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SUBCLASSES OF CLOSE-TO-CONVEX FUNCTIONS

HARJINDER SINGH AND B. S. MEHROK

Abstract. We introduce some subclasses of close-to-convex functions and obtain sharp
results for coefficients, distortion theorems and argument theorems from which results
of several authors follows as special cases.

1. Introduction and Definitions

Principle of Subordination ([9], [13]). Let f(2) and F(z) be two functions analytic in the open
unit disc E = {z;|z| < 1}. Then f(z) is subordinate to F(z) in E if there exists a function w(z)
analytic in E and satisfying the conditions w(0) = 0 and |w(z)| < 1 such that f(z) = F(w(=z)). If
F(z) is univalent in E, the above definition is equivalent to f(0) = F(0) and f(E) c F(E).

Bounded Functions. By %, we denote the class of analytic functions of the form
[e.°]
w(z) =) cpz", z€E, (1.1
n=1
which satisfy the conditions w(0) =0 and |w(z)| < 1.

Let «f denote the class of functions of the form
oo
f@=z+)_ az" (1.2)
n=2

which are analytic in the unit disc E = {z;|z| < 1}. The subclass of univalent functions in </ is
denoted by S.
S* and C represent the classes of functions in o/ which satisfy, respectively, the condi-

tions

zf'(2)
Re{ 5 } >0, (1.3)

Received December 26, 2011, accepted December 18, 2012.

Communicated by Chung-Tsun Shieh.

2010 Mathematics Subject Classification. Primary 30C45; Secondary 30C50.

Key words and phrases. Subordination, bounded functions, univalent functions, starlike functions,
convex functions and close-to-convex functions.

Corresponding author: Harjinder Singh.

377


http://dx.doi.org/10.5556/j.tkjm.44.2013.1080

378 HARJINDER SINGH AND B. S. MEHROK

! !
re{ELEV >0 (1.0
(@
A function f(z) in &« is said to be close-to-convex if there exists a function
[.]
g)=z+ ) byz" (1.5)
n=2
in §* such that
zf'(2)
Re > 0. (1.6)
8(2)

The class of functions f(z) in &« with the condition (1.6) is denoted by K and called the
class of close-to-convex functions. The class K was introduced by Kaplan [7] it was shown by
him that all close-to-convex functions are univalent.

If g € C, the class of functions in ¢ subject to the condition (1.6) may be denoted by K;
which is the subclass of K.

S*(A, B) and C(A, B) are the classes of functions in <« which satisfy, respectively, the con-

ditions
! 1 A
Re{Zf(Z)}< T2 ges', -1=B<As], (-0
g(2) 1+Bz
/ /
Re{(Zf/(Z))}<1+AZ, geC, -1sB<AsL (18
g'(2) 1+Bz

In particular, $*(1,-1) = S* and C(1,-1) =C.
The class S* (A, B) was introduced and study by Janowski [6] and also by Goel and Mehrok
[4]. It is obvious that g € C(A, B) implies that zg'(z) € S*(A, B).
K(C, D) represent the class of functions f(z) in « for which
zf'(z 1+Cz
Re{ g(i)) } “1+Dz’
If g € C, the corresponding class may be denoted by K; (C, D).

eS*, -1<D<C=<l. (1.9

The class K* (A, B) consists of functions f(z) in < such that
!

Re { 2M%)
g(2)

If g € C(A, B), the corresponding class may be denoted by Kl* (A, B).
For-1=sD<B<A<C=<1,letK(A B;C,D) be the subclass of K satisfying

!
Re{zf (z)}< 1+Cz,
g(2) 1+ Dz

If g € C(A, B), the corresponding class may be denoted by K; (4, B; C, D).

}>0, geS*(AB), -1<B<A<l. (1.10)

g€ S*(AB). (1.11)

Throughout the paper, we take - 1< D<B<A=<C=<1, w(z) €% and z € E. From the
above definitions, we have the following observations
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() K(1,-1;C,D) =K(C,D) and K, (1,-1;C, D) = K1 (C, D);
(ii) K(A,B;1,-1)=K"(A,B)and K (A, B;1,-1) =K (A, B);
(iii) K1,-1;1,-1)=Kand K;(1,-1;1,-1) = K;.

2. Preliminary lemmas

Lemma 2.1 ([3)). Let P(2) = {i5md = 1+ Y52, pnz", then

|pal < (C=D).

Result is sharp for the functions P, (z) = }ngiz, [fl]=1land n =1.

Lemma 2.2 ([4]). Let g€ S*(A,B), then, for A—(n—1)B=(n-2), (n=3),

[TA-(k-1B).

byl <
bal = g 1T

Equality holds for the function gy(z) defined by

g0(2) =z(1+Béz) BB |15 =1.

Since g(z) € C(A, B) implies that zg'(z) € S*(A, B), we have the following
Lemma 2.3. Let g€ C(A,B), then, for A—-(n—-1)B=(n-2),(n=3),
1 n
Ibal < — [TA-(k-DB).
* k=2

Result is sharp for the function g, (z) defined by

g (2)=1+Bszx) BB |5 =1.

Lemma 2.4 ([5]). Let g€ S*(A,B), then, for|s|<1,|t|<1, (s#1)

(1+BSZ)(A—B)/B B£0;
tg(sZ) <{ 1+ Btz ’ ’

sg(1z) expA(s—1)z, B=0.

Lemma 2.5. Ifg € S*(A,B), then, for|z| =1 <1,

rA=BrW BB <\gz) <r(1+Br)A BB Bxo; 2.1)
rexp(—Ar) < |g(2)| = rexp(Ar), B=0; 2.2)
'arg%' < L};B)sin_l(Br), B#0; 2.3)
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@'sAr, B=0.
Z

| arg
Equality sign in these bounds is attained by the function gy(z) defined by

z(1+Boz)A-B/B B £o;
go(z) =
zexp(Adz), B=0, |6|=1.

Proof. Letting s — 1 and ¢ — 0 in the Lemma 2.4, we obtain

8@ _ (14 ByU-BIE gy,

% <exp(Az), B=0.

(2.5) implies that

% =(1+Bw(z)“ BB B#o.

Case (i) B> 0.

1+ Buw@ 4" = [exp{ =P log1 + Bu(a))|

A-B
:exp{( )log|1+Bw(z)|}
= |1+ Bw(z)|“" PP

< (1+BnU DB,

Case (ii) B<0.
Let B=—-B’, B> 0. Then

_1)(A-B)/B’

(1 +Bw@)“PE| = [{(1-B'w) ™'} |

_1|(A=B)/B’
= ‘(I—B'w(z)) 1|
1 (A-B)/B’
<
B (l—B’r)
=(1 +Br)(A‘B)/B,

(2.4)

(2.5)

(2.6)

2.7)

Combining the cases (i) and (ii), (2.1) follows from (2.7). Similarly, we get (2.2) from (2.6).

Again from (2.5), we obtain (2.3) as follows

| 8(2) | (A-B)

| arg(1+Bw(z))| < Tsin_l(Br).

Similarly (2.4) directly follows from (2.6).

On the same lines we can prove the following
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Lemma 2.6. Ifg € C(A,B), then, for|zl=r<]1,
1 AIB - AIB
Z{l—(l—BI‘) }Slg(z)lsz{(1+Br) -1}, B#0;

%{1 —exp(-Ar)} =1g@)| = %{exp(Ar) -1}, B=0;

( g& gsin_l(Br), B #0;

g(Z)

‘arg—‘ <Ar, B=0.
z

Lemma 2.7 ([2]). Let f and g are analytic functions and h be convex univalent function in E
suchthat f <handg<h. Then(1-A1)f+Ag<h,(0<A<1).

3. Coefficient estimates
Theorem 3.1. Let f € K(A, B;C,D). Then, for A—(n—1)B=(n-2), (n=3),

(C-Dy "l
( Z = 1),1'[{A (- 1BY). (3.1)

|anl < — Z{A—(k 1)B} +

Bound (3.1) is sharp.

Proof. By definition of K(A, B;C, D),

zf'(z)  1+Cw(2)

= =P(z2).
g(2) 1+ Dw(z)

Expanding the series,

(z+2a2° + -+ napz" +--)

= (z+byz? 4+ by 12" 4 b2 A+ prz+ przi e+ pp12 ). (B.2)
Equating the coefficients of z" in (3.2),
nan=bp+p1bp-1+p2by2+---+pu2bs+pn-1.

Applying triangular inequality and Lemma 2.1, we get

n—1
nlanlslbn|+(C—D)(1+ y |bk|). (3.3)
k=2
Using Lemma 2.2 in (3.3), we obtain
n—1

]_[{A—(k 1B} +(C— D)(

(=D i & - 1)'H{A -8

nlayl <
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which yields (3.1). The bound (3.1) is sharp for the function f;(z) defined by

1+C51Z

5.2 (BRI, 1Bl = 101 =1.

folz) = (
Similarly we can prove

Theorem 3.2. Let f € K1(A,B;C,D). Then, forA—-(n—-1)B=(n—-2), (n=3),

n-1

171 2 1 k
layl < —|—= | |(A-=(k-1)B)+(C-D)|1+ — | |{A-(j - 1)B}||. (3.4)
n [ n! ,!:[2 ( ,;2 k! ]Uz )]
The bound (3.4) is sharp for the function f(z) given by

1+Co
flz)=— (u

s )1+ B5:Y 1), 1511 = 1621 = 1.
1<

Remark 3.1. () If f € K(1,-1;C,D) = K(C,D), lasl <1+ W which is the result due to
Mehrok [10].

(i IffeKi(1,-1;C,D) =K, (C,D), la,l = %{1+(n—1)(C—D)}, aresult due to Mehrok and
Singh [11].

Remark 3.2. (i) If f€e K(A,B;1,-1)=K*(A,B),for A-(n—-1)B=(n-2), (n=3),

|an|<—H{A—(k 1)B} + = ( Z

H{A (- DBY).
n: =

(k- 1)'

This result was proved by Goel and Mehrok [5].
(i) If fe Ki(A B;1,-1) = Kl* (A,B),for A—-(n—-1)B=(n-2), (n=3),

n 2 n—ll k )
anl < kEIZ{A—(k—l)BH z(1+I§ZE]‘]:[2{A—(] —1)3}).

Remark 3.3. (i) If f € K(1,-1;1,-1) = K, then |a,| < n. The result due to Reade [13].

() If feKi(1,-1;1,-1) =Ky, then |a,| <2 - % This result was obtained by Silverma and
Telage [15].

4. Distortion theorems

Theorem 4.1. Let f € K(A, B;C,D), then

Cr
(=

1-Cr y 1+Cr
(I—Dr)EXp(_Ar) =If@l= (1+Dr

Ja=BAPIE < )< (2 o B4 BB, s, CR)

)exp(Ar), B=0; 4.2)
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|} G=pa-so ausisens [ (Frpras st au B0 0
0 0

1-Du 1+Du
""1-Cu r Cu
fo(I_Du)exp(—Au)duSIf(Z)ISfO (1+Du)exp(Au)du, B=0. 4.4)

All these bounds are sharp.

Proof. Since f € K(A, B;C, D), it follows that

z2f'(z)  1+Cw(2)
g(z) 1+Dw(2)

which maps |w(z)| < r onto the circle

(zf'(2) 1—CDr2|< (C-D)r
glz) 1-D2r21~ (1-D2%r%)’

This yields
(1-Cr) ’(zf’(z) (1+Cr)
< <

(1-Dr) gz |~ (1+Dr)
which further implies that
1-Cr) , (1+Cr)
1 _Dn 8@I= lzf (2)] < 1+Dn 8@ (4.5)

Using (2.1) and (2.2) along with (4.5), we obtain (4.1) and (4.2).

Now

|f (2)] =f0 fl(z)dz
Sf |f' (2)ldr
0

() av B “BiEar, Bro;
o \1+Dr ’ ’

fr(Hcr)ex (Ar)dr B=0
o \1+Dr P ' -

Let zy, |z9] = 1, be so chosen that | f(zp)| < |f(2)| for all z, |z| = r. If L(z) is the pre-image of
the segment [0, f(zp)] in E, then

r@i= [ ifia
L(zp)
fo (i:g;)u —BrWBBar, B#o;

fr(l_cr) (-Ar)d B=0
exp(—Ar)dr, =0.
o 1=Dr)®P
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Equality signs in (4.1), (4.2), (4.3) and (4.4) are attained by the function f,(z) defined by

1+C6
[+ )+ BN BB, B#o;
riy_ ) \1+D6z 4.6
f2(2) = 1+Cbrz 5 5 5 (4.6)
—_— A , B=0, = =1.
(15 5) exPa0:2 811 = 162|
Similarly, by using Lemma 2.6, we can prove
Theorem 4.2. Let f € K1(A, B;C, D), then
Cr AIB / 1 AIB :
(e ju-a-B < if @l = (1 a0, B0
1-Cr , 1
A_r(l—D )exp(—Ar)SIf (z)|<—( )exp(Ar), B=0;
"1/1-C 1 1+C
—f ( ”){1—(1 Bu)A/B}du<|f(z)|<Zf —(1+Dr){(1+Bu)A/B—1}du, B#0;
0o u T
r 1 1-C 1 f"1/1+C
—f u exp(—Au)du <|f(2) = Zf Z(“_DZ)exp(Au)du, B=0.
0
All these bounds are sharp and extremal function is given by f3(z) defined by
1+C6
— ()i + B, 9P - 11, B0
! _ Az 1+D51Z
— | Aby2), B=0, 16,]1=1621=1.
2T s o) P (4022 811 = 162|
5. Argument theorems
Theorem 5.1. Let f € K(A, B;C, D), then
(A-B) . _ 4 ( (C=D)r
1 o1 -1 )
larg f'(2)] < === sin"}(Br) +sin {(I—CDrz)}' B#0; (5.1)
C-D
larg f'(2)| < Ar+sin_1{ﬁ}, B=0. (5.2)
The results are sharp.
Proof. From (1.11), we have zg(’g) iigf}(é)) Since the transformation Z;: (’Z) = iig%% maps
|w(z)| < r onto the circle
|zf’(z)_1—CDr2‘< (C-D)r
glz) 1-D?r217 (1-D?r?)’
therefore :
|ar <f (Z)' <sin_1{—(C_D)r }
8 = ~ YL
g(2) (1-CDr?)
This implies that
g(z) 1 (C=D)r
|argf'(z)|s'arg7|+ l{m} (5.3)



SUBCLASSES OF CLOSE-TO-CONVEX FUNCTIONS 385

Inequality (5.3) together with (2.3) and (2.4) yield (5.1) and (5.2) respectively. Equality sign in
(5.1) and (5.2) holds for the function f>(z) defined by (4.6) in which

ri—=(C+D)r+i{(1-C%r3)(1 - D?r?)t/2

s.= " 5.4
177 (1+CDr?) 6-4)
and
5, = g{—Br+i(1—B2r2)”2}. (5.5)

Similarly, by using Lemma 2.6, we have

Theorem 5.2. Let f € K;(A,B;C, D), then

/ é . —1 . -1 (C-D)r .
larg f(2)| < Bsm (Br) +sin {7(1—CDr2)}' B #0;
/ . -1 (C-D)r
larg f'(2)| = Ar +sin {m}, B #0.

The results are sharp for the function f3(z) defined in (4.7) where 5, and 6, are given by (5.4)
and (5.5), respectively.

Remark 5.4. Taking A=1and B = -1 in the Theorem 4.1, we get the result proved by Mehrok
[10].

Remark 5.5. On taking C =1 and D = —1 in the Theorems 4.1 and 5.1, we get the results due
to Goel and Mehrok [5].

Remark 5.6. Letting A= C =1 and B =D = -1 in the Theorems 4.1 and 5.1, we obtain the
results proved by Ogawa [12] and Krzyz [8] for the class K.

Remark 5.7. For C =1 and D = -1 in Theorems 4.2 and 5.2, we get the results established by
Gawad and Thomas [1].

6. Convex set of functions
Theorem 6.1. If f and h € K(A, B; C, D), then
1-AM)f+AheK(AB;C,D), (0<sA<1).

1+Cz
1+Dz

Proof. Since is convex univalent in E, the theorem follows by Lemma 2.7 definition of

K(A,B;C,D).
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