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INTEGRAL VERSIONS OF SOME GRUSS TYPE INEQUALITIES

S. IZUMINO, J. PECARIC AND B. TEPES

Abstract. In this paper we shall prove integral version of integral version of some Griiss type
inequalities.

1. Introduction

Let functions f, g : [a,b] — R be integrable functions and let p : [a,b] — R be positive
integrable function. Then Griiss type inequality is an estimation of difference:

T(a,b;p) = /ab £yt / )t — /ab () f ()t /abpa)g(t)dt. (1)

Let functions f, g : [a,b] — R be integrable, both increasing or both decreasing and
p: [a,b] — R be positive integrable function. Then

I(a,b;p) > 0. (2)

This is well-known as Cebygev’s inequality [1, pp.239].
If functions f, g : [a,b] — R be integrable and p : [a,b] — R. Further let

< flx) <P, y<g(x)<T, (3)
Then Ia,b 1) )
W < 4(‘1) ) (L —7). (4)

This is well-known as Griiss type inequality [1, pp.295].

Let a = (a1,...,ay), b = (b1,...,b,) be n-tuples of real numbers and let p =
(p1,-..,pn) be an n-tuple of positive numbers. Then discrete Griiss type inequality
is an estimation of difference:

I(a,b;p) szszaz szazsz i (5)

J. Pecari¢ [2] has proved:
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Theorem A. Let a = (a1,...,a,), b = (b1,...,by) be, both increasing or both de-
creasing, n-tuples of real numbers and let p = (p1,...,pn) be an n-tuple of positive
numbers. Then we have the inequality:

I(a,b;p) < lan — a1 - [bp — ba| - max (PePy) (6)

where Py, = Zlepi, P, =P, — P,.
D. Andrica and C. Badea [3] have proved:

Theorem B. Let a = (a1,...,a,), b= (b1,...,b,) be n-tuple of real numbers and let
p=(p1,...,pn) be an n-tuple of positive numbers. Further let a, b

my < a; <My, mo <a; < M. (7)
Then the following inequality is valid
I(a,b;p) < |My —my| - |[My —mao - %%X(P(J)(Pn - P(J))) (8)

where I, ={1,...,n} and P(J) =%, ;pi for J C I,.
S. S. Dragomir and R. P. Agarwal [4] prove:

Theorem C. Let a = (a1,...,ay), b = (b1,...,b,) be n-tuples of complex num-
bers and let p = (p1,...,pn) be probability distribution, i.e. p; > 0 (i = 1,...,n) and
Z?zlpi = 1. Then we have the following inequalities

n

_ b, Z m.li

kJ??,’LJ“’““ akliznllﬁégnlzl__ pip;li — jl
4,j=1

%

1—1
n q n
. _1 J . .
(@ bip)l < n'7 m%§_1|ak+1—ak|<§ |bi|‘11> > piplli— 47| (¢>1)

1=1,..
’ i=1 i,j=1

n
n max agpr —ax| > b max {pip;li —jl}
on—1 i,j=1,...,n

i=1,.. :
1=1
= Fl (a’a b,p) (9)
and
n
pomax gy —ax] max {pilbil} D pili— i
7,7=1 .
n 1—% n q
[ (a,b;p)| < nl_%. max |ag+1—agl <sz|bz|ﬁ> Z pipjli—jl? ] (g>1)
1=1,...,n—1 =1 g1
n
(n—1), max lapis — ax| > pilbil

i=1

= Fy(a,b;p). (10)
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S. Izumino, J. Pecari¢ and B. Tepes [5] have proved:

Theorem D. Let a = (a1,...,a4), b = (b1,...,b,) be n-tuples of complex num-
bers and let p = (p1,...,pn) be probability distribution, i.e. p; > 0 (i = 1,...,n) and
St pi=1. Then

n i—1 n—1
I(a,b;p) <> | Y PilAaj| + > PjalAa] | pilbi|

i=1 \j=1 =
n n 1_% 1—1 n—1 %

< <Z|i—1|pj> D PilAa|T+ > Pjia|Aaj? | pilbil(g > 1)
i=1 \i=1 j=1 j=1

< _max 1|Aaj|z: > li=jlp; | pilbil < Fia(a,b;p). (11)

eonT i=1 \j=1

Then J. Pecari¢ and B. Tepes [6] have proved the following improvement of the last
inequality in (10):

Theorem E. Let a = (a1,...,a,), b = (b1,...,b,) be n-tuples of complex num-

bers and let p = (p1,...,pn) be probability distribution, i.e. p; > 0 (i = 1,...,n) and
S pi=1. Then 2

I(a,b;p) Smaxq D p;(—1),Y_pj(n—3)p max |axpr —a Y_pilbil.  (12)
=1

i=1 =t )

2. Main Result

Lemma 1. Let functions f, g : [a,b] — R be differentiable functions and let p :
[a,b] — R be positive integrable function. Then

xT

b x b
Ia,bip) = / < / P(1)df (1) — / F(t)df(t)) p(2)g(z)dz, (13)

where P(z) = [* p(t)dt and P(z) = [* p(t)dt = P(b) — P(x).

Proof. It is obviously that:

b b b
I(a,b;p) = / p(2)g(x) (f(:c) / p(t)dt — / p(t)f(t)dt> dz. (14)
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We have

b

b b
/ p(a) f()dz = £(b) / p(t)dt / P(6)df (1)
b b b b
= 10) [ syt~ [ P + 1) [ oo - 1) [ o

b b
— f(@)P(b) + / P(b)df (1) — / P(1)df (1) — / P(6)df (1)
= f@P0) - [ PO

PO
t) + /bﬁ(t)df(t). (15)
Using (15) in (14) we prove Lemma 1.

Theorem 1. Let functions f, g : [a,b] — R be differentiable functions and let
p:a,b] — R be positive integrable function. Then

b x b
I(f.9:p)] < / < / P (1) dt + / F(tﬂf’(tndt) p()|g () dz
b b 1-3 z b i
< / ( / |:ct|p<t>dt> ( / P(O)|F(1)]%dt + / F(tﬂf’(t)wdt) p(@)g(2)|dx

< max /'@ |/ (/ e — t)p dt) Dlg@ldz < Fro(figip),  (16)

z€a,b]
where

Fl(fag,p)
max _|f’ max |g |/ / x)|z — t|dtdz
z€[a,b] a Ja

1-1 1
_ (b—a) qxrg[zsz]v </ lg(z)|a= 1dx> </ / ) |z— t|thdx> (17)

(g>1)

b
=) max 7@ [ lo(@)de, max, (pe)p(a)lz )

and
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Fy(f,9;p)
e |7/(0)] max {p(a)lg(o)]) / / Ol — t]dida

1

x| () < / bp(t)dtjé( | v oo 1‘“) (/ / e t'thdxf

(g>1)

b b b
e |7/ >|max{ / (b — 2)p(w)da, / (za)p(x)dx} / p(a)lg()|da.

(18)

Proof. Using Lemma 1 and df = f'(x)dx we have

b x b
I(f.9:p)] < / < / P (1)dt + / F<t>|f'<t>|dt> p@g(@)ldz.  (19)

Using fundamental inequality for means [1, pp.15] with ¢ > 1 and (19) we have

b x b_
/ ( / PO (1)]dt + / P<t>|f'<t>|dt>p<z>|g<x>|d:c

b z / b5 /
:/ (/ P(t)dH/ ) UL POL Ol + [ OO g,

[ZP(t)dt+ [P P(t)dt

" b (7 PO (0)dt + [P (0)2dn)E
< / ( / P(t)dt + /m P(t )dt) 7 P+ [P p(x)|g(x)|dz

b p b 1-3 a: b 7
-/ ( | P [ F(t)dt) ( | ol [ F<t>|f'<t>|th> p(@)lg(@)ldz.

(20)

Q|-

It is obvious that:

/ t)dt = /r/t s)dsdt = / / s)dtds = / x — s)p(s)ds = /az(:n —t)p(t)dt,

(21)
and

/ t)dt = / / s)dsdt = / / s)dtds = / s —x)p(s)ds = /:(t —x)p(t)dt.

(22)
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Using (21), (22) and (20) we have second inequality in (16).
Fundamental inequality for means [1, pp.15] with ¢ = oo second inequality in (16) we
have the third inequality in (16):

b [ b =3 [ e b z
/ ( / |x—t|p<t>dt> ( | Ponropa [ ﬁ<t>|f'<t>|th> p(@)lg(a)do
< ma 19 [ ( AR dt) §(@)lg(a)d (23)

It is obviously that

o |7'(@) / (/ & — tip(t dt>p<m>|g<x>|dw
< ma [//(@)] max [o(a) / < / @ — tlp(t dt) plw)da (24)

Using integral analogue of Holder’s inequality [1, pp.106] with ¢ > 1, we have

e 7] [ < [l t|p<t>dt> Pl (o)l
< max |f'(2) (/ / 19(z)] 7 1dmdt> ( /|x—t|q V9 (p(z) qcztdxfg
—(b—a)~ q;g% I (z </ lg(z)| 7> 1dx>1 </ / l — t]7(p thd:c)

.o|>~ @\

(25)
It is obviously that:
o 7] [ (/ o — tlp(t dt>p<m>|g<x>|d:c
< max [/(0)] max {(p(0) |xft|}//|g )ldtd
z€[a,b] t,z€la
=(b— —t )|d 2
(0 a) s 15, mv (o~ 1) [ oo (26)

It is also obviously that:

o 1F'(@) / ( / |:c—t|p<t>dt>p<x>|g<x>|dx

< ma [/(a)] mas {p(a)lg(o |}/ (/ &~ tp(t dt) . (27)
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Using integral analogue of Holder’s inequality [1, pp.106] with ¢ > 1, we have

o |7'(@) / / & — ] - o) [p(O)p(x)dtdz

= s 171 [ [ 10000 e~ 00 s
o |f'(o (//w (e dtdx> (//u—tw dtdxf
ng%lf()l(/ ) (/m #Tp( ) (//| —p(t )dtdw)l.
It is obviously that

x| (o) / b ( [~ t|p<t>dt> Pl (e)lde
< mac /(o) ma { / Pt dt} / p(@)lg(@)lda

b
— mx |f'(o >|max{/a = apla)ds, [ o= alp } oldz. (29)

Last equality in (29) is because function y : [a,b] — R, y(z) = f |z — t|p(t)dt is convex
function on [a,b] or y'(z) = P(z) — P(z) and y"(z) = 2p(x) > 0.

IN
mw 8

Remark. Let p: [a,b] — R be positive integrable function. Then
b b b
max / (b— :E)p(:c)d:c,/ (x —a)p(x)dz p < (b— a)/ p(z)dz. (30)
a a a
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