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MULTI-PARAMETER BURAU REPRESENTATIONS

MADLINE AL-TAHAN, MOHAMMAD N. ABDULRAHIM AND SAMER S. HABRE

Abstract. We consider the multi-parameter representation of Artin’s braid group intro-
duced by D. D. Long and J. P. Tian, namely « : B, — GL,,(C), where m = n!n . First, we
show that there exists a complex specialization of the multi-parameter representation
that does not arise from any Hecke algebra. Second, we find conditions under which the
images of the generators of the braid group on three strings under the multi-parameter
representation are unitary relative to a nonsingular hermitian matrix.

1. Introduction

The braid group, B;,, has a well- known representation due to Artin in the group Aut(Fy,)
of automorphisms of the free group F, generated by xi,...,x,. The automorphism corre-
sponding to the braid generator o; takes x; to xixi+1xlfl ; X;+1 to x;, and fixes all other free
generators. Applying the Fox derivatives and Magnus representation, we get the classical Bu-
rau representation which is of degree n. In [3], D.D. Long gave a new derivative of the Burau
representation by using an action of Aut(F,) on the representation variety R = R(F,, G), where

G is a compact semisimple Lie group and F,, is the free group of rank n.

In Section 2, we define the multi-parameter representation, namely « : B, — GL,,(C),
where m = n!n. Explicit matrices will be computed in the case n = 3. For more details, see
[6]. In Section 3, we prove that there exist complex specializations of the multi-parameter
representation that do not arise from any Hecke algebra. In Section 4, we determine sufficient
conditions under which the complex specializations of the multi-parameter representation of

the braid group on three strings is unitary relative to a nonsingular hermitian matrix .

2. Definitions

Definition 1 ([2]). The braid group on n strings, B, is the abstract group with presentation
By ={01,...,0p-1/ 00410, =0;410;0;41fori=1,2,...,n-2,0;0j=0j0;if [i— j| > 1}.

The generators 01,...,0,—1 are called the standard generators of B,.
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Definition 2. [2] The pure braid group, denoted by P, is defined as the kernel of the homo-
morphism B, — S, defined by o; — (i,i+1), 1 <i < n—1. It is finitely generated by the
elements

Ajj :Uj_1---0,~+1U?U;+11---U]7}1,1 <i<j=sn.
Definition 3. Let G be a finitely generated group. A representation G — GL,(C) is reducible if
there exists a non-zero proper subspace of C” that is invariant under the action of the gener-
ators of G.

Applying the new derivative of the Burau representation adopted by D. D. Long in [3],
J.P. Tian has made some computations by considering the action of the braid group B, on a
special case of a representation variety, namely R = R(F,, G), where G = SU(2,C). This gives
us the definition of the multi-parameter representation.

Let us consider V; as a linear space which is a summation of all tangent spaces of R at its base
points. f € Aut(F,) acts on R and f*( P(S) = p;ﬁ (t)’ where 7p is a permutation determined by
p and acting on ¢ in an obvious way.

Definition 4. [6] The multi-parameter representation of the braid group is a map a : B,, —
GL(Vy), where a(f) = ®T€Sndﬁ;;mm' Here 7(¢t) is a permutation of (t, f2,---, ;) € R", B* €
Dif f(R) and pg-w are the base points.

For a particular permutation t = (#, t2,-- -, t;;), we compute the matrix representations of
the images of the generators of B, under the multi-parameter representation, namely a(o).
The order we give for the permutations of (ty, f2, - -, t;;) is the lexicographic order.

For a fixed choice t = (..., #; ,tj,...), we have that
~—~
k

. 1— A% Al
Ay, = Mi(ti, 1)) = I1 @ _ & In_k-1-

Here k=1,---,n—1and 1<i# j < n. We then compute d(a,t)p;m, where 7 is a permutation
in S,,. We expect to have n! square matrices M (t;, t;), each of size n x n. In order to place
these square n x n matrices M(t;, t;) in the matrix a(o), we simply order the n-tuples in the
lexicographic order. In the case n = 3, the tuples are ordered as follows: (t1, t2, t3), (f1, t3, £2),
(to, 11, t3), (B2, 13, 11), (I3, 11, t2) and (13, Lo, 1;). More precisely, the images of the generators of
Bs under the multi-parameter representation « : B3 — GL;g(C) are given by

0 0 Mltst) O 0 0
0 0 0 0 Mt 0
[ Mi(ty, 1) 0 0 0 0 0

o) = 0 0 0 0 0 Mt b)
0 Mt 0 0 0 0
0 0 0 Mty 0 0
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and
0 My (13, 1) 0 0 0 0
Mo (1o, 13) 0 0 0 0 0
0 0 0 M (13, 1) 0 0
a(oz) =
0 0 My (1, t3) 0 0 0
0 0 0 0 0 My (1o, 1)
0 0 0 0 My (17, 1) 0
The matrices My(t;,t;), k=1,2and 1 <i # j <3, are given by
l—Zj Zj 0 1 0 0
Ml(ti,tj)z 1 0 0 and Mg(ti,tj)z 0 I—Zj Zj
0 01 0 1 0

Here z; = A% and zj= Ali. In other words, the first column of a(o1) corresponds to d(a*)pr,
where t = (1, f, t3). We observe thatif X € Ty, (R) c Vi thend(o} )p 0 € T o1 (R=T (tz n.13) (R).
Since the tuples are arranged in the 1ex1cographlc order, it follows that the matrlx Ml(tl, )
comes third in the first column. The same is true for all the other square matrices My (¢;, t -

3. Multi-Parameter Representation and Hecke Algebra

The Hecke algebra is an algebra defined by generators gi,...,g,—1 with relations
8igi=8j& li—jl=2,
8i&i+18i = 8i+18i&i+1 1si<n-2,

gizz(q—l)gi+q l<si<sn-1.

Here g ia a parameter.

In this section, we show that the multi-parameter representation does not arise from any

Hecke algebra.

Lemma 5. The number of eigenvalues of a k x k matrix A is at least the number of eigenvalues

of the matrix A?.

Proof. Let x be an eigenvalue of A? then Det(A? — xI;)= 0. Since A% — xI; = (A— VX)) (A+
VxIy), it follows that Det((A — /xIj) (A + /x1I))= 0 which is equivalent to Det((A—/xI;))=0
or Det((A+ v/xI}))= 0. This implies that /x or —y/x (or both) are eigenvalues of A. O
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We now prove a result concerning the pure braid group, which will be used later to show
that certain complex specializations of the multi-parameter representation do not arise from
any Hecke algebra.

Lemma 6. If there exist integersk, I, r, s € {1,...,n} such that zyz; # z,zs and neither one of

themequals1 then « : P,, — GL,;,,(C) has more than?2 distinct eigenvalues. (m = n'n andn = 3).

Proof. For 1 <i # j < n, we consider N;; = M (t;, tj))M1(¢j,1;), 1 =i # j < n. The matrix
corresponding to N;; is

1-zj+zizj zj(1-2zj)

Nijz & I,;_o.

1- Zj <j
It is easy to see that Ay = U% is direct sum of N; j, where each block N;; occurs (n — 2)! times.
The characteristic equation of Aj, is Det(A;2 — xI,;)= 0, which is equivalent to

[T Det(Nij—xIn)= [] (Det(N;;-xI,)*=0.

1<i#j<n 1=i<jsn

Since Det(N;; — xI,) = (1 —x) n=l(z.z j— x), it follows that the characteristic equation of Ay is

1=i<jsn
We have that 1 and z;z; are eigenvalues of Ay for every 1 <i # j < n. Here, z;z; has multi-
plicity (n —2)!2 because Det(N;; — xI,,) =Det(N;; — xI) = (1— x)"1 (zizj — x) and the fact that
Njj occurs (n—2)! times in the matrix corresponding to Aj».

It is easy to see, by our hypothesis, that 1, z;z; and z, z; are distinct eigenvalues of A;».

Direct computations show that (N;j — I;)(N;j — z;z51y) = (zizj — 27 2)) (Njj — 1), 1 =1 <
s < nand (Njj — I,)(N;jj — zizjIp) is the n x n zero matrix. This implies that the minimal
polynomial of Ajpis (x—1) [I (x-z;z)). O

1=i<jsn

Theorem 7. If there exist integers k, I, r, s € {1,---,n} such that z;.z; # z,zs and neither one
of them equals 1 then a : B, — GL,(C) does not arise from any Hecke algebra. (m = n!n and
n=2).

Proof. We consider the following cases:
0 0 1-2z1 2
0 0 1 0
1-202zz 0 O
1 0 0 O

Case n = 2: The matrix corresponding to o, is a(01) =
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The minimal polynomial of a(o) is (x2-1)(x% - z12»). It is clear that a(o;) has 4 distinct
eigenvalues namely, -1, 1, —/z1 2, and /z; z,.

Case n > 2: Using our hypothesis, Lemma 6 asserts that the representation restricted to P,
has more than 2 distinct eigenvalues. We then conclude, by Lemma 5, that the representation
a defined on the braid group B;, has more than 2 distinct eigenvalues.

Since the generators of the Hecke algebra satisfy a quadratic equation, it follows that it
has at most 2 distinct eigenvalues and so @ does not arise from any Hecke algebra. O

4. Multi-parameter representation is unitary

Notation 8. Let (*) : M,,(C[t*']) be an involution defined as follows:
t= -1 1
(fij()* = f1:(t), fij(H eClt].

Definition 9. Let X and U be elements of GL,,(C) where m = n!n. U is called a unitary ele-
ment (relative to X) if UXU™ = X.

Since the matrices corresponding to the generators of B, under the multi-parameter rep-
resentation are large and of degree n!n, we rather perform our computations only in the case
n = 3. First, we show that the complex specialization of the multi-parameter representation is
reducible. Then, we determine sufficient conditions under which the complex specializations
of the reducible multi-parameter representation is unitary relative to some invertible hermi-
tian matrix. Since the representation is reducible, it follows that the choice of the hermitian

matrix is not unique.

Theorem 10. The multi-parameter representation « : B3 — GLg(C) is reducible.

Proof. We consider two cases for z;.

If z; = zj forall i, j € {1,2,3} then we consider the invariant subspace generated by the column
vector (1,...,1)7, where T is the transpose.

If there exist i # j such that z; # z; then we consider the invariant subspace generated by the
column vector (vy, V2, U3, Us, Us, Ug) L, where v, = (21— 1,20 — 1,23 — DT, vo = (21— 1,23 — 1,20 —
DY vs=(z-Lz-Lz-D u=(-1Lz-1a-D)', vs=(3-1,21-1,2-1)" and

ve=(z3—1,20—1,2,—-DT. O

Theorem 11. The multi-parameter representation « : Bs — GL1g(C) is unitary under any of the

following conditions:
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(i) z21#2, 2223 #land z; #1 (i =1,2, 3).
(ii) 21 =22 = Z3.
(iii) z1j=2zx=1and z3 # 1.
(iv)] z1=2z3=1and z, #1.

(V) zg=zz3=1and z; #1.

Proof. (i) z) # 23, z{zs # 1and z; #1 (i = 1, 2, 3). Let H = &°_, H;, where

Zf—Zz 2p(—1423) Zf—zz Zp(—1423) 1
z1(—1+2) z3(—1+2z3) z1(—=1+2z3) z3(—1+2)
— Zo(—1+2z3) - —1+2z3 (=14+23)(—22+2123) (—1+2z3)
H - - Z3(—1+21) »Hy 1tz (Clrz)(ltz)zs (Cl+zy) |’
—14+23 (—14+2z3)z1 (—14+23)(—22+2123) 1 (—14+2z3)z; 1
—1+2z (=14+z1)z2 (—1+2))(=14+22)z3 (=1+2z1)z3
1 Zp Zo(=1+23) 1 Zp(=1+2z3) Zp
Z1 z3(—1+2;) z3(—1+2z1) z1
FHa = z Zf-2 Zo(=1+25) H, = | Clza Clz)Cataz) z(-1+z)
3= 2 z1(—1+2) z3(—1+2) AT Cl+z)ze (Cltz)(Cl+z)zs zi(c1+z) |2
21(=1+2z3) (1l4z3) (=1+23)(=2+2123) z1 (=1+z3)21 41— %
22(=1+z;) (=1+2z) (=14+21)(—1+22)z3 Zy (=1+22)z3 z1(=1+27)
(=1+23)(=22+2123) 2o(=1423) (=1+23) (=1+23)(=22+2123) (=1+23) zp(=1+23)
(—1+z1)(—14+22)z3 z1(=14+22) (=1+2z) (=14+z1)(=1+22)z3 (=1+2z1) z1(—1+2z)
— z1(=1+23) Zi—2p — z21(=1+2z3) Zp
Hs Z3(—1+22) Tz L and Hs z3(—1+21) 1 A
z21(=1+2z3) 1 1 z21(=1+2z3) z1 21 =2
z3(—1+27) z3(—1+2) K2 z1(—1+2p)

It is clear that H; is hermitian for every 1 <i <6. We also have that Det(H;) =

(—1+23) (—1+2323) (21 — 22)
(—1+21)%(-1+22)% 2321

Also, we have that

2
# 0 by our hypothesis. This implies that H is hermitian and invertible.

o1Ho| = Mi(t, ) H3(M(t2, 11))" @ M (t3, t1) Hs (M1 (3, 1)) ™ @ My (81, £) Hi (M (11, 2))" @
M, (t3, t2) He (M, (13, £2))* @ M1 (21, t3) Ho (M (11, 13))™ & M, (12, t3) Hy (M, (2, 13))

and

02 Hoy = My (13, 1) Hy (Mo (13, 1)) @ Mo(to, t3) Hy (Mo (o, 13))™ @ Mo (13, 1) Ha(Mo (23, 1)) @
Mo (ty, t3) H3(Ma(ty, 13))* @ My (2, 1) He (M2 (2, 11))* @ Mo (t, t2) Hs (Mo (th, 12)) ™.

Direct computations show that 01 Ho} =0,Ho; = H.

(ii) z; = 2 = z3 = z. We consider three cases, z=1,z=—1 and z # +1.
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Casez=1:010] =020, = I1g.

2 -10 100
Casez=-1. Mi(t;,ts)=|1 0 O|and Ma(t;,t)=]0 2 —1|,wherel<r#s<3.
0 0 1 010

1 140 1+i
Let H = @?M where M=|[1-i 1 1+i|. Here iisa complex number such that i® = —1.
1-i1-i 1
Since M (&, ts) M((My (7, £5))* = Ma (L, t) M((M2 (£, 25))* = M, it follows that oyHo| =
0Ho’ = H. Note that H is hermitian and invertible whose determinant is equal to one.

1-22z 0 1 0 O
Casez#+1. Mi(t;,ts)=| 1 0 O |and My(t;,t)=|0 1-z z |,wherel<r#s<3.
0 01 0 1 0
0 1+z 1+z
Let H = #%M, where M = 2 0 1+z | Itiseasytoseethat M;(t, t) M(M(t;, t))* = M

and M (ty, ts) M (M3 (ty, t5))* = M. Therefore, we get that 01 Ho| = 02 Ho; = H, where H is an
24

invertible hermitian matrix whose determinant is equal to % It is worth to mention that

M (t;, t) is the Burau representation (k=1,2and 1 <i # j <3).

(iii) z1 =22 =1land z3 # 1. Let H = e)?:lHi, where

1 0 -1 1 -10 1 —23 —z3

Hy=Hy=|0 1 —-1|,Hy=Hy=|-1 1 —z3| and Hg = H5 = ;—31 1 0
-1 -1

“1-11 02 1 = 0 1

It is easy to see that 01 Ho} = 0, Ho; = H, where H is an invertible hermitian matrix whose
determinant is equal to one.

(ivzi=z3=landz, #1. Let H = GB?:lHi, where

1 -10 1 0 -1 1 -2z -2
He=Hi=|-11 -z |, H=Hy=|{ 0 1 -1|andHy=Hs=|Z2 1 0
021 -1-11 10 1
2 %2

It is easy to see that o1 Ho| = 02 Ho; = H, where H is an invertible hermitian matrix whose
determinant is equal to one.
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(V) zp=z3=1land z; #1. Let H = @?lei, where

1 27 74 -11 0 -10 1
H,=H, = zll—l 0 |,Hs=H3=|1 12z [(andHy=Hg=| 0 -1 1

1 1

= 0 -1 0 5 -1 1 11

It is easy to see that 01 Ho] = 0o Ho; = H, where H is an invertible hermitian matrix whose
determinant is equal to 3°. a
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