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AN INVERSE SPECTRAL PROBLEM FOR NON-SELFADJOINT
STURM-LIOUVILLE OPERATORS WITH NONSEPARATED
BOUNDARY CONDITIONS

V. YURKO

Abstract. Non-selfadjoint Sturm-Liouville operators on a finite interval with nonsepa-
rated boundary conditions are studied. We establish properties of the spectral character-
istics and investigate an inverse problem of recovering the operators from their spectral
data. For this inverse problem we prove a uniqueness theorem and provide a procedure
for constructing the solution.

1. Introduction

Consider the boundary value problem L = L(q, h, @, B, T) of the form

-V'+qy =21y, x€l0,T1], (1)
y(0) = ay(T), y'0)-hy©) =py (D), 2)

where g(x) € L(0, T) is a complex-valued function, «, 8, h are complex numbers, and a + 8 #
0, af # 0. We study a nonlinear inverse problem of recovering L from its spectral data. For this
inverse problem we prove a uniqueness theorem and provide a procedure for constructing
the solution. Similar results are valid for another type of nonseparated boundary conditions:
¥ (0)—hy0)+ay(T) =y (T)+ Hy(T)- By0) =0.

Inverse spectral problems often appear in mathematics as well as in applications [1, 2,
3, 4]. For selfadjoint Sturm-Liouville operators with separated boundary conditions, inverse
spectral problems have been studied fairly completely (see the monographs [1, 2, 3, 4] and the
references therein). Inverse problems for nonseparated boundary conditions in the selfad-
joint case were investigated in [5]-[13] and other works. Non-selfadjoint case is more difficult
for studying. Inverse problems for non-selfadjoint Sturm-Liouville operators with separated
boundary conditions were investigated in [4, 14, 15]. In [16] the structure of the spectrum
for the non-selfadjoint periodic case is investigated. Inverse problems for non-selfadjoint

2010 Mathematics Subject Classification. 34A55 34B24 A7E05.
Key words and phrases. Differential operators, nonseparated boundary conditions, inverse problems.

289


http://dx.doi.org/10.5556/j.tkjm.43.2012.289-299

290 V. YURKO

boundary value problem L have not been studied yet. We note that the inverse problem, con-
sidered here, appears in the inverse problem theory for differential operators on spatial net-
works with cycles (see [17, 18, 19, 20, 21]) which have many applications in natural sciences
and engineering.

Some words about the structure of the paper. In section 2 properties of the spectrum are
established. The Weyl-type function and the corresponding Weyl sequence are introduced
and investigated in section 3. Section 4 is devoted to the solution of the inverse spectral prob-
lem for L. The main result is formulated in theorem 3. In section 5 we study the periodic
boundary value problem which is a particular case of L. For convenience of readers, we for-
mulate there the results from [8] (published in 1981 only in Russian) where necessary and
sufficient conditions for the solvability of the inverse problem were obtained for the selfad-
joint periodic case.

2. Properties of the spetrum
Let C(x, 1), S(x,A) and ¢(x, A1) be solutions of equation (1) under the initial conditions

C(0,1) =5'(0,1) =¢(0,1) =1, C'(0,4) = S(0,1) = 0, ¢'(0, 1) =

Clearly, ¢(x,A) = C(x,A) + hS(x,A). Let A = p?, T =Imp, q1(x) = %fox q)dt, g = q1(T). Itis
known (see, for example [3]) that for |p| — oo,

: |T|x
Clx,A) = cospx+ q1(x) L +0(e ) C'(x,A) = —psinpx + g1 (x) cos px + o(e™™),
0
i |T]x |Tlx
sinpx cospx e sinpx e
S(x,A) = px _ qi(x) p (p2 ), S'(x,A) = cos px + gy (x) p +0( P )

The function A1) = ap(T,A) + ,BS’(T, A) — (1 + ap) is entire in A of order 1/2, and the set of
its zeros A = {1} =0 (counting with multiplicities) coincides with the eigenvalues of L. The
function A(A) is called the characteristic function for L. For |p| — oo,

inoT 7T
A(/l):(a+[3)(cospT—y+ylsmp +o(e )), (3)
Y p
where y = aﬁ+ﬁ andy; = q1 + a+ﬁ Let {/10 }n=0 be the eigenvalues of L°=L(0,0, a, B, T) with

q(x) =0, h =0. Then the characteristic function of L9 has the form
+ . .
AO()L):(a+,B)(cospT—y):aT'B(e’pT+e_’pT—2y). 4)

Let z = e'PT, and let z;» = y + \/y2—1 be the roots of the equation z?> —2yz+1 = 0. Then
= (P o0} = {p}, 11U 10}, o}
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We agree thatif z = |z|e’¢, £ € [0,27) thenInz = In|z| + i&, vz = |2|V/2e¢/2.
Examples. (1) Lety=1.Thenz =z;=1,1nz; =0,
2nm
A1) = (a+ B)(cospT —1), p(,)l_1 =—n =0, p?,yz =——nz1l
2n+1)m
(2) Lety =—-1.Then zy = zp = -1, Inz; = i, p(,)l'1 = p(,)l,2 = 7( T )

(3) If y # £1, then all eigenvalues {1%},~¢ are simple. Let, for example, y = 1/2. Then

y =

0 _ 1(m 0o _ 1 /A
Pni1= ?(g +2ﬂﬂ), nz0, p,,= ?(— 3 +2nn), n=1l.
If)/: 0, then 21,2 = +i,Inz; =mi/2,Inzy =3mi/2, p(r)z =(n+ 1/2)%, n=0.
Using (3), by the known method (see [22]) one gets A, = p2, {pn} = {pn1} Ulpn2),
Pnj=pY;+Enj Enj=0(1), n—oco.

More precisely (see [23]),

1 .
En,j = err—1n+0(ﬁ)' if y#=+1,

en,jzﬁ(yﬁ(—lﬂh/z)m(i), if y=+1,a=p,

Enj = 0(%), if y==+1, a#p.

Theorem 1. (i) Lety #1 (i.e. A%(0) #0). Then
© A,—-A

A =(@+p-1-ap) [| 5=, A} #0.
n=0 An
(ii) Lety =1 (i.e. A°(0) = 0). Then
_ (a+pT? © A=A o o (27ny2
AN === =0 [T 25 A= 291 = ()
Proof. It follows from (4) that
. inpT . 1
AW =@+ pTIPT o= Loy = L D po,

2p di 2pdp

291

®)

(6)

()

and consequently, A%0)=a+ B-1-ap, A%0) = —(a+ B) T2/2 #0. Using Hadamard’s factor-

ization theorem we get

[e.e]

A0 -2
A =AT] ’;1 ,A=a+ f-1-ap, A #0, if y#1,

0
n=0 n
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(a+B)T? 27N

)
A°1) = B JBO= e 18, = A3, = (T) if y=1.

n=1
Let for definiteness, y # 1, A(0) # 0 (other cases are treated similarly). Then, by Hadamard’s

factorization theorem,
AN =A P

n=0 n

where A # 0 is a constant. Therefore,

A A A 2A-1, A XA x Ap =A%
AO(A) Aonﬂtn,ﬂm )L‘,’,_AOH U( /1—/19,)'

n=0

By virtue of (3)—(5),

AL oo A0
li 1, =1.
AT AOA) ! UO( A )LO)
This yields
o 2
_ 20 n
A=A 1o
n=0/'n

and we arrive at (6). Relation (7) is proved similarly.

3. The Weyl sequence

Denote d(A) := S(T, ). Zeros ¥V = {v,} =1 of d(1) (counting with multiplicities) coincide
with the eigenvalues of the boundary value problem L, for equation (1) with Dirichlet bound-
ary conditions y(0) = y(T) = 0. The function d(A) is called the characteristic function for L.
LetGs:={p: |p—(nm)/T|=6 Vn}. Then (see [1], [3])

1
m:ﬂ+ﬂ+o(—), n— oo, ®)
T nn n
TS [e]
dA) = ) 9
|d(A)|EC|p|‘1e'T'T, peGs, Ipl=p*. (10)

Let ®(x, 1) be the solution of equation (1) under the conditions ®(0, 1) = 1, ®(T,A) = 0. Denote
M(A) := @'(0,A). The function M(A) is called the Weyl function for L. Clearly,

AW
M) = an’ an
d(x, 1) = C(x, 1)+ M(A)S(x, M), (12)

where d; (A1) := C(T,A). Relation (12) is used for solving inverse spectral problems for the
boundary value problem Ly by the method of spectral mappings [4, 14, 15]. Since d; (1) =
O(e'™'T), it follows from (10)-(11) that

IM(A)| < Clpl, peGs,lpl>p". (13)
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For |p| — oo, one has

: T 7| T : T T 7| T

sin o +0(e )’ d(M:sm,D _qICOS;) +0(e )’
p p p p

d

daA

di(A) =cospT+q

ITIT

. )) d) =

1 (TcospT+ (6]1T—1)SIHPT+O( d(A).

d) = —
) 2 )

In particular, this yields

MQA)=ip+o0(1), |pl— o0, argpe[d,m—46], 14)

Let m,, be the multiplicity of v, (v, =vp41 =...=Vy1m,-1). Denote
S:={n=2:v, 1 #vyJu{l}, I:={nesS: m,>1}.

It follows from (8) that [ is a finite set, i.e. m, =1 for sufficiently large n (n > n*). Fixn € S.
Using (11) we obtain that in a neighborhood of the point A = v,, the function M(A) has the

representation
m,—1

_ Mn+v *
MQ) = V;) Ay )il + M (1), (15)

where M, (A) is regular in A = v, and the coefficients M,,,, v =0, m,, — 1 are calculated from
d{” (v,) and dV™ (v,,) for v = 0, m,, — 1. More precisely,

My, —1-v = —ﬁ(d&n+§Mn+mn_1_kd3_k,n), v=0,m,—1,
d), = %d{w V), dd,:= (v%mn)' AV oy ) v =0,m,—1.
In particular, if m;,, =1 (i.e. n € S\ I), then
n=— ‘2((::)), (16)

The sequence {M,,} > is called the Weyl sequence, and the data & := {v,;, M,},=1 are called
the spectral data. One has

(—l)nT(1 (1

dwvy) = +o ;)) dl(vn):(—l)”(1+o(%)), 1 — oo. a7

Vn

Using (8), (16) and (17) we get

an—zr;zfz(uo(%)), 1 — o0. (18)

Take 0 > 0 such that d(+i0) # 0. For n € S, we denote

b 1( z )M 0,my—1
== |=— , v=0,m,—1.
VI i\z22 402142y, "
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Let us consider the function
my—1

NA:=) Y ((MV T bv,n)an. (19)

nesS v=0

By virtue of (8) and (18),

1 Rz )M ( 0% + Av,, )M 0(1) ;
= = - |» —>w,
A=vnp v2+02) " A=vpva+02)) " T\ n?

and consequently, the series in (19) converges absolutely and uniformly in A on compacts

without {v,}.

Theorem 2. The specification of the spectral data 2 uniquely determines the Weyl function by

the formula
MQA)=NQA) + a, (20)
where N(A) is defined by (19), and
a= Alim (-N) +ip). (21)
Proof. Consider the functions
1 1 z
INQA) = 2 (/1 Z+m)M(Z)dZ, (22)

whereI'y ={z: |z| = %(N+ 1/2)%}. By virtue of (13),

1 z B 1
1=z 2oz ) MP=0\Zn )
Therefore, the integral in (22) converges absolutely and uniformly in A on compacts without

I'y, and
Al,im Jn(A) =0. (23)

On the other hand one can calculate Jy (1), using the residue theorem. This yelds

1 z
IvAA) =-MQA) + > Res (E+m)M(z)+a,

nes, vaeintly <= ""
°= Ry e MO Ry M)
By virtue of (15), one has
M(2) _ "5t Mpsy ZM(z) !

Res = es ——
= A=z oy A=vp)V*l z=v, 22402

= Z bv,nMn+v-
v=0
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Taking (23) and (14) into account we arrive at (20) and (21).

4. Inverse problems

In this section we formulate and study an inverse problem of recovering L from its spec-
tral data. The main result is Theorem 3, where an algorithm for the solution of the inverse

problem is provided, and the uniqueness of the solution is proved. Denote
D) = ap(T,A) + BS'(T,A), Q) =ap(T,A)—BS'(T,A).

Then
1 p 1
PN = 52 (DD +QW), ST = 25(D) - Q).

Since ¢(x,1)S'(x, 1) — ¢’ (x,1)S(x, A) = 1, it follows that

Q*(\) = D*(A) - 4aB(1 +¢ (T, V)S(T,\), (24)
and consequently,
QMQW) = DW)DQ) —2ap@ (T, A)S(T, A) + ¢'(T, 1) S(T, A)). (25)
Let n € S. Denote
0, Qvn) =0,

wp=1 +1, Q(v,) #0, argQ(v,) € [0, ),
_1; Q(Vn) # 0; argQ(Vn) € [77:,277:),

Wpy = d{”(vn), v=0m,—-1,Iy={nel: w,=0}, ) ={nel: w, #0}. The sequence Q =
{Wntnes U {wm’}nelo, V=T =1 is called the Q- sequence for L. We note thatif I = @ (i.e. m;, =1
for all n), then Q = {wy},=1. For example, I = @, if q(x), h, a, B are real, i.e. in the self-adjoint
case. Let @ and 8 be known a priori and fixed. The inverse problem is formulated as follows.

Inverse problem 1. Given A,7 and Q, construct q(x), h and T.

Obviously, in general it is not possible to recover uniquely the coefficients @ and S, but
it is possible to calculate y. Note that Inverse problem 1 is a generalization of the classical

inverse problems in the selfadjoint case (see [5]-[13]).

The solution of Inverse problem 1 can be constructed as follows. Using (8) we calculate
T. By virtue of (6)-(7) and (9) we find d(A) and A(A). Then we calculate D(1) = A1) + (1 + af).
It follows from (24) that Q?(v,,) = D?(v,,) —4ap, n € S, and consequently,

Qp) =wn\/D?(vy) —4apf, nes. (26)
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Since ¢(T,v,) = C(T,v,), we construct

Wno = i(D(Vn)'i'Q(Vn))» nes. 27)
2a

Now we are going to calculate the Weyl sequence {M,};>1.

Casel.letne S, n¢l (i.e. m, =1). Taking (16) into account we get

Wno
= . (28)
! dvy)
Case2.Letne I (i.e. my, > 1, w, #0). Then it follows from (25) that
(QUIQW)Z) = (DWDANZ,), v=Tm, -1, (29)

Using (29) we find Q" (v,), v=1,m,-1.Since d; (1) = % (D()L) +Q(/1)) —hd (M), we construct
Wny, v =1,m, —1 by the formula

1 -
Wpy = — (D(v) (V) + Q(V) (Vn))) v=1m,—1. (30)
2a

Case3. Letne Iy (i.e. m, > 1, w, =0). Then wy,, v=1,m, —1 are given a priori.

Thus, we have constructed the Weyl sequence {M},>1. It is also possible to construct
the Weyl function M(A) by (20)-(21). Our calculations show that Inverse problem 1 is reduced
to the following inverse problem.

Inverse problem 2. Given 9 = {v,,, M;},>1, construct g(x).

This non-selfadjoint inverse problem was solved in [15]. For this inverse problem the
uniqueness theorem was proved and a constructive procedure for its solution was provided
in [15]. Moreover, necessary and sufficient conditions for the solvability of Inverse problem 2
were also established. We note that for the selfadjoint case Inverse problem 2 is equivalent to

the classical inverse Sturm-Liouville problem (see [1, 2, 3, 4]).

Thus, we have obtained a procedure for the solution on Inverse problem 1 and proved its

uniqueness, i.e. the following theorem holds.

Theorem 3. The specification of A, V" and Q uniquely determines q(x), h and T. The solution
of Inverse problem 1 can be found by the following algorithm.

Algorithm 1. Given A, 7V and Q.

(1) Find T, using (8).

(2) Construct A(A) and d(A) by (6)-(7) and (9).
(3) Calculate D(A) = A(A) + (1 + ap).
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(4) Find Q(vy), n€ S, by (26).

(5) Calculate wy,g, n€ S, by (27).

(6) Construct QW (vy,), neI;,v=1,m, -1 using (29).

(7) Findw,y, n€,, v=1,m, -1, via (30).

(8) Calculate the Weyl sequence {Mp} =1 using (28) and the recurrent formula

1 v—1 e — ].
Mu+m,-1-v = _d—()(dxlfn + Z Mn+mn—1—kd8_k’n); nesS,v=0,m;, -1, dxl/n = W Wpy.
on k=0 :
(9) Find the potential q(x) by solving Inverse problem 2 (see [15]).
(10) Calculate the coefficient h, using (3).

5. Periodic boundary conditions

In this section we study the periodic boundary value problem which is a particular case of
L. For convenience of readers, we formulate here the results from [8] (published in 1981 only
in Russian) where necessary and sufficient conditions for the solvability of the inverse prob-
lem were obtained for the selfadjoint periodic case. In [5] one can find another conditions for
the characterization of the periodic spectrum.

Let us consider the periodic boundary value problem L' := L(g(x),0,1,1,7) with a = § =
1, h=0, T = m, and real-valued potential q(x) € L,(0, ). Denote

— 1 !
p)=1- E(C(n,)t) +S (n,)t)).

The zeros A = {A,} =0 of p(A) coincide with the eigenvalues of L'. It is known (see [1]) that A,,

are real, and
A2p-1= (zn)z + (,l+K/2n_1, Aan = (Zn)z + a"'KIZn» {K/n} € b, Ap = Ant1, An < Any2, (31)

where a = % fO" q(t)dt. Moreover, it follows form (7) that

pA) =—A=2) [] 5= Agp1 = Ay, =20 (32)

2 n=1 An
Denote s(1) = p(A) — 2. The zeros {u,},=1 of s(1) coincide with the eigenvalues of the anti-
periodic boundary value problem L" := L(g(x),0,—1,—1, 7). It is known that y,, are real, Ao <

M1 = U2 <A1<A<...,and
Pon1=(2n—-17%+ a+xy, 1, Hon=Q2n- D%+ a+xy,, {Kpel.

Moreover,

max pA) =2. (33)
A€, Azn+1]
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We will show that condition (33) is also sufficient for the solvability of the inverse problem. It
is known (see [1, 2, 3, 4]) that the zeros {v,,} ;=1 of d(1) := S(7, A) are real, and

Va=n*+a+x% &% el, vin€lan-1,Aonl, Von—1 € [Han—1, M2nl. (34)

Denote Q(A) = C(r,A) — S'(r, ), Q' = {wp}n=1, Wwhere w,, = signQ(vy,), i.e. w, =0, if Q(v,,) =0,
and w,, = +1,if £Q(v,) > 0. The sequence Q' is called the sign sequence for g.

Now we will give the characterization of the spectrum of L'. We will say that a real se-
quence {A,},>0 € & if there exists L' such that {A,,},>¢ is the spectrum of L'. Denote by J the

set of sequences {w,},>1 such thatw, =0if p(v,)s(v,) =0, and w, = £1if p(v,)s(vy,) #0.

Theorem 4. Let the real numbers {A,} =0 of the form (31) be given. For {A,},>0 € & it is nec-
essary and sufficient that (33) holds, where p(A) is constructed by (32). Moreover, if we addi-
tionally have real numbers {v,},>1 satisfying (34), where {u,},>1 are zeros of s(1) = p(1) -2,
and the sequence {wy,} =1 € J, then there exists a unique real function q(x) € L,(0, ) for which
Antn=0 and {v,}n=1 are the eigenvalues of L' and Ly, respectively, and {w,}n=1 is the sign se-
quence for q.
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