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FEW RELATIONS ON THE GROWTH RATES OF COMPOSITE ENTIRE
FUNCTIONS USING THEIR (p, 9)TH ORDER

SANJIB KUMAR DATTA, TANMAY BISWAS AND MANAB BISWAS

Abstract. In this paper we discuss the growth rates of the maximum term of composition
of entire functions with their corresponding left and right factors.

1. Introduction, definitions and notations

Let f be an entire function defined in the open complex plane C. The maximum term
p(r, f)of f= Z anz" on |z| = r is defined by u(r, f) = max(lanl r™). We do not explain the

standard deﬁnltlons and notations in the theory of entire functlon as those are available in [6]
In the sequel the following two notations are used:

log[k] x = log (log[k_“ x) fork=1,2,3,---;
log” x = x

and
exp!* x = exp (exp[k_u x) fork=1,2,3,---;

exp¥ x = x.
To start our paper we just recall the following definitions:

Definition 1. The order p s and lower order A7 of an entire function f is defined as follows:

log® M (r, log? M (r,
pf:limsupOg—(rf) and Af—llmlnfg—(rf).
oo logr r—oo logr
Definition 2 ([3]). Let [ be an integer = 2. The generalised order pEf] and generalised lower
order /1}” of an entire function f are defined as
logt! M (r, log!”! M (r,
pgf] = limsupg—(rf) and /1[” = hmmfg—(rf).
r—o0 ogr rmeo logr

When [ =2, Definition 2 coincides with Definition 1.
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Juneja, Kapoor and Bajpai [2] defined the (p, q) th order and (p, g) th lower order of an
entire function f respectively as follows:

log'” M (r, log'” M (r,
pr(p.q)= limsupg—(f) and As(p,q) = liminfg—(f)
r—00 log[Q] r r—00 log[q] r
where p, g are positive integers with p > q.
For p =2 and g = 1 we respectively denote pr(2,1) and Af (2,1) by prand A¢.

Since for0<r <R,

R
M(r»f)SM(r»f)SEH(R»f) {cf. 151} @
it is easy to see that
log?! 1 (r, log 1 (r,
oy = timsup %S 3 i inglo8 # ),
F—00 logr r—0oo logr
log" u(r, f) log!" u(r, f)
0 _ 0 _ i .
Py ‘hrfliﬂp logr ' Ay =liminf logr '
and
log"” p(r, f) log"” p(r. f)

,q) =limsu ., A¢(p,g) =liminf
ps(p.q) =limsup gl 1 7 (p.q) =limin g7

In this paper we wish to prove some results relating to the growth rates of maximum
terms of composition of two entire functions with their corresponding left and right factors
on the basis of (p, g) th order and (p, g) th lower order where p, g are positive integers with

p>dq.

2. Lemmas

In this section we present some lemmas which will be needed in the sequel.

Lemma 1 ([4]). Let f and g be any two entire functions with g(0) = 0. Then for all sufficiently
large values of ,

1 (1 (r
p(rfog)= Eu(gu(lg) - Ig(O)I»f)-
Lemma 2 ([1]). If f and g are any two entire functions then for all sufficiently large values of r,
M(r,fog) = M(M(r,g),f).

Lemma3. Let f be an entire function with non zero finite generalised order pgf] (non zero finite
generalised lower order /1;”). If p—q=1-1, then the (p, q)- th order er(p,q) (lower (p, q)-th
order A¢(p,q)) of f willbe equal to 1. If p—q # 1—1thenp¢(p,q) (As(p,q) ) is either zero or
infinity.
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Proof. From the definition of generalised order of an entire function f we have for all suffi-

ciently large values of r,
log" u(r, f) < (pgf] +£) logr )

and for a sequence of values of r tending to infinity,

log!" u(r, f) = ([” )logr. 3)

Next let a and b be any two positive integers.
Now from (2) we have for all sufficiently large values of r,
1 [l+a] (r f) [1+d] r+ O(].)

[l+al] [1+a] .
log" " u(r,f) <log" " r+0Q) e, g™y = gty (4)

Ifwetake /+a=pand1+b=q,thenp-g=(—-1)+(a-Db).
We discuss the following three cases:

Casel. Let a = b. Then from (4) we get for all sufficiently large values of r,

logPu(rf) _, _owm . log”u(ns)

< i.e.,, limsu
logl4! log!t*al r P

P gl ®

Similarly from (3) we have for a sequence of values of r tending to infinity,

logWu(rf)  om . logPu(rf)

> e, 1
logl?! r logl*+@ 7 e P

=1. (6)

Now from(5) and (6) we have

pf(p,q):lwhenp—q:l—l.

Casell.Leta>b (i.e., p—q#l- 1). Then from (4) we have for all sufficiently large values of
r,
log!?! 1 (r,

ie, pr(p,q)=0whenp—-qg#1-1.
r—co  logldl r

Case II1. Also let us choose a and bsuch thata< band [+a>1+b (ie, p—q#1—-1).Then
from (3) it can be proved for a sequence of values of r tending to infinity that
~loglPlu(r 1) .
llmsupi > 00 ie, pr(p,q) =ocowhenp—-qg#I[-1.
r—o0 log[q]
Therefore combining Case II and Case III (not violating the condition p > g), it follows that
p£(p, q) is either zero or infinity.
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Similarly we may prove the conclusion for A r(p@.
This proves the lemma. O
3. Main results

In this section we present the main results of the paper.

Theorem 1. Let f and g be any two entire functions such that pg(m,n) < A¢(p,q) < p¢(p,q) <
oo, where p, q, m, n are positive integers with p > q, m > n. Then

log!! i (exp" M1, fog) _

(1) lim ifg=zm
r—oo log[p_l] u(expla-1lr, f)
and [ 1] [n—1]
1 pt+tm—q— n— ;
i  lim =2 Hep™ Tnfo8) o yaem,

r=eo  JoglP=! y(expla-1lr, )
Proof. Since pg(m, n) < A¢(p, q), we can choose € (> 0) is such a way that
pg(m,n)+£</1f(p,q)—£. 7

Now in view of the inequality (1),we have from Lemma 2 for all sufficiently large values of r,

p(rfog)=M(r,fog)<=M(M(rg),f)
ie, logl”! u(exp”r, fog) <logl’! M(M(exp™Vr,g),f)

ie, logl”lu(expr fog) < (or(pg)+e) logl? M (exp" 1, g). (8)
Now the following two cases may arise:
Casel. Let g = m.
Then we have from (8) for all sufficiently large values of r,
log[p] ,u(exp[”_” rfog)<(pr(p.q)+e) log!™~ Ul M(exp[”_” rg). 9)
Again for all sufficiently large values of r,
log" M (exp'" "' 1, g) < (pg(m, n) +€)log"™ exp™ ! r
ie, log" M(exp["_” g) < (pg(m,n)+¢)logr
ie., log[m] M(exp" 1, g) < log r (Ps(mm=+e)
ie, log™ UM (exp rg) < r(pglmm)+e) (10)

Now from (9) and (10) we have for all sufficiently large values of r,

log”) u(exp" M7, fog) < (pf (p, ) +€) riPsm*e), (an
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Casell. Let g < m.
Then for all sufficiently large values of r we get from (8) that

log!? pu(exp V7, fog) < (or(pg)+e) expl™= 7 1og!™ M (exp" 1, g). (12)

Again for all sufficiently large values of r,

[n—l] [n—1] r

log!™ M (exp < (pg(m,n) +¢€)log" exp

(n—1] .

ie., log[m]M exp (p g(m, n)+e¢)logr

( 8)
( 8) <
ie., log[m] M(exp["‘U g) < logrpg(m )+
( 8)
( 8)

ie, expl”™ Mog™ M(exp™Vr g) < expl” 7 log rPstmm+e

ie, expl”™ T1og"™ M(exp!"r g) < expl”=a-1 ppsimm+e, (13)

Now from (12) and (13) we have for all sufficiently large values of r,

e (pf (p! )+£) eXp[m_q_l] rpg(rmn)+g

log!P) ) <
ie., loglP*! u( )

ie., log[p”" q-1] (exp[”_” r,fog) < log!m=4-2 exp[m_q_z] pPelmm+e
u( )

ie., log[p+m a-1] exp Ur, fog) < FPgmm+e. (14)

(exp rfog

eXp[n—l] r,fog < exp[m q-2] rpg(m n)+e

Again for all sufficiently large values of r, we obtain that

log!”! u(expldr, f) > Ar(p,q)—¢) logl9l expla=11
ie., log[p] ,u(exp[q_l] r.f) = As(p,q) —¢€)logr
ie., log[p] ,u(exp[q_l] r, f) = log rArp.a-o)
ie., log[p_l] ,u(exp[q_l] rf) = rArp.g-e) (15)

Now combining (11) of Case I and (15) we get for all sufficiently large values of r that

logl”) u(exp™ V1, fog)  (pf(p q)+e)rlestmm+e)
= .
log[P—l] ,u(exp[‘i—l] 7 f) rAsp.g)—e)

(16)

Now in view of (7) it follows from (16) that

_loglP u(exp"r, fog)
limsup =
r—oo log[p_l] H(exp[q_l] T, f)

. . log[p] u(exp[n—l] r’fog) 3
ie., lim =
r—o0 log[p_l] wlexpld-1lr, f)
This proves the first part of the theorem.
Again combining (14) of Case II and (15) we obtain for all sufficiently large values of r that

log[p+m—q—1] ,u(eXp[n_H r,fog) _ rPelmm+e L (1)

< 17
log!P~! p(expla-1lr, ) rs(po-e 4
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Now in view of (7) it follows from (17) that

loglP* =471 i (exp!" VI, fo g) log!”*~4~ p(exp!™ M1, f o g)

limsup =0 ie., lim =0.
r—oo log[p_l] wlexpld-1lr, f) r—o0 log[p_l] wlexpla-lr, f)
This establishes the second part of the theorem. a

Remark 1. The condition pg (m,n) < As(p,q) in Theorem 1 is essential as we see in the fol-

lowing example:

Example 1. Let f =g=expzand p=m=2,gq=n=1.Then

pgm,n)=Ar(p,q)=pr(p,q) =1.

Now
r T
logu(r,fog) = logM(E,fog) +0() = T(E,fog) +0(1)
exp (5
= T(%,exp[z] 2)+0(1) ~ P(z)l +0(1) (r — o)
(27°3)?
1
ie, log?u(r fog) = %— Elogr+ o)
and logu(r, f) <logM(r, f) =logM(r,expz) =r.
Then
loglPrm a1 y(explt U fog)  log® u(r fog)
lim = lim
r=co  JoglP=1l yexpla-1lr, ) r—co  logu(r, f)
r_1
> lim 2 2logr+O(1)
r—o0 r

1
= 3 # 0,which is contrary to Theorem 1.

Theorem 2. Let f and g be any two entire functions such that Ag(m,n) < A¢(p,q) < pr(p,q) <
oo, where p, q, m, n are positive integers with p > ¢, m > n. Then

loglP] (n=11 .
O liminpl8 BEPT N S08) ifg=m

= loglP~! y(expla-1l 7, f)

and
(ii) liminflog[p+m_q_1] p(exp!™r, fog)
r—o0 log[p_l] plexpla-lr, f)

=0 ifg<m.

Proof. For a sequence of values of r tending to infinity that

log[m] M (exp["_u rg) < ()Lg(m, n)+e¢) log["] exp!"Ur
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ie, log M(exp["_” r,8) < (Ag(m,n)+¢€)logr
Ag(m,n)+£

ie, log"™ M(exp "rg) <logr

ie, log" M (exp["_” r,g) <log phe(mm+e (18)

Now from (9) and (18), we have for a sequence of values of r tending to infinity that
logl”) p(exp™!r, fog) < (ps (p,q) +e) retm™ e, (19)
Combining (15) and (19) we get for a sequence of values of r tending to infinity that

) r]Lg(m,n)+£

log!" p(exp" M1 fog) _(py(p.a)+e

< (20)
loglP~1 p(expla-1r, f) rAr(p.a)-e)
Now in view of (7) it follows from (20) that
log!?! pu(exp!™ 1, fog)
liminf
r=eo JoglP=1] (expla-1lr, f)
This proves the first part of the theorem.
Again for a sequence of values of r tending to infinity that
log™ M (exp" V1, g) < (Ag(m, n) +€)log™ exp™ ! r
ie, log" M (exp"" V1, g) < (Ag(m,n)+¢€)logr
ie, log" M(exp[”_” g) < logr(;tg(m m+e)
ie, expl” ]og™ M (exp" 7, g) < expl” = 1og r (As(mm+e)
ie, expl” ]og™ M (exp" U1, g) < expl™4- 1 (Aglmm+e) 21)
Now from (12) and (21), we have for a sequence of values of r tending to infinity that
loglP! u(exp'™ V1, fog) < (o (p, q) +€) expl™=a-1 p(Aglmmi+e)
ie, logl”™ u(exp 1y, fog) < explm=a72l p(As(mme)
ie, loglP*m=a71 y(exp!" V7, fog) <logm -2 explm=a-2] p (Aemm)+e)
ie, loglPrm-a-1] p(exp™Hr, fog) < r(Agtmm+e) (22)
Combining (15) and (22) we obtain for a sequence of values of r tending to infinity that
loglP*m=4=1 ;i (exp!" V7, f o g) - rhe(mmn+e 23)

loglP~! p(expla-1r, ) ~ rMpa)-e

Now in view of (7) it follows from (23) that

liminflog[p+m_q_1] p(exp U fog) -
rmee loglP~ u(expla-1lr, f)

This establishes the second part of the theorem. O
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Remark 2. The condition Ag(m,n) < A f ( D, q) in Theorem 2 is necessary which is evident
from the following example:

Example 2. Let f=g=expzandp=m=2,g=n=1.Then

Agm,n)=A¢(p,q) =pr(p,q) =1.

Now
r r
logu(r,fog) = logM(E,fog) +0() = T(E,fog) +0(1)
exp (%
= 7L, exp® 2) + 0(1) ~ Pi(z)l +0(1) (r—o0)
2 (27%3)?
and
logu(r, f) <logM(r, f) =log M(r,expz) =r.
Therefore
. JoglPrmmal y(expltlr, fog)  log® u(r,fog)
liminf =liminf————=
r—oeo log!?~! y(expla-1lr, f) r—co  logu(r, f)
I_llogr+o
> liminf2—2 g
r—o00 r

1
= 3 # 0,which is contrary to Theorem 2.

Theorem 3. Let f and g be any two entire functions such that
(A) pg <oo, (B) )L}” >0 and (C) Afog(a,b) >0 wherel, a,b are all positive integers with [ = 2
and a > b. Also let A < pg. Then for any two positive integers m, n such that m—n =1 and
m>2,
limsup 108 K@D U foglogunfog)
r—oo {log"™ p(expl™l (r4), &)} {log!™ u(expl"=1r, g)}

Proof. Let us choose 0 < € < min{/l}l],)tfog(a, b), pg}.

Now from Lemma 1, we get for a sequence of values of r tending to infinity that

1 (r
log! u(r, fog) = log[”ﬂ(gﬂ(zg) Ol 'f) wow
r
ie, log!u(r,fog)= (/1}” —¢) logH(Z'g) +0(1)
. [0 m_ o (I\Pe®
ie, log"u(rfog)= Ay -9 (4) ) (24)
Since pg(m, n) = 1, in view of Lemma 3 it follows for all sufficiently large values of r that

log!™ pi(exp!™ (rA),g) < (1+&)log exp!™ (r?)
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ie, log" uexp™ (rt),g) < 1 +e)(r?). (25)
Now from (24) and (25), we get for a sequence of values of r tending to infinity that

0l -
log" utr,fog Ay —a(@™”

= (26)
log!™ p(exp!”! (r4),8) 1+e)(rd)
Again for all sufficiently large values of r,
log!™ p(exp?Vr, fog) = (Afog(a, b) —€)logr
and
log[m] ,u(exp["_l] rg < (+e¢)logr.
Therefore from the above two inequalities we get for all sufficiently large values of r that
log! p(exp®Ur, fog) . Afogla,b) —¢
log™ pexpn-Ur,g) I+e¢ )
Since € (> 0) is arbitrary, it follows from above that
log!® (b-11 .
liminf 28 HEXP" I8 ) 4. 27)
r—00 log[m] 'u(exp[n—l] rg)
As A< pg, we can choose ¢ in such a way that
A<p g—¢. (28)
Now from (26) and (28) it follows that
log!! :
lim sup 08 pr/og) = oo. (29)
r—oo log!™ p(exp!” (r4),8)
Thus the theorem follows from (27) and (29). O

Corollary 1. Under the same conditions of Theorem 3 when m =2

log!™ p(exp®1r, f o g)log!”

? uiexp(r4), &)} {log

pfog) _

limsup 2 Y

r—o00 {log

Remark 3. The condition /1}” > 0 in Corollary 1 is essential as we see in the following example:

Example 3. Let
f=zand g=expz.

Also let
l=a=2and b=1.
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Then
Af=0and pg=Afe=1.
Now
log"” pu(r, f o g) <1og” M(r, f o g) =log®” M (r, g) =logr
and
log[Z] ’U(r, g) > log[z] M(g’g) = logr + O(l).

Hence

log? 1(r, 2 log rl?

limsup { g~ fog)} < limsu { g }

(2] [2]

u(rg) e logr+0(1)}
=0, which is contrary to Corollary 1.

r—oo log' u(exp(r4), g)log

Theorem 4. Let [ be an entire function such that0 < A¢(p,q) < p¢(p,q) <oo. Also let g be an
entire function with pg] > 0. Then

log!”! u(r, fog)

) lim sup = ifqg=1-1
r—00 log[p] H(exp[l_l] (rﬂ)’f) fq
(] o WA (p,
@ imsap— 0B HSo ps b
r—oco log[p] wexpl!=1 (rky, 1) .UPf(P» q)
and (7]
p o A »
(iii) lim sup log™ ur,fo8) > (p.9) ifg>1

r—co loglP! ptexpt=11(r1y, f) ~ pr(p )
where 1 < pg] and p, q,1 are positive integers with p > q.
Proof. By Lemma 1 we obtain for a sequence of values of r tending to infinity,
logl”! u(r,fog)= log!”! p(%,u(i,g) ,f) +0(1)
ie, logl” u(r,fog) = Ar(pg)-o logl4! u(i,g) +0(1)

r

ie, logl”luwr fog) = Ar(pa)-o logl?=t11ogl!=1] ,u(4,g) +0(1)

(i)

ie, log”lu(rfog)= s (p q)-elogli—i+1 (4) +0(1). (30)

Again from the definition of p ¢ (p, q) it follows for all sufficiently large values of r that

logl”) p(exp!' 1 (), £) < (o (p, 4) +€)logl¥) exp!! =1 (r#)

ie, logl” uexp™ M (r*), f)<(or(p, q) +€)logld 11 (r1). (€3))
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Thus from (30) and (31) we have for a sequence of values of r tending to infinity that

[l]_g
10g[p] u(r, fog) y (Af (p, q) _g)log[q—l+1] (L)[Pg )+ O(l)
log!”! p(exp!=1 (rit), f) (05 (p,q) +€)loglt™11 (i)

(32)

Since p < p[” the theorem follows from (32). O
Remark 4. The condition u < pg in Theorem 4 is essential as we see in the following example:

Example4. Let f=g=expzandp=m=2,g=n=1,1=2.Alsolet y=1. Then

As(p,@)=pys(p,q)=1and p§ = pg=1.

Now
3 2
logp(r, fog) <logM(r, fog) <3TEr, fog) ~ D _ &)
(4m3r)2
and
ulexpr, f) < M(expr, f) = exp[z]
Therefore

r] gl?
limsup HnJog) = limsup- [2] wnJog
r—co logl?! u(expl!=1 (r#), f) r—oo log uexpr, f)
2r—3logr+0(1)

’
= 2 # oo, which is contrary to Theorem 4.

Theorem 5. Let [ and g be any two entire functions such that0 < A¢(p,q) < p r(p, q) <oo and
pg(m, n) < oo, where p, q, m, n are positive integers with p > ¢, m > n. Then

log!P* 1 i (exp™=Vr, fog) pg(m,n)

(1) limsup ifg=zm
r—oo log[ ]u(exp a-1r, 1a) Af(p» q)
and [ ] [n-1]
1 p+m—q n=1] m,n
(i) limsup o8 ,u(exp i fog) < Pyl ) ifg<m

r—oo log!?! u(expla-1r, f) T Ar(p @)
Proof. We have for all sufficiently large values of r
log!”! p(expl?r, f) = (Arp,q) - )log["] expld~r
ie, logl” uexpldtr = (Ar(p,q)—€)logr. (33)
Casel. If g = m, then from (11) and (33) we get for all sufficiently large values of r that

log!P*! i (exp!™~1 7, fo g) _ (pg(m,n) +¢)logr +0(1)
log” pexpli 111, 1) (Af(pa)—e)logr
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) ) log!?* 1 i (exp™ 17, fo g) pg(m n)+e
i.e., limsup
r—o00 log[p] H(exp [q_ll T, f) /’tf(p; 6])

Since € (> 0) is arbitrary, it follows from above that

o8 (e N fog) _ pglmm
limsup
r—oo log[p] 'u(exp[q_l] 1, f) Af(p; 6/)
This proves the first part of the theorem.
Case Il If g < m then from (14) and (33) we obtain for all sufficiently large values of r that

log[p+m_q] u(exp[n_u r,fog) - (pg(m, n) + E) logr + O(].)
log[p] ,u(exp[q‘l] rf) b (flf(P» q)—¢)logr

i.e.,, limsup
r—o0 log[p] p(expla-1lr, f) Af(P, q)—

As g (> 0) is arbitrary, it follows from above that

) log!P*™=4] y (exp!" 11, fo g) pg(m n)
limsup
r—oo log[p] 'u(exp[q_l] 1, f) Af(p; 6/)

Thus the second part of the theorem is established. O
Remark 5. The condition pg(m, n) < oo in Theorem 5 is necessary which is evident from the
following example:

2]

Example 5. Let f =expz, g=exp“zand p=m=2,qg=n=1.Then

Ar(p,q)=pf(p,q) =1and pg(m,n) =oo

Now
log® u(r, fog) = log® M(%, fog)+0(1)
ie, log®u(r, fog) =log® M(i,fo € +0(1)
ie, log® u(r, fog) =logh expt ( )+ o)
ie, log®u(r,fog) = ( )+ o)
and
log®? u(r, f) < log® M(r, f) =logr.
Therefore

loglp+tm-dl (n=11 7. log2l T
limsup 28 G0 T ) SR Tt/ og)
r—o0 log[p] u(exp[q—l] 1 f) r—00 log[ ],u(r, f)
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log!? 4] (exp!" 11, f o g) 5+0)
i.e., limsup = limsup=————
r—oo log[p] ,u(exp[q—ll 7, f) r—oo logr
o ogl”t al pexpl M fog)
ie, limsup = 09,

r—o0 log[p] u(exp[q_l] T, f)

which is contrary to Theorem 5.

References

[1] J. Clunie, The composition of entire and meromorphic functions, Mathematical Essays dedicated to A. J.
Macintyre, Ohio University Press (1970), 75-92.

[2] O.P Juneja, G. P. Kapoor and S. K. Bajpai, On the (p,q)-order and lower (p,q)-order of an entire function, J.
Reine Angew. Math., Vol. 282(1976), 53-67.

] D. Sato, On the rate of growth of entire functions of fast growth, Bull. Amer. Math. Soc., 69 (1963), 411-414.

] A. P Singh, On maximum term of composition of entire functions, Proc. Nat. Acad. Sci. India, 59(A), Part I
(1989), 103-115.

] A.P Singh and M. S. Baloria, On maximum modulus and maximum term of composition of entire functions,
Indian J. Pure Appl. Math., 22 (1991), 1019-1026.

[6] G. Valiron, Lectures on the General Theory of Integral Functions, Chelsea Publishing Company, 1949.

NG

a

Department of Mathematics,University of Kalyani, Kalyani, Dist-Nadia,PIN- 741235, West Bengal, India.
E-mail: sanjib_kr_datta@yahoo.co.in

Rajbari, Rabindrapalli, R. N. Tagore Road, PO. Krishnagar,Dist-Nadia,PIN- 741101, West Bengal, India.
E-mail: Tanmaybiswas_math@rediffmail.com; Tanmaybiswas_math@yahoo.com

Barabilla High School, PO. Haptiagach, Dist-Uttar Dinajpur, PIN- 733202, West Bengal, India.

E-mail: manab_biswas83@yahoo.com


mailto:sanjib_kr_datta@yahoo.co.in
mailto:Tanmaybiswas_math@rediffmail.com
mailto:Tanmaybiswas_math@yahoo.com
mailto:manab_biswas83@yahoo.com

	1. Introduction, definitions and notations
	2. Lemmas
	3. Main results
	References

