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GENERIC RIEMANNIAN SUBMERSIONS

SHAHID ALI AND TANVEER FATIMA

Abstract. B. Sahin [12] introduced the notion of semi-invariant Riemannian submersions
as a generalization of anti-invariant Riemmanian submersions [11]. As a generalization
to semi-invariant Riemannian submersions we introduce the notion of generic submer-
sion from an almost Hermitian manifold onto a Riemannian manifold and investigate
the geometry of foliations which arise from the definition of a generic Riemannian sub-
mersion and find necessary and sufficient condition for total manifold to be a generic
product manifold. We also find necessary and sufficient conditions for a generic sub-
mersion to be totally geodesic.

1. Introduction

Riemannian submersion between Riemannian manifolds was studied by B. O’Neill [10]
and A. Gray [7]. Later on, such submersions have been studied widely in differential geom-
etry. Riemannian submersions between Riemannian manifolds equipped with an additional
structure of almost complex type was firstly studied by Watson [14]. Watson defined an al-
most Hermitian submersion between almost Hermitian manifolds and he showed that the
base manifold and each fiber have the same kind of structure as the total space, in most cases.
Almost Hermitian submersions have been extended to the almost contact manifolds [5], lo-
cally conformal Kaehler manifolds [9] and quaternion Kaehler manifolds [8].

Let M be a complex m-dimensional almost Hermitian manifold with Hermitian metric
g and an almost complex structure J and B be a complex n-dimensional almost Hermitian
manifold with metric gz and an almost complex structure J'. A Riemannian submersion 7 :
M — B is called an almost Hermitian submersion if 7 is an almost complex mapping, i.e.,
no] = J'om,. The main result of this notion is that the vertical and horizontal distributions are
invariant under J. On the other hand, Escobales [6] studied Riemannian submersions from

complex projective space onto a Riemannian manifold under the assumption that the fibres
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are connected, complex, totally geodesic submanifolds. In fact this assumption also implies
that the vertical distribution is invariant with respect to the almost complex structure.

The submersions mentioned above have one common property that the vertical and
horizontal distributions are invariant. Recently B. Sahin [11] introduced the notion of anti-
invariant Riemannian submersions which are Riemannian submersions from almost Hermi-
tian manifolds such that the vertical distributions (or, for that matter the fibers) are anti-
invariant under the almost complex structure of the total manifold and as a generalization
of anti-invariant submersions and almost Hermitian submersions, B. Sahin introduced the
notion of semi-invariant Riemannian submersion when the base manifold is an almost Her-
mitian manifold [12]. He has shown that such submersions are useful to investigate the geom-
etry of the total manifold of the submersion. In the present article, we introduce the notion
of a submersion from an almost Hermitian manifold under the assumption that fibers are
generic submanifold of the total space and call it as a generic Riemannian submersion, and
one sees it as a generalization of semi-invariant Riemannian submersions. The paper is orga-
nized as follows; In section 2 we give some basic notions of almost Hermitian manifolds and
a brief introduction of Riemannian submersion between Riemannian manifolds. In section
3, we give the definition of generic submersion and study the geometry of the distributions
and their leaves. In the end of this section, we obtain decomposition theorems and find the

conditions for generic submersion to be totally geodesic map.

2. Preliminaries

Let (M, g) be an almost Hermitian manifold. That is M admits a tensor field J of type (1,1)
and a Riemannian metric g such that

J2 =1, gX,Y)=gUX,]JY), ¥V X,Y eT(TM). (2.1)
An almost Hermitian manifold M is called Kaehler manifold if
(fo)YZO, VX, YET(TM) (2.2)

where V is the Levi-Civita connection on M.

Let (M, g, ) be an almost Hermitian manifold and M be real submanifold of M, and let
Dp=TyMnJT,M, ¥ pe M
such that &), is the maximal complex subspace of [(TyM).

Definition 2.1 ([2]). A submanifold is said to be a CR-submanifold of an almost Hermitian
manifold M if there exists on M a C*®-holomorphic distribution 2 such that its orthogo-
nal complementary distribution 2+ is totally real i.e., ]@; c TpLM forall p e M. A CR-
submanifold M is said to be proper if neither 2 = {0}, nor 9+ =10}
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Now we recall the definition of slant immersion of which the complex and totally real
immersions are the particular cases.

Definition 2.2 ([4]). For a non-zero vector U tangent to M at a point p € M, the angle 8(U)
between JU and tangent space T}, M is called Wirtinger angle of U. An immersion f : M — M
a slant immersion if the Wirtinger angle 6(U) is constant (which is independent of the choice
ofpe Mand U € T, M).

There is yet another generalization of CR-submanifolds known as generic submanifolds.
These submanifolds are defined by relaxing the condition on the complementary distribution
to holomorphic distribution.

Definition 2.3 ([3]). A submanifold M is called generic submanifold if dim%), is constant at
each point p € M and 2, defines a differentiable distribution on M, called the holomorphic
distribution.

We denote by 2 the orthogonal complementary distribution to 2 in I'(T M) and note
that J2+ n2+ = {0}. We call 2+ purely real distribution on M.

Forany U € I'(T M), we put
JU=PU+FU,
where PU and FU are the tangential and normal parts of JU respectively.

Let T'(T+ M) be the normal bundle of M in T'(T M). For any N € I[(T+M), we set
JN=tN+fN,

where N and f N are the tangential and normal parts of /N respectively.
For generic submanifolds, we have
(i) P9=9, F2 =10},
(i) P2+ <2, F2tcTiM.
Let u be the differentiable vector subbundle of T+ M, then by [3] we have
T*M=F2 ey, t(T*M)=2*. 2.3)
Note. Throughout this article we use the definition of generic submanifold which is given by
B.Y. Chen [3].

For the theory of Riemannian submersion we follow B. O’Neill [10];

Let (M, g) and (B, gg) be Riemannian manifolds, where dim(M) = m and dim(B) = n with
m > n. A Riemannian submersion 7 : M — B is a map from M onto B satisfying the following

axioms;
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(S1) 7 has maximal rank.
(S2) The differential 7. preserves the length of the horizontal vectors.

For each g € B, n71(g) is an (m — n) dimensional submanifold of M. The submanifolds
a1 (@), g € B are called fibers. Vector fields on M which are in (kerm ) are tangent to the fibres

and are called vertical vector fields; vectors which are orthogonal to the vertical distribution

(or orthogonal to fibers) are said to be horizontal.

Definition 2.4. A smooth vector field X on M is called basic if

(i) X is horizontal and

(i) X is 7-related to a vector field X, on B, i.e., 1« X = Xup(p) forall pe M.

We denote the projection morphisms on the distributions (kerm,) and (kerm,)* by 7

and # respectively. Then for any U € I'(T M), we put

U=7U+72U. (2.4)

We recall the following lemma from O’Neill [10].

Lemma 2.1. Letn: M — B be a Riemannian submersion between Riemannian manifolds and
X, Y be basic vector fields of M. Then we have
(@) g(X,Y)=gp(Xy,Yi)om,

(b) the horizontal part #1X,Y] of [ X, Y] is a basic vector field and corresponds to [ X., Y], i.e.,
. (X, Y]) = [X,, Yal.

(c) [V, X] isvertical foranyV € T'(kerm.).
(d) A (VxY) is the basic vector field corresponding to Vf}* Y., where V and VE are the Levi-

Civita connections of g and gp respectively.

The geometry of Riemannian submersions is characterized by O’Neill’'s configuration
tensors J and «f of Riemannian submersion 7 : M — B defined for arbitrary vector fields
E and F on M by

.QfEF = %VWEVF + VV%EL%F, (2.5)
IgF = #VygVF+VVypAEF. (2.6)

It is easy to see that a Riemannian submersion 7 : M — B has totally geodesic fibers if and
only if J~ vanishes identically. For any E € I'(TM), 9 and </ are skew symmetric operators

on (I'(T M), g) reversing the horizontal and the vertical distributions. It is also seen that J is
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vertical, g = 95 g and </ is horizontal, o/ = &/ 7. We note that the tensor fields 9 and <«
satisfy

JyW = TwU, VY U, WeT(kerns) 2.7)
1
AxY = -dyX= VXY, VX, Ve T(kerm.)*. 2.8)

On the other hand from (2.5) and (2.6) we have

VyW =y W+Vy W (2.9)
VyX = A VyX)+IvX (2.10)
VxV = odxV+VVxV (2.11)
VxY = #(VxY)+dxY (2.12)

for any X, Y € T'(kerm.)* and V, W € T'(kerm.), where VyW = ¥ (VyW). If X is basic, then
H(VyX) =AxV.

Next, we recall the following definitions;

Definition 2.5 ([12]). ARiemannian submersionn: (M, g,J) — (B, gg) is called a semi-invariant

Riemannian submersion if there is a distribution 2; c I'(kern ) such that
(kerm,) =210 Dy, J21 =21, P> < (kerm.)™,
where 2, is the orthogonal complement of 2, in I'(ker.).

Definition 2.6 ([13]). Let 7 be a Riemannian submersion from an almost Hermitian manifold
(M, g,]) onto a Riemannian manifold (B, gg). If for any non zero vector X € (kerm.),, p € M,
the angle 6(X) between /X and the space (kerm.) p is a constant, i.e,, it is independent of the
choice of the point p € M and choice of the vector X in (kerm.) p» then we say that 7 is slant

submersion. In this case, the angle 0 is called the slant angle of the slant submersion.

Finally, we recall the notion of second fundamental form of a map between Riemannian
manifolds. Let (M, g) and (B, gg) be Riemmanian manifolds and ¢ : M — B be a smooth
map between them. Then the differential ¢».. of ¢ can be viewed as a section of the bundle
Hom((TM),¢ ™ (TB)) — M, where ¢~ ! (T B) is the pullback bundle which has fibres (¢! (T'B)) ,
= Ty B, p€ M. Hom (TM ,(p_l(TB)) has a connection V induced from Levi-Civita connec-

tion VM and the pull back connection. The second fundamental form ¢ is then given by

(Vo) (X, Y) =V§¢*(Y)—¢*(V¥Y), (2.13)
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forany X,Y € I'(TM), where V¢ is the pullback connection. It is known that the second fun-

damental form is symmetric.

3. Generic Riemannian submersions

In this section, we define generic Riemannian submersions from an almost Hermitian
manifold onto a Riemannian manifold which in fact generalizes both the semi-invariant and
slant submersions, and investigate the integrability of the distributions and obtain necessary
and sufficient conditions for such submersions to be totally geodesic map. We also obtain

decomposition theorems for the total manifold of such submersions.

Definition 3.1. Let M be a complex m-dimensional almost Hermitian manifold with Her-
mitian metric g and an almost complex structure J and B be a Riemannian manifold with
Riemannian metric gg. A Riemannian submersion 7 : M — B is called a generic Riemannian

submersion if there is a distribution 2; c I'(kerm.) such that
(kermy) =21 © Do, J21 =91,

where 2, is the orthogonal complement of &; in I'(kerm.), and is purely real distribution on

the fibres of the submersion 7.

It is known that the distribution (kerm.) is integrable. Hence above definition implies
that the integral manifold (fiber) 771(q), g € B, of (kerm,) is a generic submanifold of M. For

generic submanifold we refer to [3].

For any V e I'(kerm.) we write
JV=¢pV+wV, 3.1

where ¢V € I'(2) and wV € ['(kerm,)L. We denote the complementary distribution to W%,
in (kerm,)" by u. Then we have

(kerm,)t = w2, @ p, 3.2)
and that g is invariant under J. Thus, for any X € T'(kerm.)* we have
JX=BX+CX, (3.3)

where BX € ['(%,) and CX € I' ().
From (3.1), (3.2) and (3.3) we have

Lemma 3.1. For a generic submersionn: M — B, we have
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() ¢21 =21, w21 =0, pD> <Dy, Blkern.)t =Dy,
(i) ¢?+Bw=—id, C>*+wB = —id,
(iii) w¢p+Cw =0, BC+pB=0.

We define the covariant derivative of ¢ and w as follows;

VvOW = VyopW —pVy W
(Vyo)W = ZVyoW)—-oVyW.

Then by using (2.9), (2.10), (3.1) and (3.3), we get

(Vv¢)W = Bng—ngw,
(Vyw)W = CTyW — Ty oW,

forany V, W eT'(kerm.).
Next, we have the following lemma;
Lemma 3.2. Let 7w be generic Riemannian submersion from a Kaehler manifold (M, g, ]) onto
a Riemannian manifold (B, gg). Then
() TyPW + LV =CITyW +wVy W andVydW + TywW = BTy W +dpVy W
(i) /xBY + #(VxCY) = C(#(VxY)) +wstxY and V(VxBY) + /xCY = B(A(VxY)) +
P Y,
(iii) xPV+ANVywW)=CodxV+o¥ (VxV)) andV (VxdpV)+LxwV = Blyx V+p(¥ (Vx V),

forany X, Y eT(kern,)*: andV, W € T'(kerm..).

Proof (i). Since M is a Kaehler manifold, then for any V, W € T'(kerm.) using (2.2) and (3.1)

we have
Vv W
JVyW =
vabW +VyoW.

Further, on using (2.9) and (2.10) we get
TydW +Vy W + Ly V + TyoW = J(Ty W +Vy W).

Since 9y W and Vy W are the horizontal and vertical, therefore again using (3.1) and (3.3), we
get

TydW +VydW + Ly V + TyoW = BTy W + CTy W + Vy W +oVy W (3.4)
By comparing the vertical and horizontal parts in (3.4), we get the result.

Proof of (ii) and (iii) follows on the similar lines as in (7).
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Lemma 3.3. Let w : M — B be a generic Riemannian submersion from a Kaehler manifold
(M, g,]) onto a Riemannian manifold (B, gg). Then

gUIgyV,8) =gGulVv,é),
foranyUeT (kerm,), Vel'(2y) andé eT ().

Proof. Since M is a Kaehler manifold, then for any V e I'(9;) and U € I'(kerm.) using (2.2) we
have
JVyV =VyJV.

On using (2.9) we get
JTuV+VyuV)=IyJV +VyJV.

Taking inner product with ¢ € I'(u), we get
gUITYV, &)+ gUVyV,&) = g(TuJV, &)+ g(VyJV,é). (3.9)

Since p is invariant under J, then the result follows from (3.5).

Now, we investigate the integrability of the distributions &2; and 2,. Since we have seen
that the fibers of generic submersions from Kaehler manifolds are generic Riemannian sub-
manifolds and " is the second fundamental form of the fibers, we have the following theo-

rem;

Theorem 3.1. Let w be a generic Riemannian submersion from a Kaehler manifold (M, g, ])
onto a Riemannian manifold (B, gg). Then the distribution 2, is integrable if and only if

gIvIW,wU) = g(TwJV,wl), (3.6)
foranyV, W eTl'(21) and U € T'(2,).
Proof. Since M is a Kaehler manifold, then for any V, W € T'(2,), (2.2) and (2.9) gives
JIV,W] = ]JVyW - JVyV
=VyJW-VyJV
=JyJW —TwIV+VyJW =V JV
Therefore,
9VJW—9W]V=][V,W]+@W]V—@V]W 3.7)

Now if 9 is integrable then J[V, W] e I'(2,) as [V, W] € ['(2;). Hence in (3.7) right hand side
is vertical while the left hand side is horizontal. On comparing the horizontal and vertical part
we get

IvIW =ITw]V,
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forany V, W €T'(2,). In particular, we get

g§IvIW,wl) = g(IwiV,wl).

Conversely, suppose if (3.7) holds, i.e.,
gIvIW-IwJV,wlU) =0

which shows that
gv]W—fTw]V € F(/J).

Now for any ¢ € I'(u), using the Lemma 3.3 and (2.7) we have
g§IVIW -Tw]V,§) =gUJIvW -JIwV,§) =0,

which implies that I JW — 9/ JV =0, forany V, W € 9.

Thus from (3.7), we get
JIV,W]=VyJW -Vy JV.

Since @V]W - @W]V lies in I'(kerm,), this implies that [V, W] lies in I'(2;) and hence 2; is
integrable.

Theorem 3.2. Let m be a generic Riemannian submersion from a Kaehler manifold (M, g, ])

onto a Riemannian manifold (B, gg). Then the distribution 9, is integrable if and only if
ViV =Vypw + TyoV - TyoW e T(D>), (3.8)

foranyV, W e T'(D5).

Proof. For any V, W € y(2>), using (2.2), (2.9), (2.10), (3.1) and (3.3) we have

VyW = —JVyJW
=-J(VyopW +VyoW)
= —J(TvoW +Vy oW + ey V + TyoW)
= —(BIypW + CTypW + pVy oW + wVy W
+Belyw V + Cclyw V + pTyoW +0TyoW). (3.9)

Similarly, we get

VwV = —(BTwoV + CTwdV + ViV + oV ¢V
+Belyy W + Celyyy W + TV + 0T ywwV). (3.10)



404 SHAHID ALI AND TANVEER FATIMA

From (3.9) and (3.10), we get
[V,W] =B(IwoV -TyoW +dyv W — Ayw V)
+C(gw¢V—gv(bW+52¢wVw—Ava)
+pVwpV =VyoW + TV — TywW)
+o(VwpV —VydW + TywoV - TyoW),

forany V, W e T'(9;) cT'(kerm.). As (kerm,) is integrable therefore [V, W] € T'(kermn.), com-
paring the vertical part, we get

[V, W] = B(TwdV —Ty oW + ey W—Auw V) + PNV wdV —Vy oW+ TiyoV -IyeW). (3.11)
From (3.11) it follows that the distribution 2, is integrable if and only if
VoV —VydpW + TywoV — TyoW € T(D,),

forany V, W e ['(2,).
For the geometry of the leaves of the distributions 2, and 2, we have the following

propositions;

Proposition 3.1. Letw be a generic Riemannian submersion from a Kaehler manifold (M, g, ])
onto a Riemannian manifold (B, gg). Then the distribution 2, defines a totally geodesic folia-
tion if and only if

Vv, oW1 € T(21) and Ty, pW; =0,

forany Vi, Wy e T(2,).
Proof. For V}, W) e T'(2,), using (2.2), (2.9), (3.1) and (3.3) we have
Vy, Wy = =JVy, JW;
=—J(Vy,pWy)
= —J(Tv, Wi + Vi, pW7)
= —(BTv, Wi + CT v, Wy + GV, oWy + oV, pWr)

Hence Vy, W € I'(2,) if and only if @Vl oWy €T(21) and Ty, ¢pW; =0, which completes
the proof. O

Proposition 3.2. Let w be a generic Riemannian submersion from a Kaehler manifold (M, g, ])
onto a Riemannian manifold (B, gg). Then the distribution 9, defines a totally geodesic folia-
tion if and only if

Ty, pWa + oy, V2 € T(0D2) and Vv, pWa + Ty,w W =0

forany Vo, Wo € T'(D5).
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Proof. The proof follows from (3.9).
From Proposition 3.1 and Proposition 3.2, we have the following theorem;

Theorem 3.3. Let w be a generic Riemannian submersion from a Kaehler manifold (M, g, ])
onto a Riemannian manifold (B, gg). Then the fibers of & are the locally Riemannian product
of leaves of 21 and 9, if and only if

Vv¢oWi €T(Dy), Ty,dW; =0, and
gvzd)Wz +.Q¢wW2 Vo e T'(wD»), vVZQDWZ +<OJ~V2(1)W2 =0,
fOTClI’ly Vi, Wi e F(@l) Vo, Wy € 1“(@2)

Now we discuss the geometry of the leaves of (kerm.) and (kerm,)t.

Proposition 3.3. Let 7 : M — B be generic Riemannian submersion from a Kaehler manifold
(M, g, ]) onto a Riemannian manifold (B, gg). Then the distribution (kerm,)* defines a totally
geodesic foliation if and only if

AxBY + 7V xCY €T(1) and VVxBY +elxCY =0,
forany X, Y €T (kerm,)™*.
Proof. Forany X,Y € ['(kerm,)t, from (2.1) we have
VyY =-JVyJY
Then by using (3.3), (2.11) and (2.12), we get

VxY = —J(VxBY +VxCY)
= —J((xBY +¥VxBY) + (#VxCY + xCY))
= —(BoxBY +CsAxBY +p(¥VxBY) +w(¥ VxBY)
+B(AVxCY) +C(HVxCY) +p(LxCY) + w(elxCY)) (3.12)

From (3.12) it follows that (kerm.)* defines a totally geodesic foliation if and only if
B(slxBY + .7V xCY) + (¥ VxBY + LxCY) =0.
Which then yields

B(/xBY + 7V xCY) =0
G(VVxBY +lxCY) = 0.

Hence the result.

For the distribution (kerm.), we have
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Proposition 3.4. Letw be a generic Riemannian submersion from a Kaehler manifold (M, g, ])
onto a Riemannian manifold (B, gg). Then the distribution (kermn.) defines a totally geodesic

foliation if and only if

TydW + ALy V € T(wDo) and VydW +ITyoW € T(Dy),
forany V,W eT (kerm.,).
Proof. For any V, W e I'(kerm.) using (2.2), (2.9), (2.10) and (3.1) we get

VyW = —JVyJW
=-J(Vyvpw+VyowW)
= —J(TvoW +VydW + Ay V + TyoW)
= —(BIypW + CTypW + dpVy oW + oVy W
+BA,wV + CywV +PdITyoW +0TyowW)

VyW = —BTVoW + Ay V) —d(Vy oW + ¥ VywW)
—CTvPW + Ay V) =0V y oW + ¥ Vyo W) (3.13)

From above equation, it follows that (kerm.) defines a totally geodesic foliation if and only if
C(TvPW + Ly V) + 0Ny W + 7 VywW) = 0.
which implies
Ty W + eV eT(0D) and Vy W + ¥ VyoW e T(2D)).

From Theorem 3.3 and Proposition 3.3, we have the following decomposition for total
space;

Theorem 3.4. Let m be a generic Riemannian submersion from a Kaehler manifold (M, g, ])
onto a Riemannian manifold (B, gg). Then the total space M is a generic product manifold of
the leaves of 91, @ and (kerm.)*t, i.e., M = Mg, x Mg, X M(jorz.y1, if and only if

Viy¢oWy €T(Dy), Ty, W =0,
<O]'V2§bW2 +tQ¢wW2 Vo €T (wD»), ©V2¢W2 +3~VZ(UW2 =0

and
AxBY + 7V xCY €T (), VVxBY +elxCY =0,

orany Vi, Wi €T(Dy), Vo, Wo € T(Dy), and X, Y € T'(kerm,)*, where Mgy,, My and M et
y 1 2 ( )

are leaves of the distributions 2, 9, and (ke re)t respectively.
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From Proposition 3.3 and Proposition 3.4, we have

Theorem 3.5. Let m be a generic Riemannian submersion from a Kaehler manifold (M, g, ])

onto a Riemannian manifold (B, gg). Then M is generic product manifold if and only if

.QfXBY+J£VXCY€F(u), VVxBY +axCY =0

and
Ty oW + A,V e T(wDo), VypW + ¥ VyoW eT(2y),

forany X, Y eT(kern,)*: andV, W € T'(kerm.).

Now we obtain necessary and sufficient condition for generic Riemannian submersion to
be totally geodesic. We recall that a differential map 7 between Riemannian manifolds (M, g)

and (B,p) is called totally geodesic map if
(V) (X,Y)=0, forall X, Y e T'(TM).

Theorem 3.6. Let w be a generic Riemannian submersion from a Kaehler manifold (M, g, ])

onto a Riemannian manifold (B, gp). Then n is a totally geodesic map if and only if

VyopW + TyoW € T(2y),
TvoW + L,V € T(0D,),
VyBX+3JyCX € T(2)) and
TFvBX +exV € T(wDy),

forany X eT'(kerm,)* andV, W €T (kerm.).
Proof. Since 7 is a Riemannian submersion, we have

(Vr,)(X,Y)=0, forall X, Y e T(kerm,)= . (3.14)

For any V, W e I'(kerm.) using (2.2), (2.9), (2.10), (2.13) and (3.1), we get

(Vi )(V, W) = =, (Vy W)
= -7« (=JVyJW)
=7 (JVy (W + 0W))
= 1. J( Ty oW +VypW) + J(Lyw V + TyoW))
= 1. (BIypW + CTypW) + (pVy W + wVy W)
+(Bdyw V + Cclyy V) + (pTv oW + 0Ty wW)).
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Thus (V) (V, W) =0 if and only if

oV yPW + TywW) + C(Ty W + Ly V) =0 (3.15)

On the other hand using (2.2), (2.9), (2.10) and (3.3) for any X € ['(kerm,)t and V €
I'(kerm.), we get

(Vr.)(V, X) = =1, (Vy X)
= -1, (=JVyJX)
m.(J(VyBX +VyCX))
7+(BIyBX +CIyBX) + (pVyBX + wVyBX)

+(BoxV + Celox V) + Ty CX + 0Ty CX))
Thus (V) (V, X) =0 if and only if
o(VyBX+3JvCX)+C(ITyBX +cx V) =0. (3.16)

The result then follows from (3.14) and (3.15) and (3.16).

Now we recall that a Riemannian submersion from a Riemannian manifolds (M, g) onto a
Riemannian manifold (B, gp) is called a Riemannian submersion with totally umbilical fibres
if

IJyW =g(V,W)H, (3.17)
for V, W eT'(kerm,), where H is mean curvature vector field of the fibres [12].

We then have

Proposition 3.5. Let w be a generic Riemannian subersion with totally umbilical fibres from a
Kaehler manifold (M, g, ]) onto a Riemannian manifold (B, gg), then H € T (w%5).

Proof. From (2.2), we have
VyJW =JVy W,

for any V, W € I'(2;). Now using (3.1) and (3.3) we obtain

TyvIW +Vy W = J(TyW +Vy W)
= BIyW +CITyW +pVy W + wVy W. (3.18)

Taking inner product in (3.18) with X € I'(1) and then using (3.17) we get

gIvIW,X) = g(CIy W, X),
g(V,JW)g(H,X) = gUIvW, X),
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gV, JW)g(H,X) = gUIvW,JX),
g, JW)g(H,X) = -g(V,W)g(H, ] X) (3.19)

Interchanging V and W in (3.19), we get
gW,JV)g(H,X)=-g(V,W)g(H,]X) (3.20)

Combining (3.19) and (3.20) we get g(H, JX) = 0 which shows that H € I'(w%,).
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