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SOME RESULTS OF OPERATOR IDEALS ON s-TYPE
|A, p| OPERATORS

AMIT MAJI AND P. D. SRIVASTAVA

Abstract. Let s = (s,) be a sequence of s-numbers in the sense of Pietsch and A be an
infinite matrix. This paper presents a generalized class .7®) — p of s-type | A, p| operators
using s-number sequence which unifies many earlier well known classes. It is shown
that the class .«7®) — p forms a quasi-Banach operator ideal under certain conditions on
the matrix A. Moreover, the inclusion relations among the operator ideals as well as the
inclusion relations among their duals are established. It is also proved that for the Cesaro
matrix of order 1, the operator ideal formed by approximation numbers is small for 1 <
p < oo.

1. Introduction

Due to the immense applications in spectral theory, the geometry of Banach spaces,
theory of eigenvalue distributions, etc., the theory of operator ideals occupies a special im-
portance in functional analysis. Many useful operator ideals have been defined by using se-
quence of s-numbers. In 1963, Pietsch [4] firstly introduced the approximation numbers of a
bounded linear operator in Banach spaces. Subsequently, different s-numbers, namely Kol-
mogorov numbers, Gel'fand numbers, etc. are introduced to the Banach space setting. For
the unifications of different s-numbers, Pietsch ([5], 1974) defined an axiomatic theory of s-
numbers in Banach spaces.

For each fixed infinite matrix A = (a,;), Rhoades [11] defined A — p space, denoted by
|A, pl as

[} p 1
Zlankxkl) )"<oo for0< p<oo
-1

|

vew:($

n k

1
|A, pl = 0o
xew:sup(z ankxk|)<oo for p = oo,

n=1"j=1

where w is a sequence space of real or complex numbers. Further, Rhoades [12] has shown
that if A = (a,) is a triangle, i.e., a,; = 0 for k > n and a,, # 0, then the space |A, p| is sepa-
rable for 1 < p < oo and complete for 1 < p < oco. A— p spaces contain many known sequence
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spaces such as Cesaro sequence spaces, 1 < p < oo [13], lp sequence spaces, 0 < p < oo etc.
by specifying suitable matrix. In particular, if we choose the matrix A = (a,;) as a Norlund

matrix, i.e.,

Gnick . 1<k<n
ank = An
0 : k>n,

where a, is nonnegative for each n and A, = ZZ:1 ay >0, then | A, p| space reduces to

T =

{xE w :( 5 (AL éllanﬂ-kxkl)p)

<ool,
n=1

whereas Norlund sequence space [14] is defined as, for 1 < p < oo

T =

00 1 n p
{xE w: ( b (A—nlkZ an+1-kxkl) ) <oo }
=1
If we choose the sequence a,, = 1 for all n € N, then | A, p| space reduces to Cesaro sequence
space for 1 < p < oo, denoted as ces,. For A = I, we have the sequence space [, for 0 < p < co.

Pietsch [4] calls an operator T € .Z(E, F) to be I” type if Y07 | (a,,(T))P is finite for 0 < p <
oo, where (a, (7)) is the sequence of approximation numbers of the bounded linear operator
T. Later on Constantin [2] generalized the class of [, type operators to the class of ces—p
type operators by using the Cesaro sequence spaces, where an operator T € .Z(E, F) is called
ces— p type if Z‘r’f’zl (% kf ak(T))p is finite, 1 < p < co. Rhoades [11] further generalized the
class of ces— p type opéiators to the class of A — p type operators, where A = (a,;) is an
arbitrary infinite matrix. An operator T € .Z(E, F) is said to be A — p type operator if (a,(T))
is an element of the corresponding |A, p| space, 0 < p < co. Pietsch [7] studied extensively
operator ideals generated from the different s-number sequences by using Lorentz sequence
spaces.

The purpose of this paper is to study a generalized class of operators using the sequence
of s-numbers. We have also shown that the class .27®) — p of s-type | A, p| operators is a quasi-
Banach operator ideal under some certain conditions on the infinite matrix A, which is more
general than the usual classes of operator ideals. Moreover, we have obtained various inclu-
sion relations among the operator ideals as well as the inclusion relations among their duals.
Finally, it is shown that for the Cesaro matrix of order 1, the operator ideal formed by approx-

imation numbers is small for 1 < p < oco.

2. Preliminaries

Throughout this paper we denote E, F as the real or complex Banach spaces and .Z (E, F)

as the space of all bounded linear operators from E to F. Let .Z be the class of all bounded



SOME RESULTS OF OPERATOR IDEALS ON s-TYPE | A, p| OPERATORS 121

linear operators between arbitrary Banach spaces. We denote E as the dual of E and x is
the continuous linear functional on E. N and R* stand for the set of all natural numbers and
the set of all nonnegative real numbers, respectively. Let x € E and y € F, then the map
x ® y: E — F is defined by (xl ®y)(x) = xl(x)y, xeE.

We now state few results which will be used in the sequel. Before it, we recall some basic

definitions and terminologies of s-numbers of operators and operator ideals.

Definition 2.1. A finite rank operator is a bounded linear operator whose dimension of the
range space is finite.

Definition 2.2 ([1], [9]). Amap s = (s,) : £ — Rt assigning to every operator T € . a non-
negative scalar sequence (s, (7)) ey is called an s-number sequence if the following condi-
tions are satisfied:

(S1) monotonicity: | T|| = s;(T) = sp(T) =---=0, forTe.L(E,F)
(S2) additivity: Spy+p-1(S+T) < $,,(S) + s,(T), forS,Te Z(E,F), m,neN

(S3) ideal property: s,(RST) < |Rls,(S)IT|, forsome Re .Z(FFy), Se Z(E,F)and T €
£ (Ey, E), where Ey, Fy are arbitrary Banach spaces

(S4) rank property: If rank(T) < nthen s,(T)=0

(S5) norming property: s,(! : lz" — lé’) = 1, where I denotes the identity operator on the n-

dimensional Hilbert space ;.

We call s,(T) the n-th s-number of the operator T. For results on s-number sequence,
refer ([1], [5], [7], [8], [9]).
We give some examples of s-number sequences of a bounded linear operator.
LetTe Z(E,F)and neN.
The n-th approximation number, denoted by a,(T), is defined as

a,(T) :inf{llT—Lllz Le %(E,F), rank(L) <n}.
The n-th Gel'fand number, denoted by ¢, (T), is defined as
cn(T) :inf{n TIul: McE, codim(M) <n},

where Jjs: M — E be the natural embedding from subspace M of E into E.
The n-th Kolmogorov number, denoted by d,,(T), is defined as

du(D) =inf{IQN(D:  N<cE dim(N) <nl,



122 AMIT MAJTAND P. D. SRIVASTAVA

where Qp : E — E/N be the quotient map from E onto E/N.
The n-th Weyl number, denoted by x,,(T), is defined as

x,(T) =inf{an(TA) AL — E|l < 1},

where a, (T A) is an n-th approximation number of the operator T A.
The n-th Chang number, denoted by y,(T), is defined as

ya(T) =inf{a,(BT):1B: F— L] <1},

where a,(BT) is an n-th approximation number of the operator BT.
The n-th Hilbert number, denoted by #,,(T), is defined as

hn(T) = sup{an(BTA) |B:F—DbLl<1,||A:l,— E| < 1}.

Remark 2.1 ([9]). Among all the s-number sequences defined above, it is easy to verify that
the approximation number, a,(T) is the largest and the Hilbert number, /,,(T) is the smallest
s-number sequence, i.e., h,(T) < s,(T) < a,(T) for any bounded linear operator T. If T is
compact and defined on a Hilbert space, then all the s-numbers coincide with the singular

values of T, i.e., the eigenvalues of | T|, where |T| = (T*T) 7,

Proposition 2.1 ([9], p.115). Let T € Z(E,F). Then
hp(T) s x,(T) s cp(T) = ap(T) and  hy(T) < yu(T) < dp(T) < ap(T).

Definition 2.3. ([9], p.90) An s-number sequence s = (s,) is called injective if, given any metric
injection J € Z(F, Fy), s,(T) =s,(JT) forall T € £ (E, F).

Definition 2.4. ([9], p.95) An s-number sequence s = (s;) is called surjective if, given any
metric surjection Q € Z(Ey, E), s,(T) = s,(TQ) forall T € £ (E, F).

Proposition 2.2. ([9], pp.90-94) The Gel’fand numbers and the Weyl numbers are injective.

Proposition 2.3. ([9], p.95) The Kolmogorov numbers and the Chang numbers are surjective.
The following lemma is required to prove our theorems.

Lemma 2.1 ([5]). |$,(T)—s,(S)I=<|T-S|l forS,Te XE,F)andn=12,---.

Definition 2.5 ((Dual s-numbers) [5]). For each s-number sequence s = (s,), adual s-number

function sP = (SE ) is defined by
sP(T)=s5,(T') forall Te &,

where T' is the dual of T.
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Definition 2.6 ([7], p.152)). An s-number sequence is called symmetric if s,(T) = sn(T’) for
all Te L. If s,(T) = s,(T') then the s-number sequence is said to be completely symmetric.

Now we state some known results of dual of an s-number sequence.

Theorem 2.1. ([7], p.152) The approximation numbers are symmelric, i.e., an(T’) < ay(T) for

Te .
Remark 2.2. an(Tl) = a,(T) for every compact operator T (refer, C. V. Hutton [3]).

Theorem 2.2 ([7], p.153). Let T € £. Then

cn(T) =du(T) and cy(T') < dy(T).
In addition, if T is a compact operator then cn(T) = d(T).
Theorem 2.3. ([9], p.96) Let T € £. Then

xn(T) = yo(T) and  yu(T) = x,(T),
i.e., Weyl numbers and Chang numbers are dual to each other.

Theorem 2.4 ([7], p.153). The Hilbert numbers are completely symmetric, i.e., h,(T) = h,(T )
forallTe L.

Definition 2.7 ([7], [10]). Let.Z be the class of all bounded linear operators between arbitrary
Banach spaces and .Z (E, F) be the set of all such operators from E to F. A sub collection .#
of .Z is said to be an ideal if each component .Z (E, F) = .# .2 (E, F) satisfies the following
conditions:

(0On) ifx'e E', ye Fthenx'® ye .4 (E, F);
(OI12) if S, Te . #(E,F)thenS+T¢€ .#(E,F);
(OI3) ifSe .#(E,F), T € £ (Ey,E) and R € Z(F, Fy) then RST € ./ (Ey, Fy).

Definition 2.8 ([7], [10]). A function a :.# — R" is said to be a quasi-norm on the ideal .# if
the following conditions hold:

(QONY) ifx' € E/, ye Fthen a(x'® y) = |x [ yl;
(QON2) there exists a constant C, = 1 such that a(S+7T) < Cu[a(S)+a(T)] for S, T € .# (E, F);

(QON3) if Se #(E,F), T € Z(Ey,E) and R € .Z(F, Fy) then a(RST) < |RIa(S)ITI.
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In particular if C, = 1 then @ becomes a norm on the operator ideal .Z .

Anideal .# with a quasi-norm a, denoted by [.#, «] is said to be a quasi-Banach operator
ideal if each component .Z (E, F) is complete under the quasi-norm «. A quasi-normed op-
erator ideal [.#, a] is called injective if for every operator T € .Z (E, F) and a metric injection
Je X(FFy), JT € .#(E,Fy) we have T € .# (E,F) and a(JT) = a(T). Further, a quasi-normed
operator ideal [.Z, a] is called surjective if for every operator T € .Z (E, F) and a metric surjec-
tion Q € Z(Ey, E), TQ € .# (Ey, F) we have T € .# (E,F) and a(TQ) = a(T). Thus injectivity
and surjectivity are dual concept. For its various properties, please refer to [7].

Definition 2.9 ([7], [10]). For every operator ideal .#, the dual operator ideal denoted by .# I
is defined as
M (E,F) = {T e Z(EF): Te ///(F',E')},

where T’ is the dual of T and E' and F are the duals of E and F, respectively.

Definition 2.10 ([7], p.68). An operator ideal ./ is called symmetric if .# c .#  and is called
completely symmetric if # = .4 .

Remark 2.3 ([7], [10]).

1. ./ is complete if . is complete.
2. If [.#',a'] be the dual of quasi-normed ideal [.#, a] then & (T) = a(T').

We now consider some known operator ideals determined by sequence of s-numbers,

namely fr(‘;} and S;f) (see [7], [9]), where

oo
,,2”,(“2 = {Te,,?f: Y (n%_%sn(T))p <OO} for0<r,p<oo,
n=1
and

SS) :={T€$:§($n(T))p<oo} for 0 < p < co.
n=1

Definition 2.11 ([6]). An operator ideal .# is said to be small if .Z (E, F) = £ (E, F) implies
that at least one of the Banach spaces E and F is of finite dimension.

3. Operators of s-type | A, p|

In this section we have defined s-type | A, p| operators and proved that the operator ideal
formed by s-number sequence is complete. We have also investigated the dual and inclusion
results among the operator ideals.
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Let s = (s,) be a sequence of s-numbers. We call an operator T € .Z(E, F) is of s-type
|A, p| operator if the sequence of s-numbers of T, (s,(T)) is an element of the corresponding

| A, pl space. In other words, T is of s-type | A, p| operator if

1

oo [e.e] P\
(2 (2 1amsin))")" <0 for 0<p<oo,
n=1 écozl
SUP(ZIankSk(T)I)<oo for p=oo.
n=1"j=1

For each fixed matrix A, we denote «/®) — p be the class of all s-type |A, p| operators

between arbitrary Banach spaces and exzf(g)_) ) — P be the set of s-type | A, p| operators from E

to F which is a component of .&7®) — p for 0 < p < co.

Let A = (a,;) be a matrix satisfying the condition:
lan2k-11+1an2k) < Mlaygl for each k and n, (3.1)
where M is a constant independent of n and k.

oo
Theorem 3.1. Let0 < p < oco. For fixed matrix A = (any) satisfying (3.1) and Y. |a|P < oo, the
n=1

class o7 — p is an operator ideal.

Proof. Let E and F be any two Banach spaces. We shall prove (OI1) to (OI3) to show &7/®) — p
is an operator ideal. Let x €E, y € F then X ® y is arank one operator. So

sn(xl ®y)=0 foralln=2.

We have
(gl (gl | Qs (x ®y)|)p)% = (gl (1ams ®y)|)p)%

, e} 1
P
=||x®y||( |an1|p) < oo.
n=1

Thus x ® Ve exzf(g)_) ) — p and hence (OI1) is proved.

LetS, Te ﬂf(SL P We calculate

o0 o0 o0
Y lanksk(T+ 9= ) lanok-152k-1(T + S+ Y_ lan 2526 (T + S)|
k=1 k=1 k=1

< (:XO: (Ian,zk—1| + |an,2k|)52k—1(T + S))
-1
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< M( Y lanlsi(T)+ Y anlsi(S))- (3.2)
k=1 k=1

Casel: 0<p<1

1

For0< p<1landa,b >0, we have (a+b)p < (a”+b’”) and (a+b)E < C(a% +b%),where C=1
is a constant.

From (3.2), we have

(3 (3 tamsi+91)")" =M(3 (3 landscD+ 3 landsis)’)’
n=1"k=1 n=1"k=1 k=1
[ 00 1 00 00 1
<CM[(3 (Llamtsn) ) +( X (X tanclse) )] <oo
where C = 1 is a constant.
Casell: 1< p<oo
Using Minkowski inequality for 1 < p < co, we have from (3.2)
(5 (2 1amscm+91))7 = M3 (5 landse+ 3 lamdsets)’)?
n=1 k=1 n=1 k=1 k=1
< M[(g1 (gllamclsk(T))p)E ' (gl(gllanuskw))p)z] <co.

Thus S+ Te szféfl 5P and hence (O12) is proved.

Let T e Z(Ey,E), Re L (F Fy) and Se ﬂf(SLF) — p. Itis required to prove RST € DQZ(SO)_,FO) -p.

Using the property (S3) in the Definition 2.2., we have

Sp(RST) < ||RIsp(SIT| forall meN.

So
(&) oo p 1 00 o] p 1
(2 (X lanese®sDI) )" <iRITI( Y (¥ lawse®)) )’
n=1"k=1 n=1"k=1
< 00.
Thus RST € 42%(%33_) r,) — P and therefore (O13) is proved.
Hence .7®) — p is an operator ideal. g

Corollary 3.1. Let A = (a,i) be a matrix satisfying (3.1) and sup|a,;| < co. Then for p = oo, the

n=1
class <7''® — oo is an operator ideal.
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oo

Remark 3.1. Let A = (a,;) be a matrix such that Y |a,;|” < oo, then the condition (3.1) on
n=1

the matrix is sufficient but not necessary to form an operator ideal. Justification is given be-

low.

Justification: Let 0 < p < oo and A = (a,;) be a nonzero diagonal matrix such that
|(12n—1,2n—1|p + |a2n,2n|p = Mllann|py (3.3)

where M, is a constant independent of 7.
First of all, we show that for the nonzero diagonal matrix A satisfying (3 3), the class &/®) — p

of s-type | A, p| operators forms an operator ideal. For thislet S, T € sz( g —P- Then

= =

( 5 ( i |1 (T + S)I)p)% = 2 (1annlsn(T+9))")

n=1 k=1
(1annlsu)’)7 +( 3 (1amnlsn()”)7]

-

IA
D
=
18

n=1 n=1
=C;. f[(g“l(ij anksk(T)|)p)%+ gl(gllanksk(SH)p)%]

< o0.

Thus S+ T € M(g) _.p — p- Hence (OI2) is proved. Clearly the conditions (OI1) and (O13) hold
good. Thus the class <7¥ — p is an operator ideal. But the nonzero diagonal matrix A (In

particular identity matrix) does not satisfy the condition (3.1). This proves our claim.

Remark 3.2. Let A = I, an identity matrix, then the operator ideal <7 — p becomes a well
known operator ideal S ;f) which has been studied extensively by many mathematicians.
If we choose the matrix A = (a,;) such thatfor0<r,p <oo

~ 1=

1
nrr: ifn==k

ank = .
0 . otherwise.

Then the matrix A satisfies the condition (3.3) and forms a quasi-Banach operator ideals de-
noted as ,,2”,(2 introduced by Pietsch.

Note 3.1. It is observed that if the matrix A = (a,;) satisfies the condition (3.1), then the set
exzf(gl ) —P of s-type | A, p| operators from E to F is alinear space. So if we choose the s-number

sequence as the sequence of approximation numbers, then the set fzz%(%“i ) — P is same as the

set of A— p type operators studied by Rhoades. If we choose the matrix A as the Cesaro matrix

of order 1 then the set sz(%“ _.p — P coincides with the set of ces — p type operators introduced

by Constantin.
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Note 3.2. Rhoades [11] raised an open question whether the condition (3.1) on the matrix
A = (ayy) is necessary for the set of A— p type operator to form a linear space? It is observed
that the identity matrix I does not satisfy the condition (3.1) but the set of A— p type (here
A = I) operators forms a linear space structure. This answers the question of Rhoades in
negation, i.e., the condition (3.1) on the matrix A is sufficient but not a necessary to form a

linear space.

Proposition 3.1. Forl < p < q < oo, we have s/ —pc .o/ —¢q.

Proof. For 1 < p < g < oo, we have | A, p| € |4, ql. So the proof of Proposition 3.1. is trivial. O

Let /) — p be an operator ideal. Define ,Bfi)p 1S —p— R for0< p<ooby

= =

A, =( £ (X lawsen)”)”,

n=1

where T € &7\ — p.

o0
Note 3.3. For p = oo, we define ,BE:)OO(T) = sup( Z Ianksk(T)I).
’ n=1 ‘=1

Theorem 3.2. Let0 < p < oco. For fixed nonzero matrix A = (any) satisfying the condition (3.1)

oo N
and Y. |an|P < oo, the function ,Bfi)p is a quasi-norm on the operator ideal </ — p, where

n=1
A W (1)
B =20 rego ),
, o T
( Z |an1|p
n=1

Proof. Let E and F be two Banach spaces and exzf(g)_) ) — P be any one of the components of
S~ p.

Letx € E’, y € F, then x® y is arank one operator. So sn(xl ® y) =0, Vn = 2. Therefore,

= =

Ay (x ®y) = (gl(mmsl(x’@yn)pﬁ =Ix' @ i 3 jaml?)".

n=1

Again [|x ® y| = sup [I(x ® )X = (sup |x DIyl =lx Myl
[lxll=1 IxI=1

Therefore
Ay (x ®y) =IxNyl.

Suppose that S, T € ﬂ%(gLF) — p, then

B+ 1= (fl (gl anesi(s+ 1))
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(i (ki an2k-152k-1(S + T)I+§ |@n,2kS2k (S + T)I)p)%
" =1
(£ (& n0) ]+ (£ (£ )]

< cﬁ.M(ﬁ(” (8)+pS (D),

where Cg = 1 is a constant. Thus

0) A(S) R(s)
BY (5+T) = CpM(BS) 5+ Y, (1)).

Finally, let Se &7 . —p, Re Z(F,Fy) and T € .Z(E, E). Then

(E—F)
) oo, 00 1
s »
Py RSTI=( X (;mnkskmsm) )
oo, 00 p 1
<IRNTI(( X (X lanmsces))")")
n=1 k=1
()
<[RIB, ,(SITI.
Thus
a(s) A(s)
B, (RST)<IIRIB, (SITI.
Hence ,B(S) is a quasi-norm on the operator ideal &7 — p. O

Example 3.1. Let A = (a,;) be a Cesaro matrix of order 1, then for p =2, ,3(/:)2 is a quasi norm

N o) n 2\1
on the operator ideal «7'¥) -2, where %, (T) = ?( Zl (% kZ sk(T)) )2, Ted® -
’ n= =1

Corollary 3.2. Let A = (anx) be a nonzero matrix satisfying (3.1) and suplan| < co. Then for
n=1

p = oo, the function ,B(jy)oo is a quasi-norm on the operator ideal <7/ — oo, where ,Bfg?w(T) =

ﬁ(i) (T)
Teo® —co.
suplanl’
nx=1

Theorem 3.3. The operator ideal </ — p is complete with the quasi-norm ,6(/;) ,ie, [29—p,

,B(S) | is a quasi-Banach operator ideal for 0 < p < co.

Proof. Let 0 < p < co. To prove &7 ®) — p is a quasi-Banach operator ideal, it is enough to prove
that each component &%(S) p—pofd? () — p is complete under the quasi norm ,6(3)
We have

[e.e]

Y (1) = (f(Zmnksk(Tn) )

n=1 k=1

T =
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< =

> ( 2 (1amsic)”)
= ||T||(§l|an1|'7) :

= =

= ITI< ) (1) forTeds , —p. (3.4)

Let (T},) be a Cauchy sequence in fzz/(g)_) r — Pp-ThenV e >0, there exist N € N such that

B (Tn—Th<e, ¥mi=N. (3.5)
Now from (3.4),
I T = Till < B3, (T = T
Using (3.5), we have
I T =Til < B (Tm =T <€ ¥V mi=N.

Hence (T},) is a Cauchy sequence in .2 (E, F). As F is a Banach space, .Z (E, F) is also a Banach
space. Therefore T,, — T as m — oo in .Z(E, F). We shall now show that T;,, — T as m — oo in

()
gy~ P-

Using Lemma 2.1., we have
152 (T7 = Tim) = $n(T = T < I T = Tl
Letting [ — oo, we have
Sp(T1=Tp) — su(T = Ty,). (3.6)

From (3.5), we get

oo, OO

(2 (5 tausetmi=Tl))? <(% aul?)’, ¥mizN.

n=1 k=1
Using (3.6), it can be shown that as [ — co ( keeping m = N fixed)

o0 (e8] 1

(2 (X 1anesem=T01)")" <e( imnnpﬁ

n=1 k=1
:ﬁ;f?p(T— Tm)<e Y m=N.

This means that T;,, — T under the quasi-norm ,3

Next to show that T € 42%&9_} r — P- Now

(s)
Ap’

o0 o0 o0
Y lanesk(DI =Y lanzk-152k-1(DI+ Y lan2k 524 (T)
k=1 k=1 k=1
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o0
<> (Idn,zk—ﬂ + Idn,zkl)szk—l(T)
k=1
Since 0 < 5,41 (T) < s,(T), V n and using the inequality (3.1), we have

Y 1anksk(DI = M( Y anlse(T=To) + Y lanilse(Tw))-

k=1 k=1 k=1
Therefore
(3 (£ tawsen)' ) = cn](3 (5 s =11)") (5 (3 lamsucrl)’)’

< 00,

since ,BA) (T—Ty) <ooand (Ty) € & -p.

(E—P)
Hence T € sz(E P
For p = oo, we can similarly prove that .27 ®) — oo is complete under the quasi-norm ,B(S) -
0.
This completes the proof. O

We now study some properties of the quasi-Banach operator ideal .«7®) — p for 0 < p < oo.

Theorem 3.4. If the s-number sequence is injective, then the quasi-Banach operator ideal
(7S — p,ﬁ(j)p] is injective for 0 < p < co.

Proof. Let 0 < p <oco. Let T € Z(E, F) and J € .Z(F, Fy) be any metric injection. Suppose that

JT € &%(S) £y~ P Then

o0

x p
Y (X lansumI)” <oo
n=1"k=
Since the s-number sequence s = (s,) is injective, we have s,(T) = s,(JT), forall T € Z(E, F),
n=12,---. Hence

o0 (e8]

ij (Z |ank5k(T)|) i:: (Z Ianksk(]T)l)

k=1 k=1

Thus T € sz(g) " — pand clearly ,3(3) JrT) = ,B(S) (T) holds.

Similarly we can prove for p = co. Hence the operator ideal [.2/®) — p, ,6(3) ]isinjective. O

Remark 3.3. The quasi-Banach operatorideal [.«7© —p, ,3(6) | formed by Gel'fand numbers ¢ =
(c,) and the quasi-Banach operator ideal [.«/™ — p, ,B(x) formed by Weyl numbers x = (x;)

are injective quasi-Banach operator ideals for 0 < p < co.

Theorem 3.5. If the s-number sequence is surjective, then the quasi-Banach operator ideal

A p,fj(j)p] is surjective for 0 < p < oo.
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Proof. Let 0 < p <oo. Let T € Z(E,F) and Q € .Z(Ey, E) be any metric surjection. Suppose

that TQe fgz%(gg_)F) —p. Then

> (X Ianksk(TQ)I)p<oo.
n=1 k=1

Since the s-number sequence s = (s;,) is surjective, we have s,(T) = s,(TQ), forall T € £ (E, F)
andn=1,2,---. Hence

OZO: (OXO: |ank5k(T)|)p = OZO: (OXO: Ianksk(TQ)|)p < oo.
n=1 k=1 n=1"k=1

Thus T € QK(SLF) — p and also ,BAE:’)p(TQ) = ,BAE:’)p(T).

It is easy to check for p = co. Hence the operator ideal [.</¥ — p, ,ij) p] is surjective. a
Remark 3.4. The quasi-Banach operator ideal [«/@ — p, ,3%;] formed by Kolmogorov num-

bers d = (d,;) and the quasi-Banach operator ideal [«/" — p, [3%)’7] formed by Chang numbers

vy = (yn) are surjective quasi-Banach operator ideals.

Let us consider [« (@ — p, ,BAEf)p] and [P — p, Axl)p] be the quasi-Banach operator ideals
corresponding to the approximation numbers a = (a,) and the Hilbert numbers & = (k)

respectively. Then we have the following inclusion relations among the operator ideals.

Theorem 3.6. Let0< p <oo. Then

aLﬂ@_pg%@_pgdm_pgﬁw_p and
I Z9-pcdD_pcadV-—pcag®_p.

Proof. Let 0 < p < co. Suppose that T € &7 ¥ — p. Then
(o] [e 0]
p
> (X lankarmI)” <oo.
n=1"k=1
From Proposition 2.1., we have
Y (X lawhDI) < Y (Y lanxnDl) < ¥ (X lawcDI) < Y (¥ lanar®I) .
n=1 k=1 n=1"k=1 n=1"k=1 n=1 k=1
Hence the proof of (1) follows for 0 < p < co. It is trivial to check for p = co.
We omit the proof of (/]) as it is similar to the previous one. a

There are some converse estimates among s-number sequences as given below.

Lemma 3.2 ([8], p.165). Let T € .Z(E, F). Then a(T) < 2nZ c,(T) and an(T) < 2n? dy(T).

We have next result related to this converse estimates.
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Theorem 3.7. Let0<r1,p <ooand A= (aui) be a diagonal matrix where

P nrr?2: k=n
nk 0 : k#n.

If a bounded linear operator T from E to F belongs to frfg, then T belongs to <7“ — p.

Proof. For 0 < p < oo, we have

oo o0 o0
> (X lanearm) = Y (n7 7 ann)”
n=1 k=1 n=1
oo
<y (n%‘i‘%.zn%cnm)p (Using Lemma 3.1.)
n=1
oo
=2} (n%_%cn(T))p<oo.
n=1
Hence the result follows. O

Remark 3.5. In particular, if we take the diagonal matrix A = (a,x), where

n_%: k=n
anl =
nk 0 : k#n.

If a bounded linear operator T from E to F belongs to S;f), then T belongs to &7/ @ —p for
0< p<oo.

Theorem 3.8. Let0 < r1,p <ooand A= (aui) be a diagonal matrix where

P norz: k=n
nk 0 : k#n.

If a bounded linear operator T from E to F belongs to ‘er?, then T belongs to </ @ — p.

Proof. The proof is similar to the proof of Theorem 3.7. O

Remark 3.6. In particular, if we take the diagonal matrix A = (a,), where

_— n_%: k=n
k= 0 : k#n.

If a bounded linear operator T from E to F belongs to S;f), then T belongs to 7@ — p for 0<

p <oo.

We now state the dual of the operator ideal formed by different s-number sequences.
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(h)

Theorem 3.9. The operator ideal </'? — p is symmetric and the operator ideal o/'" — p is

completely symmetric for 0 < p < oo.

Proof. Since an(Tl) < a,(T) and hn(Tl) = h,(T), for all T € Z(E, F), we have «7/@ — p<
(D —p) and W —p= (7P - p). a

Theorem 3.10. Let0 < p < co. Then o9 —p = (7D —p) and 7P —p < (79 -p). In
addition, if T belongs to the class of compact operators, then /@ — p = (/@ - p)'.

Proof. The proof follows from Theorem 2.2. a

Theorem 3.11. Let0< p<oco. Then ™ —p= (Y —p) and 7V — p= (7™ - p)’.

Proof. The proof follows from Theorem 2.3. O

3.1 Small operator ideal

This section deals with the small ideals of operators. In [6], Pietsch proved that the ideal S;f)
is small for 0 < p < oo. Here, we proved that the ideal formed by approximation type ces,,
operators is small for 1 < p < oo.

Let A be a Cesaro matrix of order 1 and .«7¥ — p be an ideal of approximation type cesp
operators.

Then we have the following theorem.

Theorem 3.12. The quasi-Banach operator ideal </'® — p of approximation type cesy opera-
tors is small for 1 < p < oo.

1

[e.o]
Proof. Let A = ( > i,,) for 1 < p < co. Then [&/? — p, ,6 ] is a quasi-Banach operator

n=1
1

[ee] n
ideal, where ,6(“) (T) = ( )y (% > ak(T))p)”. Let E, F be any two Banach spaces. Suppose
n=1 k=1

(E—F)
all T € Z(E, F). Assume that E and F both are infinite dimensional Banach spaces. Then by

that 7% — p = Z(E,F), then there exists a constant C > 0 such that ,Bff)p(T) <C|T| for

Dvoretzky’s theorem [7] for m = 1,2,--- we have quotient spaces E/N,, and subspaces M,,
of F which can be mapped onto lzm by isomorphisms X, and A,, such that || X, IIX;l1 <2
and [|A.,|l IIA,_n1 | < 2. Consider I, be the identity map on 1), Q,, be the quotient map from
E onto E/N,, and J;, be the natural embedding map from M,, into F. Let a,, d,, and u,
be approximation numbers, Kolmogorov numbers and Bernstein numbers [5], respectively.
Then

1= up(I) = (A Ay) Ly Xim X,
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< | Al tin (A Tn Xn) 1 X3

= 1Al unUm A In Xm) 1 X,

< | AmlldnUm A In X 1 X,

= | AmlldnUm A In Xm Q) 1 X,

<Al anUnmA, InXm QI X, I forn=1,2,---,m

Now
2 M=) IAmlarUm Ay InXmQu) 1 X, |
k=1 k=1
1 < -1 -1
= =l (o 3 @l A In X QI
n =1
Pl g 4 P
< (1Aml1X5,1)" (= X @ U Ay I XinQu)
Therefore

= =

AU A7 T Xn Q)

< =

kumA;nllmeQm))”)

>»|~>a|~

m < | AnllX,, ||B(,;?p(fmA;JImeQm)

< CllAm 1 X0, 11T im Ay In X Qi

< Cll A 11 X0 11 Tm A 1 L 11 X Qual
= Cll A X 1A 1 Xl

<4C.

This is a contradiction as m is any arbitrary number. Thus E and F both cannot be infinite
dimensional when o7 if’) e Z(E,F). This completes the proof. O

Theorem 3.13. The quasi-Banach operator ideal </'“ — p of Kolmogorov type ces), operators
is small for 1 < p < co.

Proof. The proof is similar to the proof of Theorem 3.12. O
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