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OSTROWSKI TYPE INEQUALITIES FOR CONVEX FUNCTIONS

M. EMIN OZDEMIR, HAVVA KAVURMACI AND MERVE AVCI

Abstract. In this paper, we obtain Ostrowski type inequalities for convex functions.

1. Introduction

A function f: I — Ris said to be convex function on I if the inequality
flax+Q-a)y)<af@+1-a) f(y)

holds forall x,y € I and a € [0,1].
Let f: I < [0,00) — R be a differentiable mapping on I°, the interior of the interval I, such
that f’ € L[a, b] where a,b € I with a < b.If | f’| = M, then the following inequality holds (See

(11
M

1 b (x—a)®+ (b-x)?
f(x)—mfa fwdu 5

This inequality is well known in the literature as the Ostrowski inequality. For some results

=

(1.1

which generalize, improve and extend the inequality (1.1) see [1]-[14].

2. Inequalities for Convex Functions
We use the following Lemma to obtain our main results.

Lemma 1. Let I c R be an open interval and f : I ¢ R — R be a differentiable function on I°
wherea,be 1 witha<b. If f' € Li[a, b] for A€ [0,1] and x € [a, b], the following equality holds

bi afbf(u)du— (b-x)[1-1) f(x) +ﬂf(b);-_|— ;x— a) 1= f)+Af(a)]

1
=(b- a)f h(t,A) f'(ta+(1-)b)dt
0
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where

Proof. We note that

1
K:f h(t,A)f' (ta+ (1 -1)b)drt
0

[

Integrating by parts we have

b—x
-2
(b—a)

[t—1+)L(

f'(ta+Q - t)b)dt+f

b-a

[r—1+ﬂt( )]f(m+(1—t)b)dt

f(ta+(1—-1)b)
a—-b 0 0 a-b
) fta+Q-0b)|' f(ta+(1—t)b)
b a a—b z—; zx a— b
1 b=x) A=) fxX)+Af(b)]+( A=) f(x)+Af(a)
- [ - 27RO A O] 0 [0 0 f 0 A ]
(b—a) (b-a)®

P = baf(ta+(1—t)b) s

If we multiply the resulting equality with (b — a), we complete the proof. a

Theorem 1. Let I < R be an open interval and f : I c R — R be a differentiable function where
a,bel witha<b. If|f’|q is convex function for A € [0,1], x € [a, b] and q € [1,00), then the
following inequality holds:

‘ fbf( )du_(b—x)[(l—)L)f(x)+/1f(b)]+(x—a)[(1_,1)f(x)+/1f(a)]
b=ala b-a

<(b—a)((212_721+1))@{ 2A3—3A+2)(b_x)2q+1
i 2 6 b—

([6,12—6/1+3] ~[2A3-31+2] (ﬁ)) (b_x)Zq

|f'@]?

+
6 b-

. =" @l

+(2)L3—63)L+2)(b ) }

Proof. Suppose that g = 1. From Lemma 1 and using the properties of modulus, we have

+[([6/12—6/1+3]—[2/13—3/1+2](ﬁ))(x a

fbf(u)du— (b-x [(I_Mf(x)hlf(b)l]:(ax_“) (1= f(x)+Af(a)]



OSTROWSKI TYPE INEQUALITIES FOR CONVEX FUNCTIONS 337

b-x

b-a
s(b—a){f
0

1

+f7

b-a

r— )L( )’|f(ta+(1—t)b)|dt

t—1+/1( )'|f(ta+(1—t)b)|dt}

Since | f’ | is convex function on [a, b], we can write
|f'(ta+ 1 -0b)| < t|f @]+ -0]|f D).

Hence,

—fbf(u)du— (b= [“‘Mf(x)”f(b)[]:;x—a) [(1—/1)f(x)+/1f(a)]‘

b—x

b—
b-a
s(b—a){f
1
+f7

b-a

t— /1( )‘[t‘f(a)|+(1—t)|f(b)|

- 1+)L(b P

)|[t|f’(a)|+(1—t)|f’(b)|]dt}
b_x b 1
= (b- a){|f(a)| f r- A(b—a) tdt+beZ
= 1
f r— /1( )’(1—t)dt+f
0 b-x
To complete the proof for this case we used the fact that

b-a
b—x
t—A7A
(b a)

t—1+)t(z:2)|tdt]

+|f'(b)|

r—-1+A1 (1-ndt (2.1)
(o) a-nar |

b—x

fﬂ
0

1
fﬂ

—a

d_

(2/13—3)L+2)(b—x)3
b-al’

r—1+

(647 =61+3] = [2A° =31 +2] (§=5) ) (x—ay2
; I

b-x

fOTa - )L(Z l—t)dt—( “moA+3]- [2&3—3,“2](%))([)_2)2 (2.4)
|

6
1
J..
b-a

in (2.1).

and

(l—t)dt—

2/13—3)L+2) )s
b a

t—1+/1(z

Now, suppose that g > 1. From Lemma 1, using Holder inequality and convexity of | f’ |q

’

we have

fbf(u)du_ (b—-x)[(1-1) f(x) +)Lf(b)l]74_r (ax— @) [(1-1) fx) + Af (@)
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< (b-a) fb_j t—ﬂ(b_x)qu t—/l(u) |f(ta+(1—t)b)|dt
0 b-a b
! X—a ”77_1 X %
+f2‘f, t—1+;t(b_ ) t—1+;t(b—) |f'(ta+(1-0b)|dt

IA
=
|
2
—_—
—_——
Ss—

t—A(b—)Mf (m+(1—t)b)|‘7dt)

+ f; £ 1+)L( )|dt)
x ﬁlx t—1+ﬂl(%)||f’(ta+(1—t)b)|th);}

b—x qT_l
dt)

=

b—x
b-a
X
0
‘1_‘1
1
+ f
b-x
b-a

x ﬁ|t 1+ (2 |[tf(a)|"+(1 RGO ]dt) }
b-a

a-1
q

IN

1

H(%)‘[flf’<a>|q+<1—t)|f’<b>lq]dt)q

If we use the inequalities in (2.2)-(2.5) and the following two inequalities in the last inequality,
we obtain the required result.

We note that

(2&2—2/1+1)(b—x)2
dt=
2 b—a

:Z)|dt:(uz_22“1)(z:2)2- -

Theorem 2. Let I c R be an open interval and f : I <R — R be a differentiable function where
a,bel witha<b. If|f’|q is convex function for A € [0,1], x € [a, b] and q € (1,00), then the
following inequality holds:
b b-x)[1-2 +Af(D)| + (x— 1-1 +A
f f(u)du—( 0 [A-1) f)+Af( );_;x a)[1-2) f(0)+Af(a)]

and

1+)L(z
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Ap+l + (1 —1)’”1 )%

s(b—a)( prl

p+ [ [ b=x 2 x—a\2
N (b x)” (b‘z“) |f’(a)|q+(%—@)|f’(b)|q

b—a 2

# (1)

xX—a 1 a. (x—a)Z !
+(b a) 2 |f(a)|

Ol

Proof. From Lemma 1, using the properties of modulus and Hélder inequality, we have

1 b-x)A-AD)fRO+AfD)|+x—a)|[1-A) fx)+Af(a)
f fwdu- [ ! ! ] [ ! ! ] (2.6)
b—a b—a
b:; % b-x -
s(b—a){(fb —A(Z x) dt) (f |f(ta+(1—t)b)|th)
0 _
1 1 1
+(/ t—1+ﬂt( )| dt) (/ dt) .
= =t
Since |f'|? is convex function we can write
% , q (Z_) qa., (ﬁ)z / q
fo |f'ta+Q-0b)|"dt < ——|f (@|"+ 5 |f' (D] 2.7
and
b- x—a 2
1 b-a
ﬁ_ -0b)|"dt = 5—( ) |f @]+ ( (2.8)
b—
By a simple calculation, we also have
box _ p p+1 _\p+l _ o ptl
f t—)t(b x) dt:(/l +(1-1) )(b x) 2.9)
0 b-—a p+1 b-—a
and 1 APHLL (1= )P (x—a\p+!
f |t 1+/1 —' dt _( )( ) . 2.10)
bex p+1 b—a
By using the inequalities in (2.7)-(2.10) in the inequality (2.6), we obtained the required
result. O
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