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ON SHARP PERTURBED MIDPOINT INEQUALITIES

ZHENG LIU

Abstract. The main purpose of this paper is to use a variant of Grüss inequality to obtain some

perturbed midpoint inequalities. Moreover, we show that our results are sharp and precisely

characterize the functions for which equality holds. Thus we provide improvements of some

recent results for perturbed midpoint inequalities.

1. Introduction

In 1935, G. Grüss proved the following integral inequality which gives an approxi-

mation for the integral of the product of two functions in terms of the product of the

integrals of the two functions (see for example [6, p.296]).

Theorem A. Let h, g : [a, b] → R be two integrable functions such that φ ≤ h(x) ≤ Φ

and γ ≤ g(x) ≤ Γ for all x ∈ [a, b], where φ, Φ, γ and Γ are real numbers. Then we have

|T (h, g)| :=
∣

∣

∣

∣

∣

1

b − a

∫ b

a

h(x)g(x)dx − 1

b − a

∫ b

a

h(x)dx · 1

b − a

∫ b

a

g(x)dx

∣

∣

∣

∣

∣

≤ 1

4
(Φ − φ)(Γ − γ), (1)

and the inequality is sharp, in the sense that the constant 1
4 can not be replaced by a

smaller one.

It is clear that the constant 1
4 is achieved for

h(x) = g(x) = sgn

(

x − a + b

2

)

.

From then on, (1) is well known in the literature as Grüss inequality.

In 2000, M. Matić, J. Pečarić and N. Ujević [5] established the following inequality

of Grüss type:
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Theorem B. Let h, g : [a, b] → R be integrable functions such that hg is also

integrable, and γ ≤ g(x) ≤ Γ for all x ∈ [a, b], where γ, Γ ∈ R are constants. Then

|T (h, g)| ≤ 1

2

√

T (h, h)(Γ − γ). (2)

(2) is also called as a premature Grüss inequality in [1].

In the recent paper [3], X. L. Cheng and J. Sun proved the following variant of the

Grüss inequality.

Theorem C. Let h, g : [a, b] → R be two inegrable functions such that γ ≤ g(x) ≤ Γ

for some constants γ, Γ for all x ∈ [a, b]. Then

∣

∣

∣

∣

∣

∫ b

a

h(x)g(x)dx − 1

b − a

∫ b

a

h(x)dx

∫ b

a

g(x)dx

∣

∣

∣

∣

∣

≤ 1

2

(

∫ b

a

∣

∣

∣

∣

∣

h(x) − 1

b − a

∫ b

a

h(y)dy

∣

∣

∣

∣

∣

dx

)

(Γ − γ). (3)

Here we have given revised version for (3) since the expression in [3] contained a misprint.

It is not difficult to find that Theorem B improves Theorem A and Theorem C

improves Theorem B.

The following inequality is well known in the literature as the midpoint inequality:

∣

∣

∣

∣

∣

∫ b

a

f(x)dx − (b − a)f

(

a + b

2

)

∣

∣

∣

∣

∣

≤ (b − a)3

24
‖f ′′‖∞, (4)

where the mapping f : [a, b] → R is assumed to be twice differentiable on the in-

terval (a, b) and having the second derivative bounded on (a, b). That is, ‖f ′′‖∞ :=

supx∈(a,b) |f ′′(x)| ≤ ∞.

From [2] and [4], we see that by applying the Grüss inequality (1) a perturbed mid-

point inequality can be established as follows:

Theorem D. Let f : [a, b] → R be such that f ′′ is integrable with γ ≤ f ′′(x) ≤ Γ

for all x ∈ [a, b], where γ, Γ ∈ R are constants. Then we have the perturbed midpoint

inequality:

∣

∣

∣

∣

∣

∫ b

a

f(x)dx − (b − a)f

(

a + b

2

)

− (b − a)2

24

[

f ′(b) − f ′(a)
]

∣

∣

∣

∣

∣

≤ Γ − γ

4

(

b − a

2

)3

. (5)

From [1] and [5], we see that by applying the premature Grüss inequality (2) gives a

genreal version of perturbed midpoint inequality as follows:
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Theorem E. Let f : [a, b] → R be such that f (n) is integrable with γ ≤ f (n)(x) ≤ Γ
for all x ∈ [a, b], where γ, Γ ∈ R are constants. Then

∣

∣

∣

∣

∣

∫ b

a

f(x)dx − (b − a)f

(

a + b

2

)

−
n−1
∑

k=1

1 + (−1)k

(k + 1)!

(

b − a

2

)k+1

f (k)

(

a + b

2

)

−1 + (−1)n

(n + 1)!

(

b − a

2

)n+1
f (n−1)(b) − f (n−1)(a)

b − a

∣

∣

∣

∣

∣

≤ Γ − γ

n!
√

2n + 1

[

1 − 1 + (−1)n

2(n + 1)

](

b − a

2

)n+1

. (6)

Corollary. Let f : [a, b] → R be such that f ′′ is integrable with γ ≤ f ′′(x) ≤ Γ for

all x ∈ [a, b], where γ, Γ ∈ R are constants. Then
∣

∣

∣

∣

∣

∫ b

a

f(x)dx − (b − a)f

(

a + b

2

)

− (b − a)2

24
[f ′(b) − f ′(a)]

∣

∣

∣

∣

∣

≤ Γ − γ

3
√

5

(

b − a

2

)3

. (7)

Clearly, the perturbed midpoint inequality (7) provides an improvement of the per-
turbed midpoint inequality (5).

The purpose of this short paper is to provide some sharp perturbed midpoint inequal-
ities by using the variant of the Grüss inequality (3).

2. Main Result

To obtain our main result, we need the following integral identity whose proof can be
found in [1].

Lemma. Let f : [a, b] → R be such that f (n) is integrable. Then we have the identity:

(−1)n

∫ b

a

Mn(x)f (n)(x)dx =

∫ b

a

f(x)dx − (b − a)f

(

a + b

2

)

−
n−1
∑

k=1

1 + (−1)k

(k + 1)!

(

b − a

2

)k+1

f (k)

(

a + b

2

)

. (8)

where

Mn(x) :=







(x−a)n

n! , if x ∈ [a, a+b
2 ],

(x−b)n

n! , if x ∈ (a+b
2 , b].

Theorem. Let f : [a, b] → R be such that f (n) is integrable with γ ≤ f (n)(x) ≤ Γ for

all x ∈ [a, b], where γ, Γ ∈ R are constants. Then
∣

∣

∣

∣

∣

∫ b

a

f(x)dx − (b − a)f

(

a + b

2

)

−
n−1
∑

k=1

1 + (−1)k

(k + 1)!

(

b − a

2

)k+1

f (k)

(

a + b

2

)
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−1 + (−1)n

(n + 1)!

(

b − a

2

)n+1
f (n−1)(b) − f (n−1)(a)

b − a

∣

∣

∣

∣

∣

≤ Γ − γ

(n + 1)!

[

1 − (−1)n

2
+

(1 + (−1)n)n

(n + 1) n
√

n + 1

](

b − a

2

)n+1

. (9)

Proof. It is clear that

∫ b

a

Mn(x)dx =
1 + (−1)n

(n + 1)!

(

b − a

2

)n+1

. (10)

Then by (8), (10) and (3) we can derive

∣

∣

∣

∣

∣

∫ b

a

f(x)dx − (b − a)f

(

a + b

2

)

−
n−1
∑

k=1

1 + (−1)k

(k + 1)!

(

b − a

2

)k+1

f (k)

(

a + b

2

)

−1 + (−1)n

(n + 1)!

(

b − a

2

)n+1
f (n−1)(b) − f (n−1)(a)

b − a

∣

∣

∣

∣

∣

≤ Γ − γ

2

∫ b

a

∣

∣

∣

∣

Mn(x) − 1 + (−1)n

2(n + 1)!

(

b − a

2

)n∣
∣

∣

∣

dx. (11)

For an odd n, the integral in the right-hand side of inequality (11) is equal to

∫ b

a

|Mn(x)|dx =
2

(n + 1)!

(

b − a

2

)n+1

. (12)

For an even n, the integral in the right-hand side of inequality (11) can be calculated as

follows:

Let x1 = a + 1
n
√

n+1
( b−a

2 ) and x2 = b − 1
n
√

n+1
( b−a

2 ). Then a < x1 < x2 < b and

x1 − a = b − x2 = 1
n
√

n+1
( b−a

2 ). Thus we have

∫ b

a

∣

∣

∣

∣

Mn(x) − 1

(n + 1)!

(

b − a

2

)n∣
∣

∣

∣

dx

=

∫
a+b

2

a

∣

∣

∣

∣

(x − a)n

n!
− 1

(n + 1)!

(

b − a

2

)n∣
∣

∣

∣

dx +

∫ b

a+b

2

∣

∣

∣

∣

(x − b)n

n!
− 1

(n + 1)!

(

b − a

2

)n∣
∣

∣

∣

dx

=

∫ x1

a

[

1

(n + 1)!

(

b − a

2

)n

− (x − a)n

n!

]

dx +

∫
a+b

2

x1

[

(x − a)n

n!
− 1

(n + 1)!

(

b − a

2

)n]

dx

+

∫ x2

a+b

2

[

(x − b)n

n!
− 1

(n + 1)!

(

b − a

2

)n]

dx +

∫ b

x2

[

1

(n + 1)!

(

b − a

2

)n

− (x − b)n

n!

]

dx

=
4n

(n + 1)!(n + 1) n
√

n + 1

(

b − a

2

)n+1

. (13)
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Consequently, the inequality (9) follows from (11), (12), and (13).

Remark 1. It is not difficult to find that the inequality (9) provides an improvement
of the inequality (6). Actually we can prove that the inequality (9) is sharp. Indeed, we
can construct the function f(x) =

∫ x

a
(
∫ yn

a
(· · ·

∫ y2

a
j(y1)dy1 · · ·)dyn−1)dyn to attain the

equality in (9), where

j(x) =







Γ, a ≤ x < a+b
2 ,

γ, a+b
2 ≤ x ≤ b,

when n is odd, and

j(x) =



















γ, a ≤ x < x1 = a + 1
n
√

n+1
( b−a

2 ),

Γ, x1 ≤ x < x2 = b − 1
n
√

n+1
( b−a

2 ),

γ, x2 ≤ x ≤ b,

when n is even.

Remark 2. For n = 1 then there is no perturbation term, giving
∣

∣

∣

∣

∣

∫ b

a

f(x)dx − (b − a)f

(

a + b

2

)

∣

∣

∣

∣

∣

≤ Γ − γ

2

(

b − a

2

)2

,

where γ ≤ f ′(x) ≤ Γ. This result may be compared with (4).
If n = 2 is taken, then there is a perturbation term giving

∣

∣

∣

∣

∣

∫ b

a

f(x)dx − (b − a)f

(

a + b

2

)

− (b − a)2

24
[f ′(b) − f ′(a)]

∣

∣

∣

∣

∣

≤ 2(Γ − γ)

9
√

3

(

b − a

2

)3

, (14)

where γ ≤ f ′′(x) ≤ Γ. Clearly, the perturbed midpoint inequality (14) provides a further
improvement of the perturbed midpoint inequality (7). In fact, the constant 2

9
√

3
is sharp

in the sense that it cannot be replaced by a smaller one.
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