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UNIFIED PRESENTATION OF CERTAIN FAMILIES OF
ELLIPTIC-TYPE INTEGRALS RELATED TO EULER INTEGRALS
AND GENERATING FUNCTIONS

V. B. L. CHAURASIA AND R. C. MEGHWAL

Abstract. The aim of the present paper is to give unified presentation of certain families
of elliptic-type integrals related to Euler integrals and generating functions. It is a unifi-
cation and generalization of certain families of elliptic-type integrals which were studied
in a number of earlier works on the subject due to their importance and potential in cer-
tain problems in radiation physics and nuclear technology. The results established in
this paper are of manifold generality and basic in nature. Besides deriving various known
and new elliptic-type integrals and their generalizations these theorems can be used to
evaluate various Euler-type integrals involving a number of generating functions.

1. Introduction .
Qj(k):/ (1-k*cosf) /"2 a6, ()
0

where j =0,1,2,... and 0 < k < 1 was studied by Epstein-Hubbel [5], for the first time. Due to
its occurrence in a number of physical problems [1, 2, 6, 8, 15, 17, 29], in the form of single
and multiple integrals, several authors notably Kalla [9, 10] and Kalla et al. [11], Kalla and
Al-Saqabi [12], Kalla et al. [13], Salman [23], Saxena et al. [26], Srivastava and Bromberg [31],
have investigated various interesting unifications (and generalizations) of the elliptic-type in-
tegrals (1). Some of the important generalizations of elliptic-type integrals (1) are as follows.
Kalla [9, 10] introduced the generalization of the form:

b3 2a-1 2) si 2y-2a-1 2
Ru(k,a,7)=f cos (6/2)sin @/ )de, @)

0 (1-k2cosO)H+2
where 0 < k<1, Re(y) >Re(a) > O, Re(u) > —%.

Results for this generalization are also derived by Glasser and Kalla [7]. Al-Sagabi [18]
defined and studied the generalization given by the integral

T 2m s 2V
Bu(k,m,v) = f cos " O)sin (01)
0 (1-k2cosOQ)Htz

do, 3)
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Where05k<l,meNo,ueC,Re(u)>—%.

Asymptotic expansion of (3) has recently been discussed by Matera et al. [20]. The inte-
gral

b4 1n2
Ay(a, k) :f explasin (0/2)1] a0, @
0 (1-k%cos@)'*2

where 0 < k < 1, @, v € R; presents another generalization of (1), given by Siddiqi [29].

Srivastava and Siddiqi [35] have given an interesting unification and extension of the fam-
ilies of elliptic-type integrals in the following form:

[1-psin®(0/2)]*do, (5)

A@ ™ cos2®1(9/2)sin?P-1(0/2)

Ay e k) = :
K 0 (1-k%cosO)H*2

where0<k<1,Re(a)>0O,Re(f) >0, L, ueC,|pl<1.

Kalla and Tuan [14] generalized equation (5) by means of the following integral and also
obtained its asymptotic expansion
™ cos??~1(0/2)sin®f~1(0/2)

A“ﬁ) (pak)f = [1-psin®(0/2)] M1 +6cos?(0/2)]1dO,  (6)
Ay.) 0 (1-k2cos@)H*z

where 0 < k< 1,Re(a) >0,Re(f) >0, A, i1,y € C and either |p|, |6] < 1 or p (or S) € C whenever

A=mory=-m, me Ny, respectively.

Al-Zamel et al. [19] discussed a generalized family of elliptic-type integrals in the form:

zo Py = 2Pk, k)
=/ cos?*1(@/2)sin?F~ 1(19/2)]_[(1 k% cos )7 d6
0 j=1
2k? 2k,
=B 1- kz Y]F(n) yeeey ’ L [ARES] = ’ 7
(@, ,6)]]_[1( Y TIFS (Biynsee Y e k%_l) @)

where Re (@) > O,Re(f) > O, |kjI<1;y;€C(j=1,...,n) F](D") (-) is the Lauricella hypergeomet-
ric function of n-variables [21, p.163].

Saxena and Kalla [27] have studied a family of elliptic-type integrals of the form:

(@, p) .
Q(O'l ..... O e 2.5#)(p1;---;pn—2;5; k)
(n=2) [1 — p;sin®(0/2)] 7% [1 + & cos?(0/2)] Y
:f cos?¥1(0/2)sin?"1@/2) ] 1= pjsm7 0721 71 : O o, s
0 j=1 (1—k2cosO)H+z

where0<k<1,Re(a) >O,Re(f)>0;0;(j=1,...,n-2),y,ueC;

2k?
| <1.

Ip,l |1+6| |
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In a recent paper, Saxena and Pathan [28] investigated an extension of equation (8) in the
form:

(a,p) .
Qo s0itibasent) P10 P O3 A0,y An)

T m
- f c0s221(0/2)sin?P~10/2) [ 11 - pysin®(0/2)] "
0

i=1

n
[1+8cos*(@/2)] 7 [T (1-A% cosO) ™" d, €)
j=1

where min{Re (@),Re (f)} > 0;|1;| < 1;0;,7,Lj€C;

J ' '% }<1(i:1,...,m; j=1...,n).

ax{lpil, '@—1

In a recent paper [4], Chaurasia and Pandey investigated a new family of unified and general-
ized elliptic-type integrals:

—(a,p) (a,)
Q(A ﬁL)((pl) (61);k]) Q(Z,ﬁ, LM)(‘DI’ )pN)51)~-~)5N;k1»-~-»kM)

n
=f cos?®1(9/2)sin?~1(0/2) H[1+p,-sin2(0/2)+6iCOSZ(B/Z)]_’I" I1 (l—k?cosﬁ)_Lde, (10)
0 i=1 j=1
where min{Re (a),Re (B)} > 0; |kj| <1; A;,L; € C;

2
{w o | 2k2 | |51i+;§ii'} <1(i=1,....N; j=1,...M)
which includes most of the known generalized and unified families of elliptic-type integrals
(including those discussed in (1) through (9)). For more details also see [10], [25] and [29].
Upon a closer examination of the above equation (10), it can be seen that the family of
elliptic-type integral ﬁglﬂ L)j) ((p),(6;); kj) can be put in to the following form involving Euler-
type integral:

_(aﬁ
Q(Al JANLL.. LM)(ply-~-»pN»6]»-~-»6N;k])~-~)kM)

—H(l kz)‘LfH(1+6)“f P11 - w)™ 20y

N 0i—plw)-A
I [1—% do. (11)
i=1 l

A two-variable generating function F(x, f) possess a formal (not necessarily convergent for
t #0) power series representation in ¢, can be written in the following form

F(x,0)= ) Cufu(x)t", (12)
n=0
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where each member of the generalized set {f},(x)} 2o is independent of x and ¢. The well

oo
n
known H-function [32] is defined in the form

My,N¢

. (aj, Aj,p,
Pe,Q

1
:—,fe(s)zsds,
(bj. B, | 27l )i

where

M, Ny
[[TW;-Bjs) [[TA-aj+Ajs)
. i

o(s) = —

§= Qe Py ’
[I Ta-bj+B;s) [] T(aj-Ajs)
j=M+1 J=Np+1

13)

¢=1,...,r i=+v-1, zis not equal to zero but may be real or complex number and an

empty product is interpreted as unity. My, Ny, P¢,Q, are non-negative integers satisfying

0 <Ny, <Py, O=< My =< Q. The parameters Ay,...,Ap,; By,...,Bg,, are real positive num-

bers, ay,...,ap,; b,...,bg, are complex numbers such that the poles of the Gamma functions

in the integrand in (13) do not coincide. E is a suitable contour in the s-plane separating the

poles of Gamma products with +s and —s in the numerator.

The H-function of several complex variables introduced by H. M. Srivastava and Rekha

Panda [33, p.265] is represented and defined in the following manner:

(@30, 0 D@55 D505

HA,C: [B',D'];...;IB",D"]
[(©):y,...,.w":1d;6'];...;1d",6"];

0,A:(u,v");...;(u",v")

1
= coo | Ri(s) - RyS;T(S1,...,8)20 -2y dsy - dsy,
(Zﬂi)rLI Lr 1(1) ror (1 r)1 r 1 r
where
u® . . vi ) )
H T(d;—8jsi) ]‘[ L(L=Db}+¢}si)
j=1 j=1 .
R;(s;) = : : ) Vi=1,...,r
Dl . . Bl . .
1 1 1 14
‘]‘_[ F(l—dj+5js,-)‘l__[ T} = 'si)
j=ut+l j=vi+l
A r .
[ITQ-a;+) 6}s)
j=1 i=1
T(s1,...,8) =

A roo C r .
[[ Ta;=3 0iso[[T-c;j+ izzlu/;s,-)

j=A+1 i=1 j=1

(14)

(15)

(16)

i = v—1, an empty product is interpreted as unity, the coefficients 9;., j=1...4 gb;, j=

1,...,Bi;1//;,j= 1,...,C; 6§,j= 1,...,D' Vi =1,...,r are positive numbers and A, u!, v’, A, B,
C,D! are integerssuch that 0= A< A, 1< u'<D,C=0and0<Vi<BiVi=1,...,r. The
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contour E; in the complex s;-plane is of the Mellin-Barnes type which runs from —ioco to +ioco
with indentations, if necessary, in such a manner that all poles of F(d]’: - 5; sy j=1,...,ul,
are to the right and those of I'(1 — b; +¢§si), j=1..., viand'(1- aj +Z§:1 H;Si), j=1,...,4,
to the left of s;, the various parameters being so restricted that these poles are all simple and
none of them coincide and with the points z;; i = 1,...,r being tacitly excluded. When A;

(j=1,...,Pp)=Bj(j=1,...,Qp) = 1in (13), it reduces to a Meijer’s G-function [32].
If we take 0',...,0" =¢/,...,¢" =v/',..., " =6',...,6" =1 in (14), we have the following
interesting transformation:

. ! e . r r
HO,A.(u,v) ..... (u",v")

ACIBLDTSIBLDT ()2 1,..., 1) 1 [d 0. 1d7, 10

[(@):1,...,1]: [b;1];...;[b; 1]; - Zr]

[(@):b,...,b"];

_ GO,/I:(u’,U’);...;(ur,Ur)
(o):d,...,d";

AC:[B',D');..;[B",D'] Ziyer Zr |- an

In this article we have studied two new theorems associated with two variables generating
functions. Beside generalizing most of the known elliptic-type integrals some new families
of elliptio-type integrals can also be deduced with the help of the results obtained in this
article. Such generalized and new families of elliptictype integrals play an important role in
evaluation of a number of Euler-type integrals involving various generating functions. The
basic idea of evolving the theorems discussed in this article is inspired by the research work
of Mohammed [22], Saran [24] and Srivastava and Yeh [36].

2. Theorems

In this section we derive two new theorems and their corollaries on generating functions
associated with the families of elliptic-type integrals. These theorems and corollaries can be
used to establish various known and new elliptic type integrals. Some of the significant appli-
cations of the results derived in this section are discussed in the Section 3.

Theorem 1. Let the generating function F(x, t) and H %f’Q]\[] ‘(z) be the H-function of one variable

defined in (12) and (13) respectively. Then

(ajy A?)I,P[

Flx, to"(1-—w)*ldw
(b5, B0,

(Wz¢)*"

1 r
a-1. _ y-a—1 My,Ny
fo 0 1-w) }'[_1 Hyp ',

=Ty—a) ) (y = @) unCnfr(x)t"
n=0

[(A-a-nn): 1,80 a); ALL 5 [al; AT ‘o

HO,A+1:(M1,Nl);...;(M,,N,)
[(A=y=nn—pun) :§1,....&p) D} BiL;. s (0], B

¢r
A+1,C+L:[Py,Q1);.. [Py, Q] 22|, (18)

provided that min{Re (a),Re (y — a)} > O, Re(n)) > O, Re (1) > 0 and max|zy,| — 0 (¢ =1,...,1)
andmin|z;| oo (£ =1....,1).
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Ontaking¢, =1 (for £ =1,...,r), Theorem 1 gives the following corollary:

Corollary 1. Let the generating function F(x,t) and H %[’QIZ[ (z) be the H-function of one vari-

able defined in (12) and (13) respectively. Then

(afy A?)I,P[

Flx, to"(1 - w)*]dw
(b5, B0/

(wzp)

1 r
a-1._ yy-a-1 My,Ny
fo 0 (1-w) []'[_1 Hp',

=T(y-a) ) (y = @) unCnfr(x)t"
n=0

P Tt AT AT AT
(A—a-nn):la; Ajls...;la; ALl

0,A+1:(M;,Ny);...;(M;,N,)
-H . . 21y Zr |, 19)
A+1,C+1:[Py,Q11;...; [Py, Q] (l—y—nn—pun): [b};B}];...; [b;,B;]; 1 r
valid under the conditions as given in (18).
On taking &y =---=¢&, = A’j =...= A; = B} =... :B; =n=pu=1, Theorem 1 reduces in

the following corollary:

Corollary 2. Let the generating function F(x,t) and H ?,Z[’Q]\[/[ (z) be the H-function of one vari-

able defined in (12) and (13) respectively. Then

(afy A;)I,P[

Fix,tw(l—w)ldw
(b5, B)1,q,

(wzp)

1 r

a-1. _  yy—-a-1 My, N,

/() w (1-w) }:IIHP[,[Q/
oo

=T(y—a) ) (y—a)pCnfp(x)t"
n=0

GO,/1+1:(M1,N1);...;(M,,Nr)

A+1,C+1:[P1vQI];---;[Perr] (20)

(1-a-n):a’;a]
y ] 1» y Ly |
[(1-y-2n): b;.,...,,B;];

where Gg’ﬁlcﬁ [z1,...,2:] involved in (20) is the Meijer’s G-function of r -variables [16].

Now we state an another modification of the Theorem 1, which can be used to obtain

various (new or known) interesting generalization of elliptic-type integrals.

Theorem 2. Let the generating function function F(x,t) and H % ‘/'QA;‘/ (2) be the H-function of
one variable defined in (12) and (13) respectively. Then

124
(aj;Aj)l,P[

(@z0)**
(b5, B1,q,

1 r
B-1,7 _, ya-1 Me,N¢
fo P (1-w) []:[lHP%Q[

20k ]_Lj N [1 _@Gi-pdw

M A
. _ M1 — H
jl:[l[l e o) ] Flx, t0"(1—w)ldw

i=1

o0
0,A+1:(M;,Ny);...;(M,, N,
= Tl (@) ), Cofa() tn(“)lmHA+1,Cilzl[Plf)(>11;F..;[Pr,Q)rJ
n=0
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1-f=nn): &1y 1y, 11,0001 Hal Al lag AT :
[(A=p=nm): &1, ] apdilivalaidilia |zl e
[(l—ﬂ—a—nn—un)151,.-.,5r,1,~-~,1»1,~-~’1]:[bj; ] [br ]
where
-L;
T, = H[ i (21a)
j=1
N
(5i—Pi) —A;
—r =t 21
l:[l[ (1+5i)] (210
provided that

min{Re (a),Re (f)} >0, Re () >0, Re (1) >0, §;,pi,4i,Lj €C; |kjl<1, (i=1,...,N, j=1,..., M),

aX{Ipi,

Ontaking ¢, =1(¢ =1,...,r), we obtain the following corollary:

8i—pi

<1, max|zy| — 0, (¢ =1,...,r)and min|zy,| - oco(f =1,...,1).
o I} 1201 — 0, ( ) |24 — ool )

Corollary 3. Let the generating function F(x, t) and HM’ N" (z) be the H-function of one vari-
able defined in (12) and (13) respectively. Then

0 7l
(ajrAj)l,P[

(b}, BDq

p-1 a-1 My, N,
f (1-w) ]‘[HP;Q/ )‘

M 20k? -L; N
M[-z=]

_(5,‘-[),‘)0) —Ai N1 ol
[1 e ] Flx, to"( - )" dw

i=1

0 A+1:(My, Ny (My N,
T (@) Z Cnfn() " (@ punH '\ Cill[Pll)Qll ( 5Py, (;r
n=0

(A-B-nn):la’;A";...;la"; AT);
ﬁ 7 / ! / / ZI»H-»ZI‘ ’ (22)
[(1-B—a—-nn—un):[b";B"];...;[b";B"];
] VA
valid under the condition as needed for (21).
Particularly, on taking é; = --- = ¢, = A’j =...= A; = B} =...= B; =n=u=1906;=p;

Ai=0for (1,..., N-1), pn=0; 6y =6, A, =7, following corollary can be stated:

Corollary 4. Let the generating function F(x,t) and Hp M’ N" (z) be the H-function of one vari-
able defined in (12) and (13) respectively. Then

YA
(aj;Aj)l,P[

(wzy)
(b5, B0,

1
B-1, _, ya-1 My,Ne
fo 0P (1-w) []'[HP[ or
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Zwk
-1

]—Lj 1- l‘i_‘”a]_yp[x, to(1-w)ldw

il

_ n 0 A+1: (M]le)r r(MrrNr
= W Wol'(a) Z Cnfn(0) 7 (@)nG A+1,C+L:(P, Q1.5 [P, Qr]

n=0
(1-B-n):d;a”;
: ﬁ I ZI»H-»ZI‘ ’ (23)
[(l—ﬁ—a—Zn):b};b;;
where
-L;
W = ’ (24a)
W, =|1-——= 24b
2 [ 1+6] (24b)
provided that
2k?
Re (a), Re(B) > O, L;,y € C; [k;| < 1, max |k2_1| '1+5 <1,(=1,...Mi=1,...,N).

Proofs. Expressing F(x, t) by its power series from (12) in the integral (18), changing the order
of integration and summation, which is permissible ,due to uniform convergence of the series
involved. Using the definition (14) of the H-function of several variables in the evaluation of

the resulting integral, we get the result (18), which proves Theorem 1. O

The proofs of Theorem 2 and Corollaries 1, 2, 3 and 4 are similar to that of the Theorem 1.

3. Applications

In view of the importance and usefulness of the theorems and corollaries discussed in the
last section, we mention some interesting applications, which indicates manifold generality

of the results obtained in this article.

(I) Consider the generating function [34]

x""

Fx,)=1-2)77} (@), (25)
n=0 n:

and by the use of the Theorem 1, under the conditions stated in (18), we get the following

interesting results:

1
fwa_l(l—w)Y—a—lnHlﬁf[QIy 1-xto"(1-w)H 7dw
0 /=1
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ntn
=I'(y- Q)Z(Y a)un(a)n
OARLON N0t Ny | (=@ 6] “A,]’ [ar"Ar']' 8,28, (@26)
AP0 | [0y —pan) s €01 03B 0,873 5 |

which on setting w = cos?(0/2) and cos = 2cos?(0/2) — 1, the above equation (26) gives the
following generalization of the elliptic-type integral

(COSZ (g)ze)& (df, A?)],Pﬂ

( pt
(bj;Bj)l,Q[

folcosm_l(g)smzy 2a- 1( )HHg;QIZz

-[1 — xtcos?! (g) sin?# (g)]_adH

nen

STy -@) Y (- Q@)
n=0

[(l—a—nn):fl,...,fr]'[a’fA’.]; '[ar.'Af]'
[(A-y-nn-pn):&y,...,¢r]: I;. ,[b’ i

'HO ,A+1:(My,Ny);...; (M, Ny)

51 fr
A+1,C+1:[P},Q11;..;[Pr, Q] VASITONV A

.(27)

On setting w = sin%(6/2) and using cosf =1— 2sin(0/2), o — 0 in (26), we get the following
generalized family of elliptic-type integrals:

N4
(aj;Aj)l,P[

flsmz"‘ 1(9)Coszy—2a—1( ) H M Ne
0 2 PeQe (b5, B0,

nen

(2"

=Ty - a)z(y D@

[(A-a):&y,..., 60 aA’] ;lal; AT
[(1_}’):61) )61‘ ) )[br ]

'HO JA+1:(My,Ny);...; (M, Ny)

A+1,C+1:(Py, Q115 [Py, Q1] (28)

AL /L

It can be seen that the above elliptic-type integral (26) also provides generalization to a num-

ber of known elliptic-type integrals and the well known complete elliptic-type integrals [3] of
the first kind.

Also, by the application of the Theorem 2, under the conditions stated for (21) and gen-
erating function (25), we have obtained the following new family of elliptio-type integrals,
which also generalizes a number of known families of elliptic - type integrals

Y4
( i’ A] )I,P[

1
B-1,7 _, ya-1 Me,N¢
fw (1-w) HH ;o
0 (bjrBj)l,Q[

z¢
PoQy (wzp)

2(1)](1 -L; N

-]

_Gi-ployh o
i:1[1 —(1+5i) ] [1-xtw"(1-w)"] "dw
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0,A+1:(My, Ny ;.. (M, Ny)
=Tl ZO(“)W(U)H 1l HA+1 CHLIPLQ il PraQ))
b n!

[(1_ﬁ_nn) :61»-~-»§r) 1»

IE [a};A’j];...;[ar.;A’.];
[(1_:6_0‘_77”_””) :61)“"67‘»1)

705 (2
"1]1[b};B}];...;[br.,Br,];( 1) (Zy)

.(29)

Foro — 0and w = sinz(g) withé) =---=¢, = A’j =...z=A"=B.=... = B; =1, above (29)
yields the following explicit representation of generalized family of elliptic-type integral

! 0 0y 0 (a 1y)
fcosza_l(—)sinzﬁ_l(—) H?,/I[(’\)N” (sm2( )z) bpe
0 2 20,0 0% (b D10,
11_\/1[ [I_ZSinz(g)k?]_Ljﬁ[l_ (6l~—p,~)sm (g)]—A
j=1 ki-1 i=1 (1+6))
[(A-B):d;...;a";
_ 0,A+1:(My,Np);..; (M, N;) ] j
TITZGA+1C+11[P1101] ..... 1P, Qy] [(l_a_ﬁ):b};m;b;;zlnu,zr . (30)
alsofora—»Oandw:sinz(g)withrfl: --:rf,:A’jz---:Ar.:B’.: --:B;:l; (20)* = ys;
for¢=1,2,...,r;6; =

=p;=00ri=12,..,(N-

1) and py =0; 0y =6; A; =7, above (29) yields
the following explicit representation of generalized family of elliptic-type integral

fon cos?® ! (g)smzﬁ 1( ) H HMeNe (sin2 (g)yg)

(@f; D1p,
Pr,Qe

(b5 Do,
.2
fi oo 2 gy o o
j=1 k? - i=1 1+6
[(1-B-n): a ;a’;
_ 0,A+1
= r(a)WIWZGA+1 C+1 (1 - ﬁ n) : b; ] br 28 -»J’r] (31)
(I) Consider the generating relation [34]
(.9
Fx,n=01-X10""1-X0) % =) gy"" (X1, Xo) 1" (32)
n=0
where g;"*? the Lagrange polynomial defined by
o (a1)r(a2)p-r -
L2 () = ryn=r. 33
&n (%)) ,;0 rl(n—r)! . (33)

and by the application of Theorem 1, under the conditions stated in (18), we get

( [ é)l Py

1
B-1 y-a-1 My¢,N¢
w (1-w) H
/o zl_[ (bf B"n Qe

Y14
Pp,Qe (wzg)™

]'[[1 Xjto"(1- w1 % dw
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— _ - _ 01,02 n
“T(r-a) Y (- @pun gl (X1, X2)
n=0
OAREON N0t Ny | (=@ 6] “A,]’ [ar"Ar']' Z8,., 28, (34)
AFLEEPL QISP QT [~y —nn—pn) : &1, &0 5. ,[br [

Also, by the application of the Theorem 2 under the conditions stated in (21) and making use
of the generating relation (32),we obtain

1 (at, A, p
p-1 a-1 My, N, 72 I A
0w’ (1-w) H (wzy)
fo U P (b5, B0,
M Zwk L, N S —0)w1-Ai 2
H[ ] ! [1—7(’ pi) ] [T0-X,t0"(1-w)*1 % 7dw
j=1 ] -1 i=1 (1+61) q=1
= TV ToT@) Y. g7 00, Xo) " (@) HO KOINE 00N
n=0

1=B=nm): 1,0 & Ly, L1 11 (@ AL Lals AT
| [A=p=nm): 1,08 I:lag Aj) /[“ ] o (Z)%,...,(Z)¢r |, (35)
[(A-p-a-nn-pn):$y,..nén L1100, 1 (D) B "1 0% Bl

(ITI) Consider the well-known generating function

o (1) xnn
Fx,n=e*"=) L, (36)
n=0 n!

and by the use of the Theorem 1, under the conditions stated with (18), we find

0 Al
0 /=1 i’ i ler
J'7i
o (=D"X"" o A+ 1:(My,ND;s (M, N)
=I'y-a V;O(Y ~ Mpun Hy' CorpyQuis P Q]
[A-o-nn):&y,....80] : a) A’] ;[a’.'A’.];
: ' (@2 (37)
[(A-y-nn-pn):¢y,... Er [b Bl;

Also, by the application of Theorem 2 with the condition surrounding (21) and on using (36),
we have the following useful integral

1 ( )1P
=X (1 — 1P 11 = w)* ! HM[,N[ 5[ ¢
5 20k} 11, N 6 —pwi-A

|- DiTPIOIT
U[ 1] l-_l[ (1+5,~)] @
Zr(a) Z M 0,A+1:(M;1,N1);...; (M, Ny)

A+1,C+1:[P1,Q1];...;[Pr,Qr]
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1-6- &, L& d ALY lal AT .
. [(A-p-nn):¢q,..., ¢, ] [a}; Al la’; A% '(Zl)‘tl,...,(Zr)" . 38)

[(A-p-a—nn—un):¢y,..., ¢ [ B (b, BT

It can be seen that the theorems (Theorem 1 and Theorem 2 along with and their corollar-
ies) discussed in this article provide generalizations to a number of the known elliptic-type
integrals. Furthermore, these Theorems also have their wide applications in formulation of
various new elliptic-type integrals and a great use in solving a very spacious class of Euler-type

integrals in terms of different generalized functions.
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