras

x'=x
where £ =1,--- k, x| is the projection of x’ to the first n+1 coordinates, and ( )T is an orthog-
onal projection Ty, (R"*1) — Ty, (S™). Similarly, we have
oV (e = —fyés, where s=1,---,1

V() =0 where t=1,---,].

Furthermore,
Ve,V =VyV,,V=Vy(-fa,)=-IVIa,
Vve V= Vy(-fy&)=—|VI*é
VV'étV = 0.

Therefore,

i k 2 i q
Q:(V) = (Z<—fyés,és>+ Z(—fua&dﬁ) +2Y Y (—fols,np)
s=1 /=1

SzlﬁZI
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k 4 i k
+2 ) Y (=foap,npy*+ Y —IVI*(@s,85* + Y —IV[*(ay, ag).
r=1p=1

s=1 /=1

Likewise, for w € Ty, (S™), through the canonical isomorphism w— W,

P

2 Joa _
Z ~gube bo)) +2 3 Y (~guéinp)

: tzlﬁzl

mu

j
Q:(W) = (Z wer,

k 4 J o k
Z Y (—gwbeng)* + Y. —IWI*(;,81)* + Y —IWI*(by, by).
0=1p=1 t=1 /=1

Let {é;,...,é,} and {é},...,é,,} be orthonormal bases for Ty, (8™ and T, (S™) respectively. We
choose orthonormal basis {x1, X2, &1,..., &y, €1, ..., &y} for R"*"*2_ Through the identification,
this fixes an orthonormal basis

{XerZrElr---rEanz'lr"'rE:'m} for7.

Let B = {X1,Ey,...,En}, By = {Xp, E1,-++, Ep}, and [ & for-+or fo,0 85,0 85, be the linear
functions corresponding to xi, X2, €1, ..., €y, €1, - €y,. Then obviously, X; (x) = Xo(x) = f5, (x) =
= fp,(0) = g5, (X) == g5 (1) =0and |E\ ()] = = [Ep(0)| = [Ey ()] =+ = [Epy(x)] =
| fr, (1) = |8, (x2)] = 1.

Therefore, the trace tr over 7

tr=trQe= Y Q:(V)+ ) Q:(W)

Ves, WesB,
:(i+zk:|ag|2)2+(j+[zk:|bg|2)2
-1
k 4q k q
(Z Z (ag,ngy*+ Y. Z(bg,nﬁ)z)
: : = ﬁ 1
i

2 L 2
acl)=m(j+ Y bel?).
/=1
It follows from Theorem 1 thatfor1 < ¢ <k,

3)

k

i j 4
ag =Y (apéges+y (agene,+ Y (agngyng+ Yy {ag ap+by)(an+bp)
s=1 =1 p=1 h=1

q
= Y (ag,npyng+lasl*(ac + by).
p=1

Hence

q
lacl® =Y (ae, ng)* +lagl*.
p=1
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Therefore,
q

(ag,ng)* = las)* —lagl*. 4)
p=1
Likewise,
q
(be,np)* = |bel* — bl
p=1

Consequently, it follows from (3) and (4) that

k k 9 k
tr:trQ5:i2+2iZ|ag|2+(ZIaglz) +j2+2j(Z|bz|2)

/=1 /=1 /=1
k 9 k k k
(X 1be?) +4 Y tacPibel? = n(i+ Y lac?) = m(j+ Y 1bP)
(=1 (=1 r=1 (=1

k
=%+ (j+kE-ni-m@(+k)+Qi-2j-2k+4-n+m) ) la,*
/=1

k ) 2 k A
+2( Y lar?) -4y lal"
/=1 /=1
O

When we consider the case in a single sphere S” where m = j = k = |ay| = 0, the proposi-
tion yields tr =i(i — n) <0 and

Theorem 3 (Lawson and Simons [7]). There are no closed stable varifolds in S", in particular
there are no closed stable rectifiable currents for any finitely generated abelian group G.

4. Proof of the classification theorem

The trace estimates vary as the relative size of the degree p of an integral current to the
dimensions of S” and S™ varies. We divide them into five major cases.

Casel. psm<n (i=j=0,k=p)
iH 1<p
Since 2|ap|?|as|? < lapl* + as* and |agl* < |agl?> <1,

k k
tr= pz—mp+(—2p+4—n+m)( Y |ag|2) +4 Y JagPlap? -2y lagl?
/=1 h#0 /=1

k k k
< pz_mp+(_2p+4_n+m)( Y |ap|2) +2(p-1 Y lae* -2 lagl*
/=1 /=1 /=1

k
<plp-m-mn-m Y las?
=1
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<0and “="holdsifand onlyif p=mand a,=0.
(i) l=p<m<n

tr = 1—m+(2—n+m)|a1|2—2|a1|4

<l-m+|a*-2la;)* <o0.
(iii) l=p=m<2<n

tr=3-n)la > -2la|*
<1-nla

<0 and “="holdsifand onlyifa; =0.

Case2. m<n<p (i=p-m,j=p-nk=—-p+m+n)
@ k>1

k
tr=i*+(j+k*—ni—-m@(+k+Qi-2j-2k+4-n+m))_ la,*
/=1

k
22 4
+4 ) lagl®lanl® -2 lagl
hzt ‘=1

k
<(p-m-n)(p-m+Qi-2j-n+m) Y lag
=

k
s(p-m-n)(p-m)+n-m) Z lael?
0=1

k
<(p-m-np-n+m-n) bl
0=1
<0 and “="holdsifandonlyif p=n, b, =0.

(i) k=1, l<m<ns<p

tr = —(p—m)+(n—m+2)|a1|2—2|a1|4
=(1-n+m-m+2a-2a*
2
sin- 20
<-1+ where cos?6 = Iall2

2
<0.

(iii) k=1, 1=m<2<n<p

tr=1-n+m+Dlal>-2la*

= —(la P -DRla1)* - (n+1)
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<0 and “="holdsifandonlyif|a|=1.

Case3. msp<sn (i=p-m,j=0,k=m)
i k>2, 2p-m-n<o0
k k ,  k
tr:(p—m)(p—m—n)+(2p—3m—n+4)ZIa[|2+2(Z|ag|2) ~4Y lagl*
=1 =1 =1
k
<(p-mp-m-m+Q2p-m-n) Y la?

/=1
<=0 and “="holdsifandonlyifp=m<n,a,=00rp=m=n,|as/=0o0r1.

i k>2, 2p—-m-n>0

tr<s(p-m(p-m-n)+(p-m-n)ym+pm
=(p—-np
<0 and “="holdsifandonlyifm< p=mnand|a,| =1.
(i k=2, 2p-m-n<o0

k

tr=(p-mp-m-n+Q2p-m-n))Y. la
0=1
<=0 and “="holdsifandonlyifp=m<n,a,=00rp=m=n=2,|a;|=lal.

ivy k=2, 2p—-m-n>0

r<(p-m)(p-m-n)+QR2p-m-n)k
=(p-np
<0 and “="holdsifandonlyif m< p=mnand|a/|=1.
v) k=1l,msp<snand m<n
See Case 2(iii).
Cased4. 2<m=n

i k>1, 2<m=n<p (i=p-m,j=p-m,k=2m-p)

k
tr=i*+(+k*-ni—-m@(+k)+Qi-2j-2k+4-n+m))_ la,*

/=1

k

20 12 4

+4 Y laglPlag|” =2 |agl
0#0 r=1

437
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(i)

(iii)

(iv)
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k
<(p-2m)(p-m+Qp-4m+4) Y las*+@m-2p-4la,l*
/=1
<0 and “="holdsifandonlyif|as|=10r0,and p = m.

k=1, 2<m=n<p

tr=—(p—m)+2la1> -2la:|*
=—(m-1+2la;[* -2|ay|*

<0.

3<m=nand ps<m, k>1 (i=j=0,k=p)

k k s  k
tr=p>—mp+(-2p+9 Y lagl +2( Y |a[|2) —4Y Ja,*
/=1 /=1 (=
=plp-m)

<0 and “="holdsifandonlyif|as,/=0o0r1, p=m.
2<m=n and p=s=m, k=1

tr= 1—m+2|a1|2—2|a1|4

<0.

Case5. n=m=2

®

(i)

Let

p=1 (i=j=0k=1)

2
r=-(1-1a) -la*
<0.

p=2 ,(i=j=0,k=2)

e} = cosf e, +sinf; e,
e = cosf,e, +sinbs e,
tr = 4lar’|az|* - 2lar|* - 2|y |*
= 2(lar - la:P)
<0 and “="holds
ifand only if |a; | = |ay],

if and only if | cos 81| = |cos82| and |sinf;| = |sin6-],
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ifand only if J(e; A ey) =0 or J(e; A ey) L(e; Aey).

We note that if tr < 0, then there exists a vector field V € B, , or W € B, along which the
variation decreases the mass of 7. Hence T is not stable.

By the result of Case 5, the only stable currents in S? x S? are holomorphic or anti-holomor-
phic or sums of these. The estimates in Cases 1 through 4 indicate thatif T is a p-dimensional
stable current in S” x S where p and g # 1 or 2, then

p=n and |bs|=0
or

p=m and J|ay|=0.

Without loss of generality, let T be a current such that Ty = é1A--Aéy, |T| a.e. Take a dual
version of current T

T=udx"A---Andx"

where a distribution coefficient u € &,(S” x §™) is given by

u(f)=T(fé1n--N&y) for fe&2(S"xS™).

Since
ou ; 1 n
0=0T=—dy ndx n---ndx",
ayj
ou .
— =0 for j=1,...m.
ay;
Define
([){(x,y):(x,yl,...,yj+t,...,ym) for j=1,...,m.
Then

([)j*T for j=1,...,m.

It follows that T and therefore supp T are invariant under all translations in the y-direction.
Hence support of T is a union of y-planes. Since T is a closed stationary rectifiable current,
the Hausdorff n-measure of supp(7) is finite [3]. It follows that supp T is a finite union of y-
planes. By [4] any closed rectifiable m-current supported in an m-dimensional submanifold
is given, up to integral multiples, by integration over that submanifold.

Corollary 1. For p # n or m, there are no closed stable integral p-currents on S x S™ . In
fact there are no closed stable rectifiable p-currents in R, (S" x S, G) for any finitely generated
abelian group G and there are no closed stable p-dimensional varifolds in S" x S".

Proof. Since the proof involves only a point by point computation, and since the result is
independent of orientation, a similar formula holds for varifolds. O
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