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A NEW SUBCLASS OF MEROMORPHIC FUNCTIONS WITH
POSITIVE AND FIXED SECOND COEFFICIENTS

S. SIVASUBRAMANIAN, N. MAGESH AND MASLINA DARUS

Abstract. In this paper we introduce and study a subclass .#p(a, A, ¢) of meromorphic
univalent functions. We obtain coefficient estimates, extreme points, growth and distor-
tion bounds, radii of meromorphically starlikeness and meromorphically convexity for
the class .#p(a, A, c) by fixing the second coefficient. Further, it is shown that the class
Ap(a,A,c) is closed under convex linear combination.

1. Introduction

Let X denote the class of functions of the form
o0
f@=z"1+) apz" (1.1)
n=1
which are analytic in the punctured open unit disk

U':={z:2z€C,0<|z| <1} =:U\{0}.

Let X, 2*(a) and 2k (@), (0 < a < 1) denote the subclasses of X that are meromorphically
univalent functions , meromorphically starlike functions of order @ and meromophically con-
vex functions of order a respectively. Analytically, f € £* () if and only if, f is of the form (1.1)
and satisfies

zf'(2)
“R
e( 1@

similarly, f € Xk (a), if and only if, f is of the form (1.1) and satisfies

)>a, z€elU,

Zf/l(z)

—R
Ve

1+

)>a, zel,
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and similar other classes of meromorphically univalent functions have been extensively stud-
ied by Altintas et al. [1], Aouf [2, 3], Ganigi and Uralegaddi [6], Kulkarni and Joshi [9], Mo-
gra et al. [11], Uralegadi [12], Uralegaddi and Ganigi [13] and Uralegaddi and Somanatha [14]
and others.

Let Zp be the class of functions of the form
o0
f@=z""+Y ayz", a,=0, (1.2)
n=1
that are analytic and univalent in U*. For functions f € X given by (1.1) and g € X given by
o0
g@)=z""+) bz", (1.3)
n=1
we define the Hadamard product (or convolution) of f(z) and g(z) by
oo
(f*g)@:=z"+) anbyz"=:(g* f)(2. (1.4)
n=1
Now, in the following definition, we define a subclass .#p(a, 1) for functions in the class Zp.

Definition 1.1. ForO<a <1land0< A <1, let 4 (a, 1) denote a subclass of Z consisting of

functions of the form (1.1) satisfying the condition that

zf'(2)

A-Df@+izfim)” @ 2P (1.5)

Furthermore, we say that a function f € .#p(a, 1), whenever f(z) is of the form (1.2). For
the class .#p(a, 1), the following characterization was given by Kavitha et al., [8].

Theorem 1.1. Let f € Xp be given by (1.2). Then f € 4p(a, ) if and only if

Y In+ta-adl+n)]a,<1-a). (1.6)

n=1

For a function defined by (1.2) and in the class .#p(a, 1), Theorem 1.1, immediately yields

a <& (1.7)
" lraa-20)° '
Hence we may take
a=—3"9¢  o<c< (1.8)
" lraa-210) ' '

Motivated by the works of Aouf and Darwish [4], Aouf and Joshi [5], Ghanim and Darus
[7], Magesh et al. [10] and Uralegaddi [12], we now introduce the following class of functions

and use the similar techniques to prove our results.
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Let 4p(a, A, c) be the subclass of .#p(a, 1) consisting of functions of the form

U-ae . Y (n+a—ad(l+n)la,z" (1.9)

oLy -ac_
Y a2y &

where0<c< 1.

The main object of this paper is to obtain coefficient estimates, extreme points, growth
and distortion bounds, radii of meromorphically starlikeness and meromorphically convexity
for the class .#p(a, A, ¢) by fixing the second coefficient. Further, it is shown that the class
Mp(a, A, c) is closed under convex linear combination.

2. Main results

In our first theorem, we now find out the coefficient inequality for the class .#p(a, A, ¢).

Theorem 2.1. Let the function f(z) defined by (1.9). Then f € 4p(a, A, c) if and only if,

o0
Y n+a—al(l+m)la, < (1 -a)1-c). 2.1)
n=2
The result is sharp.
Proof. By putting
PR Gl o S 2.2)
" ltraa-21) ’ '

in (1.6), the result is easily derived. The result is sharp for the function

f(z):l+ 1-a)c 1-a)1-0¢)

"o, 2.
2 Tratd-on  hra-ara+m” = @3)

Corollary 2.2. Ifthe function f defined by (1.9) is in the class 4(p(a, A, c), then

(1-a)1-c)
(n+a—al(l+n)]

(2.4)

an <
The result is sharp for the function f(z) given by (2.3).

Next we obtain growth and distortion properties for the class .#p(a, A, ¢).

Theorem 2.3. If the function f(z) defined by (1.9) is in the class #p(a, A, c) for0<|z| =r <1,
then we have

1 (1-a)c _(0-od-0) 2

F l+ad-20)  2+a(-3M)

<|f(2)l
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(I-a)c I-a)1-¢) ,
+ r+
l1+a(l-21) 2+a(l1-34)

1
< —
r

The result is sharp for the function f(z) given by

1-a)c . (l—oc)(l—c)z2
l1+a(1-21)" 2+a(1-31)

1
f(Z)—;‘i'

Proof. Since f € .4p(a, A, c), Theorem 2.1 yields,

1-a)(I-c) 2.5)
"Tn+ta-add+n)’ '
Thus, for0< |z|=r<1
1 1-a)c sy "
S —+——z|+
f@l=s ot i@ n;anIZI
1 (1-a)c 5 o 1 (1-a)c l1-a)1-c¢) ,
S—+———71+T Zans—+ r r
r l+a(l-27) =2 r l+a(l-2A2) 2+a(l-31)
and ) d—a) -
—a)c
- _ n
LR R Sy n;zanIZI
1 (1-a)c 5 o 1 (1-a)c l1-a)1-c¢) ,
=————————r-1°) apz—- r— r
r l+a(l-2A7) =5 r l+a(l-2A2) 2+a(l-31)
Thus the proof of the theorem is complete. O

Theorem 2.4. If the function f(z) defined by (1.9) is in the class #p(a, A, c) for0<|z| =1 <1,
then we have

1 (d-we¢ (d-a(-c ,
2 Tvd-a 2+aa-3n - @I
si+ (1-a)c +(1—a)(1—c)r.
r2 1+a(l1-21) 2+a(l1-31)

The result is sharp for the function f(z) given by

(1-a)c I-a)1-0) ,
zZ+ z
1+a(l-2A) 2+a(l-3A)

1
f(Z)—;‘i'

Proof. In view of Theorem 2.1, it follows that

2n(l—-a)(1—-c)
na,< , n=
[n+a—all+n)]

(2.6)

Thus, for 0 < |z| = r <1 and making use of (2.6), we obtain

(1-a)c X _
+Y naylzl"!, lzl=r

|f (Z)l = m n=2

z2
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1 1-a)c &
< ﬁ+—1+(1—a) +rn;2nan

1 (1-a)c l1-a)(1-0)
< r

T2 1+a(1-21) 2+a(1-3A)

and ) a | -
/ I D S n-1 _
TG b Ry n;znanIZI , lzl=r
1 1-a)c )

> __ -

" lrd-w rn;"a”

>i_ (1-a)c _(l—a)(l—c)r

T2 1+a(l-21) 2+a(1-31)
Hence the result follows. O

Next, we shall show that the class .#p(a, A, ¢) is closed under convex linear combination.

Theorem 2.5. If

1 (1-a)c
=4y " 2.
e = aa—an” &7
and 1 (1-a) 1-a)1-c¢)
-a)c S -a)(1-c .
In(@) =2+ 1+a(1—2)t)z+,;2 n+a—ari+m - "E* (2.8)
Then f € Mp(a, ], c) if and only if it can expressed in the form
f@ =) tnfa2) 2.9)
n=2

o0
wherey,=0and Y. pu,<1.
n=2

Proof. From (2.7)(2.8)(2.9), we have

(1-a)c . o (1-a)d-0u, 2
l+a(l-20)" Sn+ta-al(d+n)]

sy 1
f@ =) pnfale)=—+
n=2 <

Since

°Z°: 1-a)A-cun [n+a—-all+n)]
= n+a-all+n)] Q1-a)1-0)

oo
= Z Up=1-p1 =1
n=2
it follows from Theorem 1.1 that the function f € .#p(a, A, c). Conversely, suppose that f €

Mp(a, A, c). Since
I-a)(1-0c)

"TIn+ta-arll+n)]’
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Setting
B [n+a—a)t(1+n)]a
S TR TR
and
oo
pr=1-3) fin
n=2
It follows that o
f@ =) pnfal2).
n=2
Hence the proof complete. O

Theorem 2.6. The class #p(a,A,c) is closed under linear combination.

Proof. Suppose that the function f be given by (1.9), and let the function g be given by

l1-a)c °°
( ) z+ ) |bylz", n=2.

1
8@ = i T L,

Assuming that f and g are in the class .#p(a, A, ¢), it is enough to prove that the function H
defined by
h(z)=pf(a)+(1—-pglz), 0sA<l1
is also in the class .#p(a, A, ¢). Since
(1-a)c

1 oo
= — - 1_ n’
h(z) z+1+a(1—2;t)z+n§:2'“””+( Wbhylz

we observe that

Y In+ta-ad(l+mllap+Q-whyl<1-a)(1-0),
n=2

with the aid of Theorem 2.1. Thus h € 4p(a, A, c). O

Next we determine the radii of meromophically starlikeness of order 6 and meromophi-
cally convexity of order ¢ for functions in the class .#p(a, 1, ¢).

Theorem 2.7. Let the function f(z) defined by (1.9) be in the class #p(a, A, ¢), then we have
(i) f is meromophically starlike of order 6(0 < 6 < 1) in the disk |z| < ri(a,A,c,0) where
ri(a, A, c,0) is the largest value for which

(3—5)(1—(x)cr2+ n+2-0)1-a)(1-c) P (1-6) i 2.
1+a(l-27) (n+a—alA(l+n)]

(i) f is meromophically convex of order 6(0 < 6 < 1) in the disk |z| < r2(a, A, c,6) where
ro(a, A, ¢,0) is the largest value for which

(3—5)(1—05)cr2+ nn+2-96)1-a)(l-c)

n+1_ 1— , >2.
1+a(l-21) n+a—alA(l+n)] d =(1-0) nz



MEROMORPHICALLY STARLIKE FUNCTIONS 277

Each of these results is sharp for the function f,(z) given by (2.3).

Proof. Tt is enough to highlight that

2f @) +1{<1-9, |zl<n.
f(2)
Thus, we have
-1, _(-a = 1, (- B
of @ —+ 1+a(1”‘_gmz+n§2nanz”+ ~+ 1+a(1”‘_§mz+n§20nzn
@ Y " = — = (2.10)
1 (1-a)
z 7t 1+a(1a—§;uz+n§2 anz"
Hence (2.10) holds true if
A-ac 5 ¢ n+1
L i +1
T+a(-21)" ,;2(" Jant
1-a)c 5
<1-6)|1-——r?— nHL 2.11
=0’ ,;za”r @10
or,
B-0l-ac , X
- 4 +2-8a,r"<1-6 2.12
vz n;z(n Japr™T = (1-0) (2.12)
and it follows that from (2.1), we may take
I-a)(1-0)
< s >2, 2.13
MEra—ara+m " (2.13)
where p1,, =0 and % Un <1
n=2
For each fixed r, we choose the positive integer ny = ny(ry) for which
(n+2-90) i1
(n+a-all+n) ’
is maximal. Then it follows that
s 2-0)1- 1-
Y (n+2-8)a,r"™ < (g +2-0)1~ )1 =)y, 2.14)
= (ng+a—al(l+ng)l
Then f is starlike of order 6 in 0 < |z| < r1(a, A, ¢,8) provided that
3-6)(1 - 2-0)(1 - 1-
B-d)d-ajc , (Mo+2-0)0-a)A=0) ns1_q_g) 2.15)
l1+a(l1-2A) (ng+a—al(l+ng)l
We find the value ry = ry(k, ¢, 8, n) and the corresponding integer ny(rg) so that
B-0)1-a)c , (Mp+2-6)1-a)1l-c) 0t (1), 2.16)

r
l+a1-21) ° [mp+a-aA(l+ng)] °

It is the value for which the function f(z) is starlike in 0 < |z| < ry.

(ii) In a similar manner, we can prove our result providing the radius of meromorphically

convexity of order 6 (0 < 6 < 1) for functions in the class .#p(a, A, c), so we skip the proof of
(ii). O
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