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THE UNIFIED RIEMANN-LIOUVILLE FRACTIONAL

DERIVATIVE FORMULAE

R. C. SONI AND DEEPIKA SINGH

Abstract. In this paper, we obtain two unified fractional derivative formulae. The first involves

the product of two general class of polynomials and the multivariable H-function. The second

fractional derivative formula also involves the product of two general class of polynomials and

the multivariable H-function and has been obtained by the application of the first fractional

derivative formula twice and it has two independent variables instead of one. The polynomials

and the functions involved in both the fractional derivative formulae as well as their arguments

are quite general in nature and so our findings provide interesting unifications and extensions of a

number of (known and new) results. For the sake of illustration, we point out that the fractional

derivative formulae recently obtained by Srivastava, Chandel and Vishwakarma [11], Srivastava

and Goyal [12], Gupta, Agrawal and Soni [4], Gupta and Agrawal [3] follow as particular cases of

our findings. In the end, we record a new fractional derivative formula involving the product of

the Konhauser biorthogonal polynomials, the Jacobi polynomials and the product of r different

modified Bessel functions of the second kind as a simple special case of our first formula.

1. Introudction

We shall define the Riemann-Liouville fractional derivative of a function f(x) of order
ν (or, alternatively, - ν th order fractional integral) [12, p.642, Eq.(1.1)] (see also [1, p.181;
8, p.49]) by

aD
ν
x{f(x)} =











1

Γ(−ν)

∫ x

a

(x− t)−ν−1f(t)dt, Re(ν) < 0,

dq

dxq aD
ν−q
x {f(x)}, 0 ≤ Re(ν) < q,

(1)

where q is a positive integer and the integral exists. For simplicity, the special case of
the fractional derivative operator aD

ν
x when a = 0 will be written as Dν

x. Thus we have

Dν
x ≡ 0D

ν
x (2)

Also, Sm
n [x] occurring in the sequel denotes the general class of polynomials introduced

by Srivastava [9, p.1, Eq.(1)]

Sm
n [x] =

[n/m]
∑

k=0

(−n)mk

k!
An,kx

k, n = 0, 1, 2, . . . , (3)
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where m is an arbitrary positive integer and the coefficients An,k(n, k ≥ 0) are arbitrary
constants, real or complex. On suitably specializing the coefficients An,k, Sm

n [x] yields
a number of known polynomials as its special cases. These include, among others, the
Hermite polynomials, the Jacobi polynomials, the Laguerre polynomials, the Bessel poly-
nomials, the Gould-Hopper polynomials, the Brafman polynomials and several others [16,
pp.158-161].

The H-function of r complex variables z1, . . . , zr was introduced by Srivastava and
Panda [15]. We shall define and represent it in the following form [13, p.251, Eq.(C.1)]

H [z1, . . . , zr]

= H0,N :M ′,N ′;···;M(r),N(r)

P,Q:P ′,Q′;···;P (r),Q(r)







z1
...
zr

∣

∣

∣

∣

∣

∣

(aj ;α
′
j , . . . , α

(r)
j )1,P : (c′j , γ

′
j)1,P ′ ; · · · ; (c(r)

j , γ
(r)
j )1,P (r)

(bj ;β
′
j , . . . , β

(r)
j )1,Q : (d′j , δ

′
j)1,Q′ ; · · · ; (d(r)

j , δ
(r)
j )1,Q(r)







=
1

(2πω)r

∫

L1

· · ·
∫

Lr

φ1(ξ1) · · ·φr(ξr)ψ(ξ1, . . . , ξr)z
ξ1

1 · · · zξr
r dξ1 · · · dξr (4)

where w =
√
−1,

φi(ξi) =

M(i)
∏

j=1

Γ(d
(i)
j − δ

(i)
j ξi)

N(i)
∏

j=1

Γ(1 − c
(i)
j + γ

(i)
j ξi)

Q(i)

∏

j=M(i)+1

Γ(1 − d
(i)
j + δ

(i)
j ξi)

P (i)
∏

j=N(i)+1

Γ(c
(i)
j − γ

(i)
j ξi)

∀i ∈ {1, . . . , r} (5)

ψ(ξ1, . . . , ξr) =

N
∏

j=1

Γ

(

1 − aj +

r
∑

i=1

α
(i)
j ξi

)

P
∏

j=N+1

Γ

(

aj −
r
∑

i=1

α
(i)
j ξi

)

Q
∏

j=1

Γ

(

1 − bj +
r
∑

i=1

β
(i)
j ξi

)
(6)

The nature of contours L1, . . . , Lr in (4), the various special cases and other details
of the above function can be found in the book referred to above. It may be remarked
here that all the Greek letters occurring in the left-hand side of (4) are assumed to be
positive real numbers for standardization purposes; the definition of this function will,
however, be meaningful even if some of these quantities are zero. Again, it is assumed
that the various multivariable H-functions occurring in the paper always satisfy their
apropriate conditions of convergence [13, pp.252-253, Eqs.(C.4-C.6)].

2. Main Results

Fractional derivative formula 1

Dν
x{xρ(xt1 + α1)

σ(xt2 + α2)
µSm

n [exu(xt1 + α1)
v(xt2 + α2)

w]



THE UNIFIED RIEMANN-LIOUVILLE FRACTIONAL DERIVATIVE FORMULAE 233

Sm′

n′ [e′xu′

(xt1 + α1)
v′

(xt2 + α2)
w′

]

H [z1x
u1(xt1 + α1)

−v1(xt2 + α2)
−w1 , . . . , zrx

ur (xt1 + α1)
−vr (xt2 + α2)

−wr ]}

= ασ
1α

µ
2x

ρ−ν
∞
∑

l1,l2=0

[n/m]
∑

k=0

[n′/m′]
∑

k′=0

(−n)mk(−n′)m′k′

k!k′!l1!l2!

An,kA
′
n′,k′eke′k

′

αvk+v′k′

1 αwk+w′k′

2 xuk+u′k′

(

−x
t1

α1

)l1 (

−x
t2

α2

)l2

H0,N+3:M ′,N ′;···;M(r),N(r)

P+3,Q+3:P ′,Q′;···;P (r),Q(r)







z1α
−v1
1 α−w1

2 xu1

...
zrα

−vr

1 α−wr

2 xur

∣

∣

∣

∣

∣

∣

∣

(−ρ−uk−u′k′−t1l1−t2l2;u1, . . . , ur),

(ν−ρ−uk−u′k′−t1l1−t2l2;u1, . . . , ur),

(1 + σ + vk + v′k′ − l1; v1, . . . , vr), (1 + µ+ wk + w′k′ − l2;w1, . . . , wr),

(1 + σ + vk + v′k′; v1, . . . , vr), (1 + µ+ wk + w′k′;w1, . . . , wr),

(aj ;α
′
j , . . . , α

(r)
j )1,P : (c′j , γ

′
j)1,P ′ ; · · · ; (c(r)

j , γ
(r)
j )1,P (r)

(bj ;β
′
j , . . . , β

(r)
j )1,Q : (d′j , δ

′
j)1,Q′ ; · · · ; (d(r)

j , δ
(r)
j )1,Q(r)



 (7)

provided that
(i) Re(ν) < 0; the quantities t1, t2, u, v, w, u′, v′, w′, u1, v1, w1, . . . , ur, vr, wr are all

positive (some of them may however decrease to zero provided that the resulting
integral has a meaning); max{| arg(xt1/α1)|, | arg(xt2/α2)|} < π.

(ii) Re(ρ) +
∑r

i=1 ui min1≤j≤M(i) [Re(d
(i)
j /δ

(i)
j )] + 1 > 0.

(iii) The series occurring on the right-hand side of (7) are absolutely convergent.

It may be noted that Srivastava and Hussain [14] have studied the fractional-derivative
formulas without the polynomial products in the interesting paper referred above.

Since the product of an r-variable H-function and an s-variable H-funtion is essen-
tially an (r+s)-variable H-function [5, p.91, Eq.(6)] the FDF 1 is capable of yielding frac-
tional derivative formulae involving product of two or more multivariable H-functions.

Fractional derivative formula 2

Dν
xD

ν′

y {xρyρ′
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)l3 (

−y
t′2

β2

)l4

H0,N+6:M ′,N ′;···;M(r),N(r)

P+6,Q+6:P ′,Q′;···;P (r),Q(r)







z1α
−v1
1 α−w1

2 β
−v′

1
1 β

−w′

1
2 xu1yu′

1

...
zrα

−vr

1 α−wr

2 β
−v′

r

1 β
−w′

r

2 xuryu′

r

∣
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(−ρ−uk−u′k′−t1l1−t2l2;u1, . . . , ur), (1 + σ + vk + v′k′ − l1; v1, . . . , vr),
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′
1, . . . , u

′
r),
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′
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′
r),

(1 + σ′ + ηk + η′k′ − l3; v
′
1, . . . , v

′
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′
1, . . . , w

′
r),

(1 + σ′ + ηk + η′k′; v′1, . . . , v
′
r), (1 + µ′ + ζk + ζ′k′;w′

1, . . . , w
′
r),

(aj ;α
′
j , . . . , α

(r)
j )1,P : (c′j , γ

′
j)1,P ′ ; · · · ; (c(r)

j , γ
(r)
j )1,P (r)

(bj ;β
′
j , . . . , β

(r)
j )1,Q : (d′j , δ

′
j)1,Q′ ; · · · ; (d(r)

j , δ
(r)
j )1,Q(r)

]

(8)

provided that

(i) Re(ν) < 0, Re(ν′) < 0; the quantities t1, t2, t
′
1, t

′
2, u, v, w, λ, η, ζ, u′, v′, w′, λ′, η′,

ζ′, u1, v1, w1, . . . , ur, vrwr, u
′
1, v

′
1, w

′
1, . . . , u

′
r, v

′
r, w

′
r are all positive (some of them

may however decrease to zero provided that the resulting integral has a meaning);

max{|arg(xt1/α1)|, |arg(xt2/α2)|, |arg(yt′1/β1)|, |arg(yt′2/β2)|} < π.

(ii) Re(ρ) +
∑r

i=1 ui min1≤j≤M(i) [Re(d
(i)
j /δ

(i)
j )] + 1 > 0 and

Re(ρ′) +
∑r

i=1 u
′
i min1≤j≤M(i) [Re(d

(i)
j /δ

(i)
j )] + 1 > 0.

(iii) The series occuring on the right-hand side of (8) are absolutely convergent.

Proofs of FDF 1 and FDF 2. To prove the fractional derivative formula (FDF)

1, we first express both the general class of polynomials Sm
n and Sm′

n′ occurring on its

left-hand side in the series form given by (3) and replace the multivariable H-function

occurring therein by its well known Mellin-Barnes contour integral given by (4). Now

making use of the following binomial expansions

(xt1 + α1)
σ = ασ

1

∞
∑

l1=0

(

σ

l1

)(

xt1

α1

)l1

, |xt1/α1| < 1

(xt2 + α2)
µ = αµ

2

∞
∑

l2=0

(

µ

l2

)(

xt2

α2

)l2

, |xt2/α2| < 1
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and using the formula [8, p.67, Eq.(4.4.4)]

Dν
x{xρ} =

Γ(ρ+ 1)

Γ(ρ− ν + 1)
xρ−ν , Re(ρ) > −1. (9)

We easily arrive at the desired formula FDF 1 after a little simplification.

The FDF 2 can be obtained on using the FDF 1 twice, first with respect to the variable
y, and then with respect to the variable x; here x and y are independent variables.

3. Special Cases and Applications

The fractional derivative formulae 1 and 2 established here are unified in nature and
act as key formulae. Thus the general class of polynomials involved in the FDF 1 and 2
reduce to a large number of polynomials listed by Srivastava and Singh [16, pp.158-161],
therefore from the formulae 1 and 2 we can further obtain various fractional derivative
formulae involving a number of simpler polynomials. Again, the multivariableH-function
occurring in these formulae can be suitably specialized to a remarkably wide variety of
useful functions (or product of several such functions) which are expressible in terms of E,
F , G and H-functions of one, two or more variables. For example, if N = P = Q = 0, the
multivariable H-function occurring in the left-hand side of these formulae would reduce
immediately to the product of r different H-functions of Fox [2]; thus the table listing
various special cases of the H-function [7, pp.145-159] can be used to derive from these
fractional derivative formulae a number of othere FDF involving any of these simpler
special functions.

On making suitable specializations in the parameters involved in our polynomials
and the multivariable H-function we get in essence the results obtained by Srivastava,
Chandel and Vishwakarma [11, pp.563-564, Eqs.(2.1) and (2.3)], Srivastava and Goyal
[12, pp.644-645, Eqs.(2.1) and (2.3)], Gupta, Agrawal and Soni [4, pp.71-72, Eq.(2.1)]
and Gupta and Agrawal [3, p.171, Eq.(3.1)].

If in the FDF 1, we reduce the polynomial Sm
n to the Konhauser biorthogonal poly-

nomials [10, p.225, Eq.(3.23); 6, p.304, Eq.(5)] the polynomial Sm′

n′ to the Jacobi polyno-
mials [16, p.159, Eq.(1.6)] and the multivariable H-function to the product of r different
modified Bessel functions of the second king [13, p.18, Eq.(2.6.6)] we arrive at the fol-
lowing new and interesting special case of the FDF 1 after a little simplification

Dν
x

{

xρ+ r
2 (xt1 + α1)

σ(xt2 + α2)
µZα

n (x
1
β ;β)P

(δ,τ)
n′ [1 − 2x]

r
∏

i=1

Kνi
[zix]

}

=2−
2r
3

r
∏

i=1

(zi)
− 1

2ασ
1α

µ
2x

ρ−v
∞
∑

l1,l2=0

n
∑

k=0

n′

∑

k′=0

(−n)k(−n′)k′

k!k′!l1!l2!

Γ(1 + α+ βn)

n!Γ(1 + α+ βk)

(

n′ + δ

n′

)

(δ + τ + n′ + 1)k′

(δ + 1)k′

xk+k′

(

−x
t1

α1

)l1 (

−x
t2

α2

)l2 Γ(l1 − σ)Γ(l2 − µ)

Γ(−σ)Γ(−µ)

H0,1:2,0;···;2,0
1,1:0,2;···;0,2





z1x
...
zrx

∣

∣

∣

∣

∣

(−ρ−k−k′−t1l1−t2l2; 1, . . . , 1) : − ; · · · ; −

(ν−ρ−k−k′−t1l1−t2l2; 1, . . . , 1) :
(

1
4± ν1

2 ,
1
2

)

; · · · ;
(

1
4± νr

2 ,
1
2

)



(10)
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The conditions of validity of (10) can be easily obtained from those of (7). Further, on
taking β = 1 in (10), the Konhauser biorthogonal polynomials occurring therein reduces
to the Laguerre polynomials and we get the corresponding FDF involving the Laguerre

polynomials L
(α)
n (x).

Several othere interesting and useful special cases of our main fractional derivative
formulae 1 and 2 involving the product of a large variety of polynomials (which are

special cases of Sm
n and Sm′

n′ ) and numerous simple special functions involving one or
more variables (which are particular cases of the multivariable H-function) can also be
obtained but we do not record them here for lack of space.
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