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A RESULT ON BEST APPROXIMATION IN LOCALLY
CONVEX SPACES

ABDUL LATIF, ARJAMAND BANO AND ABDUL RAHIM KHAN

Abstract. In this paper we obtain a result on best approximation for multivalued nonexpansive

maps in locally convex spaces. Our results generalize and extend some known results.

1. Introduction

Brosowski [1], Meinardus [7], Shahzad [13], Singh [14], [15], used fixed point theory
for single-valued maps to prove some interesting results in approximation theory. Fixed
point theorem in locally convex topological vector spaces for single and multivalued
nonexpansive mappings has been studied in [12], [15], [16], [17], [18], and by many others
in the literature. In this paper, we prove two results on best approximation for compact
valued nonexpansive maps in the setting of Hausdorff locally convex spaces, which extend
some known results.

Throughout this paper, X will denote a complete Hausdorff locally convex topological
linear space unless stated otherwise, ) the family of continuous semi-norms generating
the topology of X and K (X) the family of nonempty compact subsets of X. For each
p€ Qand A, B € K(X), we define

D,(A, B) = max q sup inf [p(a — b)], sup inf [p(a — 0)] ¢ .
(A, B) = s {sup int o — ] sup inf (e~ 1)}

Although p is only a semi-norm, D), is a Hausdorff metric on K(X).

Note that if X is locally convex space together with a family ) of continuous semi-
norms and M a subset of X, then for each p € Q and x € X, dp(z, M) = infyen p(x —y)
and Py(z) = {z € M : p(x — z) = dp(x, M)} is called the set of best M-approximants
to X. Py (x) is always bounded subset of X and it is closed or convex if M is closed or
convex (see [1]).

A multivalued map T : M — 2% (the collection of nonempty subsets of X) is called
demiclosed if for every sequence {z,} C M and any y, € T(z,), n = 1,2,3,..., such
that z,, ——z and y,, — y, we have x € M and y € T(z).
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Let M be a nonempty sbuset of X. A mapping T : M — K(M) is called multivalued
contraction if for a fixed constant k,, 0 < k, < 1 such that for each z, y € M and for
each p € @, we have

Dy(T(x), T(y)) < kpp(z — ).

The map T is called nonexpansive if for each x, y € M and p € Q,
Dy(T'(2), T(y)) < plz —y).
An element = € X is called a fized point of multivalued map T if
x € T(x).

We denote by F(T') the set of fixed points of T. M is said to be starshaped with respect
to a point ¢ € M if for each x € M, the segment joining = to ¢ is contained in M (that
is, Az + (1 — A\)g € M for each x € M, and real A with 0 < A < 1).

M C X is said to be starshaped if it is starshaped with respect to one of its element.
A covnex set is obviously starshaped, but starshaped need not be convex.

A space X is said to satisfy Opial’s property [8] if for every sequence {x,} in X
weakly convergent to z € X, then for each p € @, the inequality

liminf p(x, —2) < liminfp(z, — y)

holds for all y # .

It is well known that all Hilbert spaces and [,(1 < p < oo) spaces satisfy Opial’s
property while L,[0, 27] (p # 2) do not (see [2], [4], [8]).

Let T: M C X — K(X). A best approximation z in M to an element z( in X such
that T'(z¢) = {xo} is called an invariant approximation in X to xg if z € T(z).

In 1980 Singh [15] proved the following result on best approximation for single-valued
nonexpansive map in a locally convex space.

Theorem 1.1. Let X be locally convex linear Hausdorff space and let f : X — X be a
continuous mapping. Let M be f-invariant set and xo an f-invariant point. If for every
p in Q, the set Py (xo) of best M-approzimation to xo with respect to p is nonempty,
compact and starshaped, f satisfies

p(f(x) — f(x0)) < p(x — o) for all x in Pu(xo),

and f is p-nonexpansive on Py (o), then f has a fived point which is a best M -approz-
imation to xg n M.

In [4], Lami Dozo proved the following useful result, which is a special case of Lemma
3.1 in [6].

Lemma 1.2. Let M be a nonempty weakly compact subset of a Banach space X
satisfying Opial’s property. Let T : M — K(X) be nonexpansive multivalued map. Then
I —T is demiclosed.
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We shall need the following result, which contains Lemma 1.2 and is a special case of
Lemma 2.5 [3]. For the sake of completeness we give the proof.

Lemma 1.3. Let M be a nonempty weakly sequentially compact subset of a Hausdorff
locally convex space X satisfying Opial’s property. Let T : M — K(X) be nonexpansive
multivalued map. Then I — T is demiclosed, where I is the identify map on M.

Proof. Let {x,} be a sequence in M and y,, € (I — T)z, be such that x, -z and
Yn — y. Obviously x € M. As y,, € x, — T'(2y,), therefore we have

Yn = Tp — u, for some u, € T(xy). (1.1)
Since T'(x) is compact set, there is a v, € T'(z) such that for all p € @,
p(up —vy) < Dp(T(xn)a T(x)),
But by the nonexpansiveness of T', we have
Dp(T(xn), T(z)) < p(an — x)

Thus
p(un, —vy) < pla, —z) forallpe Q. (1.2)

From (1.1) and (1.2), passing to the limit with resepect to n, we obtain
liminfp(x, — ) > liminfp(u, — v,)
= liminfp(z, —yn —vyn), forallpe Q. (1.3)

By the compactness of T'(z), for a convenient subsequence still denoted by {v, }, we have
vp, — v € T(x). Then (1.3) yields

liminfp(x, — ) > liminfp(z, —y —v) for all p € Q.

Since X satisfies Opial’s property and z,, —x, so z = y+v. Thusy = z—v € z—T(x) =
(I — T)x, which proves that I — T is demiclosed.

2. Main Results

Here, we extend Theorem 1.1 to multivalued nonexpansive maps in the setting of a
locally convex Hausdorff space.

Theorem 2.1. Let X be a complete locally convex Hausdorff space and T : X —
K(X) be a multivalued nonexpansive map such that T(xg) = {xo} for some xy € X. Let
M be a nonempty T-invariant subset of X. For every p € Q, assume that Py(xg) is
nonempty weakly sequentially compact and starshaped. If I —T is demiclosed on Py (xo),
then Pyr(zo) N E(T) # 0.
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Proof. Let D = Py(xo) and let w € D. Then v € M and
p(xo — u) = dp(xo, M).
Let v € T(u) C M. Then we have that
p(v — o) < Dp(T (u), T (20)),
so, by the nonexpansiveness of T', we get
Dp(T(u), T(x0)) < pu — o).

Thus
p(v — o) < p(u—x0) = dp(w0, M),

which gives that v € D and thus T'(u) C D. Therefore T' carries D into K (D). Now let
q be starcenter of D. Then for each z € D and any A(0 <A < 1), (1 —A)g+ Az € D.

Take a sequence {\,} of real numbers such that 0 < A, <1 and A\, — 1 as n — oc.
Now for each n define a multivalued map T,, by

To(x) = (1= Mg+ AT (z), forallze D.
Clearly, each T}, maps D into K (D). Furthermore, for any x, y € D we have

Dy(T(2), Tn(y)) = A Dp(T(2), T (y)),

S0, by the nonexpansiveness of T', we have

Dy(T(z), T(y)) < p(z —y).

Thus
DP(Tn(x)a Tn(y)) < )\np(I - y)a
which proves that each T, is a contraction for every p in Q. By Theorem 3.1 [9], there
exists x, € D such that z,, € T,,(x,) = (1 — A\p)q + Ay T (x,,) this implies that there is a
yn € T'(zy,) such that
Tn = (1 = Ap)q + A\uYn.

As D is weakly sequentially compact, so for a convenient subsequence still denoted by
{x,}, we have 2,—z € D. Now

Tn — Yn = (]— - An)(q - yn)

Put z, = 2, —yn € I — T)xy,. Then z, — 0 as n — oo. Since I — T is demiclosed on
D, it follows that 0 € (I — Tz, that is, z € F(T).

Remark 2.2. Theorem 2.1 generalizes Theorem 3 [5] from the Banach space setting
to the case of a complete locally convex Hausdorff space.
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Now by Lemma 1.3, we have the following result on invariant approximation for a
locally convex Hausdorff space, which satisfies Opial’s property.

Corollary 2.3. Let X be a complete locally convexr Hausdorff space satisfying Opial’s
property, and T : X — K(X) be a multivalued nonexpansive map such that T (xg) =
{zo} for some xy € X. Let M be a nonempty T-invariant subset of X. If for every
p € Q, the set Py(xg) is nonemptly weakly sequentially compact and starshaped, then
Pyr(wo) NF(T) # ¢.

Proof. Let D = Py(xo) and let w € D. Then v € M and
p(xo — u) = dp(zo, M).
Let v € T'(u) C M. Then we have that
p(v — o) < Dp(T (u), T (x0)),
so, by the nonexpansiveness of T', we get
Dy(T (u), T(0)) < p(u — o).

Thus
p(’u - xO) S p(U - l‘o) = dp(x07 M)a

which gives that v € D and thus T'(uv) C D. Therefore T carries D into K (D). Thus by
Lemma 1.3, I — T is demiclosed on D. Now the result follows from Theorem 2.1.
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