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ESTIMATION OF DERIVATIVES FOR REGULAR POSITIVE
REAL PART FUNCTIONS

WENFA YUAN!, DONGLI CHEN! AND HUIGUANG KANG?

Abstract. In this paper, we mainly discuss the problem of estimating the nth derivative of
regular positive real part functions: g(z) = co+c1z++--+cp2z™ +- -+, which is regular in |z| < 1
and Re g(z) > 0. With the principle of inductive method and the characters of regular positive
real part functions, the estimation of the nth derivative for the function g(z) is presented. The

derivative estimation for positive functions with real part has been solved completely.

1. Introduction
Consider the following family of the function:
B={¢(z)|w(z) =ct+crz+-+ecuz" +---, and |p(2)| < 1}.

It is well known that ()2
1— (2
/
< —7.
¢ ) < 25
Also Pan and Liao ([3]) has obtained the derivative estimation for the family B of the
functions, i.e.. Let p(2) =co+c1z+ -+ 2™+« be regular in |z] < 1 and |p(z) < 1,

then 21+ )
" (2)] < m(l — e (2)]?).

And at the same time they gave the following estimation of first and second derivatives
of regular function with positive real part:
2Re g(z)
"(2)| €« ——= 1
7 ()< T (1)

_ A0+ z])

9" (2)] = WRGQ(Z)- (2)
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We have to point out that there is an error in the Pan and Liao’s ([3]) 3rd derivative
estimation and Yuan ([5]) got the universal formula for (n'") derivative of regularly
bounded functions. This paper is to investigate the derivative estimation for regular
function with positive real part further to obtain its estimation, and consequently the
special estimation for derivative is generalized to usual one.

2. Main Result

Theorem. Let g(z) = ap+a1z+---+anz"+- - be reqular in |z| < 1 and Re g(z) > 0,

then we have .
2n! Z I(n,m)|z|™

) (2 m=0 eg(z
19" (2)] < DR Reg(z), (3)
where
I(n,0)=1, I(n,1)=n—1, I(n,m) Z<nﬁi1> (n—Fk,m—k),
k=1

m<n—-—1 m=12...,n—1.

Some Lemma was given before we complete the proof of Theorem.

Lemma 1.([1]) Let ¢(2) = co+c1z 4 c22® 4+ -+ + cpz™ + -+ - be requalr in |z| < 1 and

lo(z)| < 1, then we have
5+ 2z >
— n
4 (1 + 25) ngogn(z)s :

PP (2), (n21). (4)

Lemma 2. Let ¢(2) = co + c12 + oz’ + -+ + 2™ + - -+ be regualr in |z| < 1 and
lo(2)] < 1, then

e (2)(1 = |2*)"
n!

n—1 n— (v) .
<a-l@P+ X (02l a- e B

v=1

Proof. From Lemma 1

o) = (1) = Loutn
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and its general term is given as
PP (2), (n21).

Since coefficients relations of regular functions: |c,| < 1 — |cg|?, we have
20(0)] = nllgn(2)] < nl(1 — | (2));

Combining |g,(2)] <1 — |¢(2)|? and the above form yields

n—1 -1 7 n—'l . . '
1- |<P(Z)|2 > Z ((n)_#éj(l — |z|2)"*ﬂsp(nﬂ)(z)

1= 12P)" e -
> [L=ED )| = [ T - )
Hence
_ 22 n n-1 - . .
L= )| < - ot +ZO |z|] ~ R (2,

and let v = n — j we complete the proof.

Lemma 3. If g(z) = co + c12 + co2® + -+ + cp2™ + -+ be regualr in |2| < 1 and
Reg(z) > 0, then

‘g(”’(Z)(l — 12"

n!

n—1 n— (v) p
SZRGg(Z)—i—Z [(vi)|z|n—v(1_ |Z|2)v|gv7'()| . (6)

v=1

Proof. Consider the function

6 = (

zZ+s
1+ Zs

). (s,
Note that coefficients of expansion for positively real part function
lan| < 2Re{ap},

we reach
|G (0)] < 2n! Reg(z).

From Lemma 1, we get

=Y L —
GM0)=3 ((n)#?(l = 2" g2, (02 1),

= (=)
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i %ﬂ(l — 2" g ()| < 2nlReg(z), (n21).

By Lemma 2, triangle inequality and let v = n—j, then we obtain the following inequality

< 2Reg(z) + nzj KZ_ D 2" (1 — |z|2)”|9(”;# :

‘g(”)(Z)(l — 2"
n!

and this completes the proof.

Now let’s prove the Theorem by the principle of inductive method.
Let n =1, we have I(1,0) = 1, and hence

2Reg(z)

!
< I
()< T

that is, the Theorem holds.
Let n =2 and we get 1(2,1) = (3)1(1,0) =1,1(2,0) =1 and

o) < 2 Reg (o)

i.e., the Theorem holds.
Suppose Theorem holds in case n = k, equivalently,

R (, 2-EklReg(z)

Next we prove the Theorem in case n = k + 1. Begin with the n*® derivative of

6 =3 (%),

and let s = 0 and note Lemma 3, we arrive at

‘g(’““)(Z)(l — |2+

: w)(,
(k+1)! <2Reg(z) + ) [(Ufl)IZI’“’“(l pr ®

Now substituting (7) into (8) yields,

o)1 — [£f?)r
‘ (k+1)!

k
§2Reg(z)+z2 l<vf1)|z|kv+1 I(k,m)|z|™
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=2Reg(z) 41+ 1)|z|k_”'|r1 [I(kz,O)+I(k;,1)|z|+---+[(k:,k—1)|z|k_1]}

=2Reg(z {1 Izl + kal)l(k,mr <kﬁ1)l(k—1,k—2)} 2|2 +
( 1)1 (k k—1)+ (kk2)l(k:—1,k—2)+...+ (T)I(Z,l)—f—(ﬁ)[(l,o)]|Z|k}

[k
2 1(kv)l(kz—v+1,2—v)] |2|?

=2Reg(z)q 1+ k|z| +

3

Z(k ) E—v4+1,3—v)||z)®+

v=1

(k "k

> (k ) F—o+1s—0)| |4+ ;(k_v>f<kv+1,kv>] |z|k}

k
=2Rey(z Z I(k,m)|z|™, ie.
m=0

2(k+1)!Reg(z k m
o) < 2L S 0k Ll
m=0

Thus the proof is completed and we point out that the derivative estimation for
positive functions with real part has been solved completely.
For an extremal function in the function class we will present our future presentation.
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