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COEFFICIENT ESTIMATES FOR NEW SUBCLASSES OF
ANALYTIC FUNCTIONS WITH RESPECT TO OTHER POINTS

HUO TANG AND GUAN-TIE DENG

Abstract. The main purpose of this paper is to derive coefficient estimates for new sub-
classes of analytic functions with respect to symmetric and conjugate points.

1. Introduction
Let U be the class of functions which are analytic and univalent in the open unit disk
D ={z:]|z| < 1} given by
[e.°]
w(z) =Y biz* 1.1
k=1

and satisfying the conditions w(0) =0, |w(z)| <1, z€ D.
Let S denote the class of functions f which are analytic and univalent in D of the form

f(@=z+) anz" (z€ D). (1.2)
n=2

Let S; be the subclass of S consisting of functions given by (1.2) and satisfying the condi-

zf'(2)
Re(m)” (ze D).

These functions are called starlike with respect to symmetric points and were introduced by
Sakaguchi [1].

tion

Also, let S be the subclass of S consisting of functions given by (1.2) and satisfying the
condition
/
Re(ﬂ) >0 (ze D).
f@)+f(2)

These functions are called starlike with respect to conjugate points and were introduced by
Ashwah and Thomas [2].
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Motivated by the class S, Das and Singh [3] discussed the following class C;, namely
convex functions with respect to symmetric points.

Let C, be the subclass of S consisting of functions given by (1.2) satisfying the condition

( (zf'(2))

_— 0 D).
¢ (f(z)—f(—z))’)> (z€ D)

Suppose that f and g are two analytic functions in U. Then, we say that the function g is
subordinate to the function f, and we write

g8(z2)< f(2) (zeD),
if there exists a Schwarz function ®(z) with ®(0) = 0 and |@(z)| < 1 such that

g(2) = f(@(2)) (zeD).

By applying the above subordination definition, Goel and Mehrok [4] introduced a sub-
class of S} denoted by S; (A, B).

Let S; (A, B) be the class of functions of the form (1.2) and satisfying the condition

2zf"(2) 1+ Az
f(z)—f(-z) 1+Bz

(-1=B<A=<1;zeD).

Also, in the same manner, we give the analogue definitions by extension as follows.

Definition 1.1.

(i) Let S7(A, B) be the subclass of S consisting of functions given by (1.2) satisfying the con-
dition

2zf'(2) - 1+ Az
f@+f(2) 1+Bz
(i) Let Cs(A, B) be the subclass of S consisting of functions given by (1.2) satisfying the con-

(-1=B<A=<1, zeD).

dition
2(zf'(2)) 1+ Az

<
(f(a)=f(-2) 1+Bz
(iii) Let C.(A, B) be the subclass of S consisting of functions given by (1.2) satisfying the con-

(-1=B<A=1, ze D).

dition
2(zf"(2)) - 1+ Az

(f(2)+ f(2)) 1+Bz

(-1=B<A=1, zeD).

In this paper, we introduce the class M(a, i, A, B) consisting of analytic functions f of
the form (1.2) and satisfying

2auz " (2) +2QRau+a -z f'(z) + 2zf'(2) _1+4z
auz?(f(2)— f(=2))"+(@-wz(f(z) - f(=2) + A —a+w(f(z) - f(-z) 1+Bz’
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(1.3)
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where-1<B<A<l,0su<a<landzeD.

In addition, we introduce the class M,(a, u, A, B) consisting of analytic functions f of the
form (1.2) and satisfying

20c,u_z3f’”(z)+2(2a,u+a—ﬁ2f”(z)+2zf’(z) . 1+Az’ (1.4)
apz?(f(2)+ f(2)"+(@-wz(f(@)+ f(2) +L-a+w(f(2)+f(z) 1+Bz
where-1<B<A<l,0su<a<landzeD.
We note that
() for u=0, Ms(«,0,A,B) = Ms(a, A, B) and M.(a,0, A, B) = M.(«, A, B), which were intro-
duced and studied by Selvaraj and Vasanthi [5];
(i) for u=a =0, M;(0,0,A,B) = S;(A,B) and M.(0,0, A, B) = S’ (A, B);
(iii) forp=0and a =1, M(1,0, A, B) = Cs(A, B) and M,(1,0, A, B) = C.(A, B).

By the definition of subordination, it follows that f € M;(a, i, A, B) if and only if

2auz " (2) +2QRau+a —wz? f'(z) + 2zf'(2)
auz?®(f(z)— f(=2)"+(@—wz(f(2) - f(-2))+ A —a+w(f(z) - f(—2))

_1rAw@ ) w@eu (1.5)
" 1+Bo( P9 :

and that f € M.(a, u, A, B) if and only if
2auz " (2) +2QRau+a —wz? f'(z) + 2zf'(2)
auz2(f(2)+ f(@)" +(@-wz(f (@) + f@) + (1 - a+w(f(2)+ f(2)

_rA@ ) w@eu (1.6)
T 1+Bor PV e¥ :

where -~
p(z)=1+ ) ppz". (1.7)

n=1

In the next section, we obtain the coefficient estimates for functions belonging to the
classes M (a,u, A, B) and M. («, i, A, B).
2. Main results

In order to prove our main results, we shall require the following lemma due to Goel and
Mehrok [4].

Lemma 2.1. Ifp(z) is given by (1.7), then

lpal<(A=B), n=1,2,.... @.1)
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Unless otherwise mentioned, we shall assume in the reminder of this paper that -1 < B <
A<l,0spu<a<landzeD.

Theorem 2.1. Let f € Mg(a, i, A, B). Then, for n =1, we have

o] < (A-5 ﬁ(A—B+2') 2.2)
“n = P @n-Dia-p+2nap] I '
(A-B) -l .
i1l < A-B+2j). 2.
lazn 1l = 2" pl1+2n(a—p+2n+1ap)] ]H:l( = =3

Proof. From (1.5) and (1.7), we have

[z+ 2ay7° +3a3z° +4ayzt +5a52° + -+ 2nap, 22" + - ]

+Q2au+a—p) [2a,2% +6a32° +12a,42* +20a52° + -+ + 2n—1)2naz,2°" + -]

+aubazz® +24a42" +60as52° + -+ 2n—1)2n@2n+1)azn1 2"+

= [(1+a—p)[z+ a3z +asz’ + -+ agp_ 127"+ agp 22

+a—plz+3a3z> +5a52° +--+ 2n—Dag, 122"+ 2n+ Dagp 1 22"+

+aubazz® +20asz° + - +2n2n+1) a1 22"+
[+ P12+ P22 + P32+ pazt + P52+ + pon122 + 2?41

Equating the coefficients of like powers of z, we obtain

20+ (a—p+2ap)lax = p1, 2[1+2(a—p+3awlas = p2 (2.4)
41 +3(a—p+4awlas = p3+[1+2(a—p+3awlaspr (2.5)
4[1+4(a—p+5awlas = pg+[1+2(a—pu+3aw)lazps (2.6)

2n(l1+Cn-D(a—-p+2naw)laz, = pap-1+[1+2(a-pu+3amlazprp-—3+---
+[1+@2n-2)(a—p+@2n—-Dawlaz,-1p1 2.7)
Cn+1D[1+2n(a—p+2n+1Dawlazp+r = pan+[1+2(@—p+3awlazprp—2+---
+[1+@2n-2)(a—p+R2n—-1Dawlaz,—1p2 (2.8)

By using Lemma 2.1 and (2.4), we get

A—B 4] < A—B
, lazl = .
20+ (a—p+2au)] 3 2[1+2(a—p+3aw)]l

laz| = (2.9

Again, making use of (2.1), in conjunction with (2.9), we find from (2.5) and (2.6) that

(A-B)(A-B+2)

|a4|S »
2:-4-1+3(@—pu+4aw)]l
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(A-B)(A—-B+2)
2-4-[1+4(a-p+5au)]’
It follows that (2.2) and (2.3) hold for n = 1,2. Next, we prove (2.2) by induction.

las| <

Equation (2.7) together with Lemma 2.1 yields

|| < (A-5) 1+nf[1+2k( —u+2k+Daw)]| I+, (2.10)
= o+ @n-Da-p+2napl | &= aH e A

We suppose that (2.2) holds for k =3,4,...,(n—1).

Then from (2.10), we have

—lA_B k-1

(A-B) % .
+k§1 oy jl:[l(A—B+2]) :

2n(1+C2n-D(a—p+2nau)]

(2.11)

lasnl <

In order to complete the proof, it is sufficient to show that

el A- B RS
A-B+2
+kZ1 I H( +2))
(A-B) ~1
T 2momil+ @m-D(a— p+2map)l H(A B+2j) (m=3,4,...,n), (2.12)

(A-B)
2m[l+C2Cm-1)(a—pu+2map)]

which is valid for m = 3.

Let us assume that (2.12) is true for all m, 3 < m < (n—1). Then from (2.11), we get

(A_B) n—lA -1
2n[1+@2n—1)(a-p+2nap)] +Zl L H(A B+2))
_(n-1 (A-B) n-2A_pyk
=1 )(2(n—1)[1+(2n—1)(a—u+2na,u)] (Hk; 2k ! ]I:I(A B+2])))
T o rﬁz(A—B+2')
2n[1+@2n-D(a@—pu+2nap)] 2" 1-(n-1)! o j
n-1 (A-B) n-2
_( " )Zn L (n=D!+@n-D(@-p+2nap)] ; H(A B+2p
(A-B) (A-B) 12
2n[l+@2n-1)(a—p+2nay)] Ton-1 (= 1)|1_[(A B+2j)
(A-B) n—2
" 2n(n- D271+ @n - D(a-p+2naw)] | H(A B+2j)(A-B+2(n-1))

A-5) ]'[l(A B+2j)).
" 27 nlll+ @n-D(a-p+2nap) | /

Thus (2.12) holds for m = n and hence (2.2) follows. Similarly, we can prove (2.3).
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Theorem 2.2. Let f € M.(a,u, A,B). Then, forn=1, we have

|azn| < (A-B) zﬁz(A—B+ ) (2.13)
“rl=en-Di+ @n-Dia-p+2nap] 1 7 '
(A-B) 2n—-1 )

@anll = G+ 2nta—p+ @nt Dag] ]1:[1 (A=B+7). (=14

Proof. From (1.6) and (1.7), we have

(z+2a,2° +3a3z° +dagz* +5a52° + -+ 2nap, 2°" + -+
+Rap+a—w2az° +6a3z> +12a,z* +20a52° +---+ 2n—1)2naz, z°" + -+
+ap6asz® +24a,z  +60as52° + -+ 2n—-12n@2n+Dag,1 22" + -]
= (1+a—,u)[z+azzz+a3z3+a4z4+a5z5+---+a2nz2”+---]
+a—p) [z+2azz2 +3a3z3 +4a4z4 + 5a5z5 +-e +2na2nz2" +--]
+au[2azz2 +6613Z3 + 12a4z4 +20a5z5 +---+Q2n- 1)2na2nz2" +--]

N+prz+ P222+P323 + P4Z4+ PSZS+"'+l92n—122"_1 +-0]

Equating the coefficients of like powers of z, we obtain

[I+(a—p+2awlaz =p1, 2[1+2(a-—p+3aw)las =p2 +[1+(a@—pu+2au)lazp; (2.15)
31+3(a—p+dawlas =p3+[1+(a—pu+2aw)lazps +[1+2(a—p+3au)lazp; (2.16)
41 +4(a—p+5aw)las =ps+[1+(a—pu+2awlazps +[1+2(a—p+3au)lazpz

+[1+3(a—pu+4au)lasp; (2.17)
Cn-1D[1+2n-D(a—pu+2nawlaz, = pan-1+[1+(@—pu+2aw)lazprp-2+---
+[1+@2n-2)(a—pu+@2n-1awlaz,-1p1 (2.18)
Cn)[1+2n(a—p+@2n+awlazp+1 = pan+ 1+ (@—p+2aw)lazprp-1+---
+[1+@2n-1)(a—p+2naw)laz, p1 (2.19)

By using Lemma 2.1 and (2.15), we obtain

A-B (A-B)(A—-B+1)
, lasl =
1+ (a—p+2ap)]

laz| = (2.20)

T 2[1+2(a—p+3ap)]’
Again, making use of (2.1), in conjunction with (2.20), we find from (2.16) and (2.17) that

(A-B)(A-B+1)(A-B+2)
2:3-1+3(@—pu+4au]l

(A-B)(A-B+1)(A-B+2)(A-B+3)

2-3-4-[1+4(a—p+5au)] '

las| <

las| <
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It follows that (2.13) and (2.14) hold for n = 1, 2. Next, we prove (2.13) by induction.
Equation (2.18) together with Lemma 2.1 yields

(A—B) n—1

|az2n] = (2n—1)[1+(2n—1)(a—p+2nau)]{Hk;[l+(2k_1)(a_”+2kam”a2kl
n—-1
+Y 0 +2k(a—,u+(2k+l)au)]lazkHI}. @2.21)
k=1

We suppose that (2.13) holds for k =3,4,...,(n—1).

Then from (2.21), we obtain

(A_B) n—1 ( ) 2k
(20l = (2n—1)[1+(2n—1)(a—p+2n(xp)][1+k 1(2k D H (A= B+ j)
=l (A-B) 21 '
"L o ]Ul(A_B”)]' (2.22)

In order to complete the proof, it is sufficient to show that

(A-B)
Cm-D1+Cm-1D(a-pu+2map)l
m-—1 (A—B) 2k—2 ] m-1 (A-B) 2k—1 ]
+ A-B+j)+ A-B+
k; @2k—1)! ]l:[l( 2 k; 2k)! ]l:[l( 2
(A—B) 2m—2

T em-DI+2m-1)(a—p+2map)] ]Ul (A=B+j) m=34,...,m, (223

which is valid for m = 3.

Let us assume that (2.23) is true for all m, 3 < m < (n—1). Then from (2.22), we get

(A-B)
(2n—1)[1+(2n—1)(a—u+2na,u)]
n—1 (A B) 2k (A B)2
+ A—-B+j)+ A—-B+
kZl(Zk 1),1'[( ) kZl o0 j]:[l( 1))
_(Zn 3)[ (A-B)
“l2n-1 (2(n—1)—1)[1+(2n—1)(a—y+2nau)]
n-2 (A—B) 2k—2 (A B)Zkl )
(1 T E—— A-B A-B
( +k§1 k-1 ].H( i )+kz1 2k)! ]l:[l( +))]
(A-B) (A-B) 2nt

+(2n—1)[1+(2n—1)(a—u+2na,u)] 2n-1-1)! 11:11 (A-B+j)

(A-B) (A-B) 273 .
+ : [T A-B+j
Cn-1D1+@2n-D(a—p+2naw)] @2(n-1)! j=1
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2n-3 (A-B) 2n—4 )
= ( ) [TA-B+j
2n—-1) 2n-1)-DIN1+2n-1(a—p+2nap)] j=1
— _ 2n—4
+ =B A [[@A-B+))
Cn-1D1+@2n-(a-—p+2naw)] 2n-1)-1)! =1
— _ 2n-3
+ =B A=) [T A-B+))
Cn-1D1+@2n-D(a—p+2naw)] 2n-1)" j=1
(A—B) 2n—-4

T 2n-DRH-1D-DIl+@2n-1a-p+2nam) [1(A-B+)(A-B+2n-3)

j=1
— _ 2n-3
+ -5 A [IAa-B+)
Cn-1N[1+@2n-)(a—p+2naw)] 2(n-1)! =1
A—B 2n-2
( ) [T@A-B+).

T @n-DII+@n-Dia-p+2naml

Thus (2.23) holds for m = n and hence (2.13) follows. Similarly, we can prove (2.14).

Remark 2.1. Taking =0 in Theorems 2.1 and 2.2, we obtain the results obtained by Selvaraj
and Vasanthi [5, Theorems 3.1 and 3.2, respectively].
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