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NONCONVEX MINIMIZATION IN GENERATING SPACE

VANITA BEN DHAGAT AND VIJENDRA SINGH THAKUR

Abstract. A nonconvex minimization theorem has been established for generating of space of quasi 2-metric family

with non commuting condition, which is defined as a-compatible.

1. Introduction and preliminary

The generating space of quasi 2-metric family is important because of its involvement
with fuzzy and probabilistic 2-metric space and a minimization theorem [1], [2] is to obtain
fixed point theorem. In this paper, we prove a non convex minimization theorem for generat-
ing space of quasi 2-metric family. Further, we prove fixed point theorem as an application of
minimization theorem with non commuting condition Known as a-compatible. Generating
space of quasi 2-metric family is defined as follows:-

Let X be a non empty set and {D, : a € (0,1]} be family of mapping D, from XxXxX
into R*. {X,D,} is called generating space of quasi 2-metric family if it satisfy following ax-
ioms:

(GM1) - For any two distinct points x and y there exists z in X such that D, (x,y,2) # 0,
Y ae(0,1].

(GM2) - Dq(x,y,2) =0if atleast two x, y, z are equal and « € (0,1].

(GM3) - Dy (x,¥,2) =Dg(x,2,¥) = Dg(z,y,x) forall x, y, zin X and a € (0, 1].

(GM4) - For any «a € (0,1] there exists aj, az, a3 € (0, ] such that @) + @2 + @3 < @ and so
Dq(x,y,2) < Da1 (%, y, u) + Da2 (X, U, 2) + Da3 (1, y, 2).

(GM5) - Dg(x, ¥, 2) is non increasing and left continuous in ¢ and V x, y, zin X.

Throughout this paper, we assume that K : (0,1] — (0,00) is a non decreasing function
satistying the condition
K =supK(a).
a

Let E and F be mappings from generating space of quasi 2-metric family {X, D } into itself.
The mapping E and F are said to be a-compatible if

r}im Dy (EFx,,FEx,,EEx;) =0 and r}im Dy (EFx,,FEx,,FFx,) =0
—00 —00
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for all a € (0,1] and x,, is a sequence in X such that r}im Ex;, = nlim Fx, =t for some rin X.
— 00 — 00

Lemma 1. Let E and F be a-compatible mappings from generating space of quasi 2-metric
family {X, Dy} into itself. Suppose that r}i_r&Ex,; = r}i_{&Fxn =t forsomet in X. Then
) r}i_{goEFxn = Ftif F is continuous.
(i) EFt=FEtandEt=FtifE andF are continuous.

Proof. (i) Suppose that r}im Exp = r}im Fxp =t for some ¢ in X. Since F is continuous, we
—00 —00
have nlirn FEx, = Ft. Now by (GM4), we have
—00

Dy (EFxy, Ft,Ft)<Dg1(EFxy, Ft,FEXy)+Dg2(EFxp, FEXy, Ft)+Dg3(FExy, Ft,Ft)

For ay, a2, a3 € (0, ] such that a; + @2 + a3 < a. On taking limit n — co we get r}i_r&EFx,; =Frt.
Since E is continuous, nlggo EFx, = Et and also F is continuous so by (i) r}gl()lo EFx, = Ft.
Hence by uniqueness Et = Ft. Now again D,(EFt,FEt,EFt) < r}i_{goDa (EFxy,, FEx,,,EFx;)
for all @ € (0,1]. Since E and F and by (GM2) we get EFt = FEt.

2. Main result

Theorem 1. Let {X, D;Z a€ (0,11} and{Y, D;Z :a € (0,1]} be two complete generating space
of quasi 2-metric family. F: X — Y be a closed and T : X — X be continuous mapping satisfy-
ing

(i) Do(Tx,Ty,z) <max{Dy(Tx,y,2),Da(x,Ty,2),De(x,y, Tz)} and
(i) D (f(Tx),f(Ty), f(2)<max{D,(f(Tx),f ), f(2),D(f(x),f(Ty),f(2),
DL(f(0,f, f(T2)}L VY x,y, zin X and a € (0,1]

(iii) v :R — R be a non decreasing continuous and bounded below function,

(iv) ¢: f(X) — R be a lower semi continuous and bounded below function,

(v) foranype X with xi,relgw((/)(f(x))) <y(p(f(p)) there exists g with p # Tq and
max[max{Dq(Tq, p,2),Da(q, Tp,2),Da(q, p, T2)}, c.max{D, (f(Tq), f(p), f(2),
Dy (f(q), f(Tp), f(2), Dy (f(@), f(p), f(T2))}] < K(a) [y (Pp(f (p)) =y (p(f(g))]

VY x,y,zin X and a € (0,1] and c is any constant.
Then there exists an xg in X such that in}f{w((,b(f(x))) = (p(f(x0))).
XE

Proof. Let us suppose in}f{w((,b(f(x))) < w(p(f(y)) for every y in X and choose r € X
X€

for which y(¢p(f(r))) is defined, then inductively we define a sequence {r,} ¢ X with r; =r.
Suppose 1, is known and consider

W, = {[w € X : max [max{Da(Tw, P, 2), Do (W, Tt 2), Do (W, ', T2)},

c.max{Dy (f(Tw), f(ry), f(2)), Dy (f (W), f(Try), f(2)), Dy (f (W), f(rn), f(T2))}
< K(a)[w(qb(f(rn)))—w(qb(f(w))) V x5z in X and a€(0,1].
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W, is non empty set and there exists w € W, such that r,, # Tw. We can choose r,,+1 € W,
such that and r,, # T'(r;,51) and

W(P(f(rp+1))) < inf w(p(f () + 1/3|w(p(f(rp))) — inf w(p(f (X)) |.
xeX xeX

Clearly w(¢p(f (rn+1))) is @ non increasing lower bounded sequence, hence it is a convergent

sequence.
Now we prove {r,} and {f (r,)} are Cauchy sequences:

max{D (TTp, Trps1, w), ¢.Dy (f(Try), f(rns1), f(w))}
< max [max{Da(Trn, Tn+1, W), Do (Ty, Trps1, W), D (Tp, Tps1, Tw)},
c.max{Dy (f(Tr), f(rus1), f(w)), Dy (f(ra), f(Try41), f(w)),
DL (fra), f(rs), F(Tw))]

< K@ y@(f ) = ¥(@(f (rns)]
Y n,me N, n < m = there exists aj=aj(n,m); Zaj < a, such that
masc{ max{Dg (77, Py W), Dt (7, T ), D (s T, T}

c.max{Dy (f(Try), f(rm), f(W)), Dy (f(rn), f(TTm), f(w)),
DL (fra), £ (rm), f(Tw))} |

< Zmax{max{Daj(Trj,rj+1,w),Daj(rj,Ter,w),Daj(rj,er,Tw)}
j=n
c.max{Dy ; (f (Tr)), f(rj+1), f (W), Dy ; (f(rp), f(TTj41), f(w)),
D (£, f(rjen), F(Tw)}}
Hence,Vn,me N, n<mand u<a:

max{ max{Da (Trs, Py ), Da(Fny Ty ), Da (s Py Tw)}
c.max{D} (f(Try), f(rm), f(w)), Dy (f (rn), f(TTm), f(w)),
D (f ), frm), f(Tw))} |

m—1

< K@ Y [ -v@f )]
j=n

< K@ y@(f o) -y rm)|

for some aj with0<aj+1 <ar<a,j=n,...,...,m-1.

Dy (rp, rps1, W) < Dot (rpy Fpse1, Trps1) + Da2 (rp, Trps1, W) + Dos(Trpe1, v, W)

< Da1(rn, 'ns1, Trns1) + Da2 (rn, Trpg1, W) + Da3(Trypst, Tnet, T1)
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+Daa(Trps1, Trp, W)+ Dos(Try, rps1, W)
for aj+azs+as+as+as<a

< 3| max{Da(Try, Pt 1, W), Da (P T 1, W), Do (P s, Tw)l,
c.max{D,,(f(Trrn), f(rn+1), f(wW)), Dy (f(rn), f(Trns1), f(w)),
DL (fra), (), F(Tw))]

< 3K(a) [w((,b(f(rn))) —w(qb(f(rnﬂ)))].
Then also we get
D1y, rm, w) = 3K(a) [W((l)(f(rn))) —w(tb(f(rm)))] where n < m.
In the manner we obtain
Dy (f(rn), f(rns1), f(w)) < 3K(a) [1//(<P(f(rn))) —1//(<P(f(rm)))] where n < m.
Hence {r,} and {f (r,)} are Cauchy sequences.
Assume that r}l_l:l(’)lo rp,=a and r}l_l:l(’)lo f(rp) =b. Since f is closed therefore f(a)=»b
By the continuity of W and lower semi continuity of ¢» we have
Y(p(b) < ;}Egow(('b(f(r”))) = ;}Egow(gb(f(r”“)))‘
Letd = ilel)f(llfﬁp(f(x))) eR
Y(P(f(rp+1))) < ;g)f(W((l’(f(X))) +1/3[y((f (1)) —;Iel)f(llfﬁ/)(f(x)))],
we have
r}i_{glow(gb(f(rn+1))) =< (2/3)6 + 1/37}1_{{.10w((,b(f(rn))) =(2/3)6 + 1/3nh_.r§ow(¢(f(r””)))
Y(p(f(a) <y(pb) = }}EEOW(¢(f(rn+1))) <6= J%Iel)f(llfﬁp(f(x))) sy (o(f(@))
which is contradiction, therefore there exists xg in X such that
ig)f(llf((/)(f(x))) =p(P(f (x0))).

Now we give a fixed point theorem as an application of the above theorem under non
commuting condition known as a-compatible.

Theorem 2. Let {X,Dy : a € (0,11} and {Y, D, : a € (0,11} be rwo complete generating space
of quasi 2-metric family. F : X — Y be a closed and T : X — X be continuous mapping satisfy-
ing

(i) Do(Tx,Ty,z) <max{Dy(Tx,y,2),Da(x,Ty,2),De(x,y, Tz)} and
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(i) D, (f(Tx), f(Ty), f(2) <max{D, (f(Tx), f(),f(2),D,(f(x), f(Ty),f(2),
D (fx), f»), f(T2)},
(iii) v :R — R be a non decreasing continuous and bounded below function,
(iv) ¢: f(X) — R be a lower semi continuous and bounded below function,
(v) S: X — X be a continuous mapping,
(vi) Sand T area compatible and
max [max{Da(Tx, TSx,2),Dq(x,TSx,2),Dq(x,Sx, T2)},
c.max{D,(f(Tx), f(TSx), f(2)), D, (f(x), f(TSx), f (2)),

Dl (f(x), £(Sx), f(T2)}]
< K@ |p@(f0) -y @(f(50))]

VY x,y,zin X and a € (0,1] and c is any constant. Then there exists unique common fixed
point xg in X.

Proof. If xy € X such that in)f(w(cp(f(x))) = (d(f(x0))) then xp = TSxp, Sxo = T xp and also
X€E
Xo = T'xp. By the hypothesis, if xy # T'xg or Sxp # Txp. Then for some «a € (0,1]

0 < max{ D¢ (Txo, T'S%0, 2), Da (X0, T'SX0, 2), Dac (o0, S0, T2) |
< K@y @(f (o)) -y @(F(Sx))] <0

which contradiction. Then Sxp = Txp. Now by @ compatibility of S and T and by the lemma
we get Sxg = TSxp = ST xp = Txp.
Also for aq,a»,a3 € (0,a] suchthat a1 +az+asz <a

Dq(x0, Tx9,2) < Dg1(xo, Txo, TSXp) + Dg2(x0, TSXo,2) + Da3 (T Sxo, T x0, 2)

< Du3(TSxg, Txg,2) =0. Hence Txo=Sxy= Xp.

Uniqueness. Let us assume there exists another fixed point yp such that Syo = Ty = yo
and by the Theorem 1 we have in)f(t//((p(f(x))) =w(P(f (1))
XE

But in)f(w((,b(f(x))) =¥ (¢p(f(x0))) hence by uniqueness of infima we get xo = yo.
X€
Corollary 1. Let {X, D, : a € (0,11} and {Y, D), : a € (0,11} be two complete generating space

of quasi 2-metric family. F: X — Y be a closed, ¢ : f(X) — R be a lower semi continuous and
bounded below function. Let S : X — X be a mapping such that

max{ D (S, %, 2), ¢.D, (f(Sx), (), f(2))} = K(@) [ p(x) — p(S2)
YV x,y,zin X and a € (0,1] and c is any constant. Then there exists Sxy = Xo.

Proof. Considering T'= I and ¢ = I we get required result.
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3. Example

D(x,y,2)
1+D(x,y,2)
D(x,y,2) = max{|x — y|,|y — zl,|z — x]}. The mappings are defined as follows: T : X — X as
Tx=x* f:X—Xas fx=x,¢: f(X)— Ras¢p(x)=1/(1-x) andy: R — R, w(x) = x*/2 and
K(a) = 3 satisfy the all conditions of Theorem 1. Also S: X — X is defined Sx = x3/2, then
(S, T) is @ compatible which satisfying the condition of Theorem 2 and hence 0 is a unique
fixed point.

Let X = [0,1] and Y = [0,00], Dy = D), = Dy defined by D;(x,y,2) = and
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