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SOME NEW PROOFS OF THE SUM FORMULA AND
RESTRICTED SUM FORMULA

C.Y. CHANG

Abstract. The sum formula is a basic identify of multiple zeta values that expresses a
Riemann-zeta value as a homogeneous sum of multiple zeta values of given depth and
weight. This formula was already known to Euler in the depth two case. Conjectured in
the early 1990s, for higher depth and then proved by Granville and Zagier independently.
Restricted sum formula was given in Eie [2]. In this paper, we present some new proofs
of those formulas.

1. Introduction

Multiple zeta values are special values of the multi-variable analytic function

1

((51,82,..,80) = o

S1..52
Ism<np<-<ng My Ny "o 1

at positive integers s; = 1, sy =2, 1 < i < k, the number k and the number |s| = §1+ s + -+ + 5i
is called the depth and the weight of {(sy, s2,..., S»), respectively. The most well-known sum
formula
Yo Ls1, 82 Sk+ D) =0(n+1)
s,-ilz,nw
suggesting intriguing connection between Riemann Zeta values and the multiple zeta values.

This formula was first obtained by Euler where k = 2, known as Euler’s sum formula
n-1
Y Cn—i,0)=¢(n).
i=2

It's general form was conjectured by M. Schmidt [7] and C. Moen [6] around 1994. A Granville
[4] proved the general case in 1997.

For the convenience, we denote {1} as k repetitions of 1. The sum formula gives { ({1}"~!,2) =
{(n+1). In general we have the Drinfeld duality ¢ ({1}, n+1) = {({1}*"!, m+1). In this paper,
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we also consider the more general form

Y, (U 51,8200, 856+ 1)
522, Vi
|sl=m

known as the restricted sum formula and give another proof of the restricted sum formula

Y (UL sy s sk+ D)= ) L0, oy B + (M= k) +1)

si=1, Yi si=1, Yi
|sl=m |tl=n+k

where m, k are position integers with, m = k and n is non-negative integer. The restricted

sum formula was originally due to M. Eie [2].

2. The double integral representation of a sum

Drinfeld integrals give a multiple zeta values an integral representation. For example

m+1 dtj m+n+1 dtk

(1" n+1) =f [1—

0<h<ty<-<lmins1<l j=1 e I P

In general we have as in [3]

((aO»alyn-»ak"-l):/ QIQZ'”Q|CX|+1
0<h1<tr<-<fja+1
where

dty

T—¢ k=lLay+1l,ap+a1+1,...,ap+a1+--+ap_1+1,

Q= dtkk
— otherwise.
19

For example we have

dty dt, dtz dty dts dtgdrt
{(2,2,3)=f Lo T T o T
O<ti<tr<<t;<l 1—101 To 1—1t3 tg 1—15 t5 I

Now, fix 11, tag+1,--+» Lag+a,+-+a;_,+1 and fjq+1 and integrate with respect to the remainning

variables, we obtain that

el ody 1 (fj+1)af—1—1 dis

C(ao,al,...,akﬂ):f
lj

0<t1<tr<---<tp42<l j=1 i— tj (ij—l - ! T2

Denote aj—1 = f;, 0 < j < k, and consider all the nonnegative integers S, f1,..., Bx with

|B| = m, we have

1 t 1 t; t: L
—(log IZZ)m = —(log—2 +logt—z+---+log tZJrj)m
+

m! m! A
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:|é§;1Eggi%:ffﬂi(IOg;%)ﬁTIOgég)ﬁl”'(logiiij)ﬁﬁ

Hence we get

Z {(ag,a1,...,a+1) :—f (log k+2) l_[ [ Zke2
0<h<lh<-<fps2<l1 tl

|al=mtk+1 m! j=1 1t T2

Now fixed 13, t.o, Write it as #;, f», and integrate with respect to the remainning variables we

obtain the following theorem.

Theorem 1. Let m, k be non-negative integers. Then

1 1-1\k(,  tpym dn, dt
> ((ao,al,...,ak+1):?f (log 1) (log—z) 1 Aty
lal=m+k+1 mik! Jo<n<n<1 1-6 n'! 1-1 6

Based on the above theorem, we are able to prove the sum formula via changes of variables in

the integral.

First proof of the sum formula :

Let
x=lo =lo B
= gl—t1 y= gtl
we have it di . .
5] 2 -0
dxdy= —, lo =lo ,
Y 1-11 & gl—tg gex+ey—ex+y

and

1-1\k bym dt; dt f 1 k
1 log —= — = "™log ————| dxd
fo<tl<r2<1(og1—l‘2) (ngl) 1-n & Dy (Ogex+€y—ex+J’) ey

where D={(x,)) | x>0,y>0,e" + e’ > "V},

On the other hand, also consider the transformation
x—y, y— X

Then by the symmetry of D, we get

ml—l kdd— ml—1 kdd
ny (Ogex+ey—ex+y) o y—/Dx (Ogex+ey—ex+J’) xay

1 m 1-\k dfy db
:/ (log ) (log ) —.
0<f<tr<1 I-n I-17 1-4 B

But we already know that

m+k+1 dtj Atpmsirr

{13k 2) =f

0<f<ty<-<fpp<l  j=] I1—tj tmik+2
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-tk dty d
:ﬁfmﬂz(l(1og1_1t1)M(1ogl tl) nodt

1-6) 1-H b ’
So we get
Y @@, ap+ D) =0, 2) = (m+ k+2)
la|l=m+k+1
by Drinfeld duality theorem. O

3. Euler sums with two branches

Euler sums with two branches was introduced in Eie [2]. For a pair of integers p,q = 0,
and positive integers n = 2. We let

ko=1 ngk:klkz"'qul:lllz---lq'

where (k(),kl,...,kq)€Nq+1,With ko =k 2"'2kq2 1 and(ll,...,lp)eN’”,with ko>1>1,>
sl

On the other hand we also have

1

Eup@)= ). —
keNpP+LueN9 0102 "'O'po'm_lTlTZ'”Tq(Tq +Up+1)

whereoj=ky+ko+-+kj, Ty =up +--+u.

So that we have the following Drinfeld integral representation:

p+1 dt; n+p-1 dt q du dt

J k A p+n
= [ T]=0 [] T[],
D21 L= popra Tk p=1 LU Tpun

where D is a region of RP*9*" defined by

O<h<tr<-<tpsn<l, O<uyy<uz<--<ug<tpinph

Now fix Ip+1, p+n> @S 11, Iz, and integrate with respect to the remainning variables, we get

1 1 \» 1 \q L\n-2 dt; dt,
E,(p,g) =—m— 1 I log = —=.
n(P @) p!q!(n—z)!fo«lqzd(ogl—tl) (Ogl—tz) 1og tl) -1 &

Now from the double integral representation for a sum and E; (p, q), we get

Y. (lag,anaz,...,ap)= Y (“DPEpsa(p,q).
|al=m+k+1 p+q=k

We need the following decomposition theorem for E,,+2(p, q).
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Theorem 2. For nonnegative integers m, p, q, we have

p+q+1 r—1
Epi2(p,q) = Z Z {(ay,...,ar+m+1).

r:p+] |a|:p+q+1

We begin with the integral representation.

Proof.

Em+2(p,q) = (log )p(logl_;tz)q(logi—j)mlcitltl dt_zz

p'q!m! /0<t1<t2<1 l1-n

q - —
(IOg l—ltz)q B l;)(z)(log l—ltl)q b(log i - Z)b’

Express

the resulting integral represents the sum of multiple zeta value

I [p+qg-b
> (p 7 ) Y Ut ag,ay,..ap + D).
b=0 p lal=b+m+1

Now let u; =1— 1, up = 1— 1, the integral is transformed into

o) (o)

9 1

)3

_— lo
b=0 p!LI!(q—b)!m! [)<u1<u2<1 ( g

I (p+q-b
:Z(p q ) Z {(ag,a1,...,am+p+qg—Db+1).
b=0 p la|l=b+m+1

1-—
1-—

In the final, we apply Ohno’s generalization of duality theorem and sum formula with
k={1"p+q-b+2), kK={1"""" m+2).

We reduce the above sum formula to

p+q+1 r—1
Y Y. {lando,...,ar+m+1).
r=p+1\ P Jlal=p+q+1
New let

Se= Y, lan,...ar+m+1), t=12,...,r+1l

lal=r+1

we get the following from the decomposition theorem

E;nu4200,1) ZSr+1+Sr+"'+Sg+Sz+Sl

Epeo(L,r =) =rS,1+(r=1DS, +---+283+ s,
r—1

r
Enm+2@2,r=2) = (2)5r+1 +(
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Epns2(r,0) = Sp41.

Sowe get Y (—1)PEni2(p,q) =S1 = {(m+r+2). This gives a second proof of the sum
p+q=r
formula. O

4. The restricted sum formula

The restricted sum can be expressed as an double integral:

Y, (UnP,apan,...,aq+1)

lal=q+r+1
1 1 p 1-1t1\q y\r dty dt
Sl W (R e (s e
piq.r: Jo<t<n<l 1-1 1-1 n’1-6 b

Make the change of variables:

x=1lo
gl—tl 5]

the above integral is transformed into

1 1 q
Pyr ——  —
plq'r! /sz Y (ex+ey—ex+y) dxdy.

Change coordinate again x = log i:—;‘;, y=log uiz

We get the following integral representation for the restricted sum:

_ duy d
) 2 )

which is

Y. {(co,CryennsCptr+1).
|cl=p+g+1

Therefore, the restricted sum formula is proved. In the following, we given another proof of

the same formula. From the double integral formula for both

Z (({l}p)aO)a]»-uyaq"'l)

|lal=g+r+1

and E.,(p, q) we get

I (p+b
Z (({l}p) aop, a]»-uyaq + 1) = Z (pb )(_1)bEl‘+2(p+ b»q_ b)~
lal=g+r+1 b=0
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Substitute the decomposition of E,2(p + b, g — b) as

p-li+1 g—l
p+b

Sg,withSg= Y {(ay,...,ag+r+1)

g=p+b+1 lal=p+q+1
into the identity
Y. W agan,..,ag+1)=) p |GV Erz(p+b,q=b).
lal=g+r+1 b=0
We get

q b p+q+1 ~1
Y (({1}n,a0,...,ap+1)zz(r); )(_Db 5 (g )Sg.

lal=g+r+1 b=0 g=p+b+1 p+ b

Exchange the order of summation, we get

pta+l (o4 g P llo_p_1
g=p+1 p b=0 b

Again, the inner sum is zero unless g — p — 1 = 0. Therefore the total sumis Sj,1 or

2 (leco,cryennycptr+1).
lcl=p+qg+1
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