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ON A SHARPER FORM OF HALF-DISCRETE HILBERT INEQUALITY

L. E. AZAR

Abstract. In this paper we introduce a general inequality by using the half-discrete Hilbert
inequality. As an application we give a sharper form of the half-discrete Hilbert inequality
and some carlson’s type inequalities.

1. Introduction

If £(x),8(x) 20,0 < [5° f2(x)dx < oo, and 0 < [;° g?(x)dx < oo, then (see [3])

f ded;mn{f fz(x)dx}z{f gz(x)dx}z. (1.1)
o Jo X+y 0 0

Inequality (1.1) is called Hilbert’s integral inequality which has been extended by Hardy [3]
as:if p>1, + +% =1, f(x),8(x) >0,0< [5° fP(x)dx < oo, and 0 < [;° g7(x)dx < oo, then
f [DO8W) gy T {f f”(x)dx}p {f gq(x)dx}q . (1.2)
o Jo X+y Sin P 0 0

The corresponding inequalities in the discrete case are (a,,, b, > 0):

5 IS S ) 19
Z Z (lmbn ‘Tl'n {Zaz}l’{zbz}q, (1.4)
n=1 ) n=1

m+n sing 15

provided that the series on the right-hand side of (1.3) and (1.4) are convergent. The constant
factor  is the best possible in both (1.1) and (1.3), and the constant =
in (1.2) and (1.4). Recently in [4] the following sharper forms of (1.2) and (1.4) were given

f f(x)g(y)d dy <\/—(f quA1—1fp(x)dx)ﬁ(f YPI-1gd (1) %
0o Jo x+y 0
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nzz‘lz qTAl
{f / xf(X)g(y)d d } {f yf(x—)g(zy)dxdy} (1,5)
(x+7) 0Jo  (x+y)

i i ambn, < L{OZO" mPaAi-1 p} {Z pqAs— lbq}

m=1

and

Ap

T

s (m+n)? 2 (m+n)?

— _BpAy1-pA))
here A; € (0 ) Ar € ( ) pAz+gA; =1and the constant L = (pA2)72 (qA) ™

Beta function). Note that both (1.5) and (1.6) reduces to (1.2) and (1.4) if we put A} = Ay = ﬁ

(B(x,y)is the

and apply Young’s Inequality, see [4].

In [1] Yang introduced the following half-discrete Hilbert’s inequality

f fx) ( ~dx < B(A1,A2) (f x”(l_Al)_lf”(x)dx)p(Z pd=-22-1,01" (1 7)
n=1 x+n

n=1
here, 11,12 >0,1; + A2 = 1,0 < A; < 1, and the constant B(1;, 1,) is the best possible. In [2]
B. Yang and Q. Chen obtained a general half-discrete Hilbert’s inequality for a homogeneous

kernel. In fact they proved the following theorem:

Theorem A. Suppose that A, A2 e R, A1+ Ay = A, ky(u(x), v(y)) is a non-negative finite homo-
geneous function of degree — A in IR_ZH ux)(xe (b, c),—oo<b<c=o00) and v(y)(ye [ny,o00),ny €
N) are strictly increasing differential functions with u(b*) = 0, v(ng) > 0,u(c”) = v(oco0) =

(1-Ap-1 (1-22)-1
kADER,. Ifp>1,L+L =1, f0,a,20, S MOl fP (0 dx < oo, o<nzno%az
< oo then we have the followmg inequality:

[ee] [
> anf ka(u(x), v(n) f(x)dx = f(x) Z anky(u(x),v(n))dx
n=ng b n=ny

1 1

w0 X o727t e
< k(1) ————— fP(x)dx —  al| . (1.8)

! ( y et d :Z OGN

Moreover, if U((;/) ¥y = ng) is decreasing and there exist constants B < 1, and M > 0, such

that k) (t,1) < F te ( , ] then the constant factor k(A1) is the best possible.

vn)

In particular, if we put k; (u(x), v(n)) = A1+ A2 =1(a, B > 0), we get from (1.8)

1
au(x)+pv(n)’

1
¢ q

1 B(A1,A2) L7163) L w1121 g

Z @n | wtepuon  Ax < o (fb o (x)dx Z o

' (1.9
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We need the following formula for the beta function
t
B(s,t+1) = ——B(s, ). (1.10)
s+t

For the sequence of real numbers (a,), Carlson’s inequality is given as

Zan<\/ﬁ(Zan) (Znan) ,
n=1 n=1 n=1

the constant /7 is the best possible. The continuous version of (1.10) is

fooof(x)dxs \/ﬁ(fooofz(x)dx)i (/Oooxzfz(x)dx)%,

the constant /7 is sharp. For more details about these inequalities and their extensions we
refer the reader to the book [5].

In this paper, we introduce a new inequality with a best constant factor which gives an
upper estimate for the quantity % J; F(x,n)dx , where F (x, n) is a positive function de-
fined on (b, ¢) x (np,00) . As an a;[;ﬁi:ation, we obtain a sharper form of half-discrete Hilbert
inequality (1.9). Some examples of Carlson’s type inequalities are also considered.

2. Main results

Theorem 2.1. Let p > 1,% + % = 1, the functions u,v, f and a, are as in Theorem A, 0 <

(1-A7)-1 S8 (1-12)-1 .y .
;%f”(x)dx <00,0< Y %a% < o0. Let F (x, n) be a positive function de-
n=ny

X re u)F(x,n) X e v FR(xn)
y 0>
fined on (b, ¢) x (ng,00) such that Y. [, AT dx<ooand Y [, o T dx < oo then
n=ngy n n=ngy n
the following inequality holds

2 ¢ pa-Ap)-1 3 ( oo Gl-A-1 \7
<K(f (U1C0) fp(x)dx) ( Y [ aZ)
b

[w (x0)]P~1 e L (O] Ll

0 c 2 Mo ¢ 2 &
x(z wd) (Zfbwdx) 2

00 c
n:Zn() b

F(x,n)dx

n=ny b anf(x) n=nop anf(x)
here Ay, A2 >0, A1 + Ay =1 and the constant K = % is the best possible.
1 2

Proof. Let a, B > 0, applying Cauchy’s inequality for integrals, Cauchy’s inequality for
series and inequality (1.9), respectively, we get

o0 C 2
Z F(x,n)dx

n=nogJb
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_ OZO:fC Vanf(x) \/au(x)+,Bv(n)F(x’n) dx
b | Vaulx)+ Bv(n) Vanf(x)
1 112
e ¢ apfdx \2((€aux)+pvn) , )5
[n;LO(jI; au(x)+,6v(n)) (fb anfm Comdx

- OZ‘Z’ ¢ anf(x)dx fau(x)+,6v(n)

=) au(x)+,Bv(n)n o anf(x)

c pa-A)-1 5[ qi-Ap-1  \7
<BMLM% [(x)] \ﬂumﬂ (Z[mm] a@
b

2

n=ny

IN

F? (x,n)dx

(Ml'gﬂz [u/(x)]P~L P O
2 ¢ un) ,
nZnO anf(x)F (x,n)dx+,3n2;,lo anfx )F (x,n)dx

p(l Al) 1 % [e°] q(l—lz)—l %
=sz)( mem) (z [o(m) 701271 3)

[ (x)]P~1 e L ) K

X

a A2 oo ¢ u(x) ) ’3 A oo ¢ v ,
(E) n;lo , anf(x)F (x,n)dx+(;) n;lo , anf(x)F (x,n)dx|.

Set S = Z fb a”}’?x)Fz (x,n)dx, T = Z fb a”}'z)x)Fz (x,n)dx, y = g and consider the

function g(y) _AZS + y;Ll T. Since g'(y) = ’11 2(/11 Ty —21,S), we conclude that the mini-
mum of this function attains for y = AZS . Therefore, if we let « = 1, T and f = A,S, we get
(2.1).

It remains to show that the constant K in (2.1) is the best possible. There exists d € (b, ¢),
satisfying u(d) = 1. For 0 < € < pAy, setting f(x) = 0,x € (b, d);f(x) = [u(x)])h_%_1 u'(x),x €
d,c), d, = [v(n)]Az_T1 v'(n),n=ngand F(x,n) = %

tive constant C < K such that (2.1) is still valid if we replace K by C, then we find

Suppose that there exists a posi-

& [ anfw
2

n=nyJb UXx)+v(n)

2
[Z F(x,m)dx| =

n=ngy

¢ [u(x)PA-A-1 5[ o [U(n)]q(l—ﬂz)—1~q%
C(fb [t/ (x)1P~! fadx n:zno 0 G

x re o u@afw (R ¢ vmwafw | \"
a0, _viman/ 0 _,
X(nzznfb () + v(n)? x) (:Zfb (W) + v(n)? x)

1 1
= CU) + I + I+ I2). 2.2)

Computing these quantities we obtain

Cc 00 1
I =f ()] v (0)dx = f e dr = -,
d 1 £
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L=) [vm)]”

n=ny

-1 U/(I’l) <

#J o)™ v (nde =
0

v (ng) 1
no

W) ie

elv(ng)le’
=<
[ux)]™ ru(x)
I - 2— -1 f
s nzno[v(”)] L e
A
_ u(x) —eel f"" M
—( U(n)) nzno[v(n) v'(n) n PRSI
o el Al P U’(I’l)
< X oo f =B +1,29) +o(1) Z T
v'(np) 1
< [BA; +1,19) +0(1)]([v(n0)]”1 + )

Similarly we obtain

Iy <[B(A1,A2+1) + 0o(1)] (

Now

V= Zf F(x,n)dx= Z

n=ny n=ngy
(]

3 ¢ ()"0~
n:Zn()j;i

Y (0 [

elv(ng)lf

v'(ng) 1
[v(ng)]€*!

e[v(ng)l®

¢ an]?(x)
p ux)+vn

Ly () ( u(x))
dx=|t=——
u(x) + v(n) v(n)
_ —e—1 /
= nz;’lo v(n)] (n)fu(n) .
v o1 ootlnld ﬁ/‘l‘?‘ld
_n:Zno[v(n)] v(n)(fo o t—fo — t)
[ AM-£-1
= B, A+ o] Y. [wm)] ™ v/ (n) - Z I~ (n )f”“” tt:l
v'(ng) 1 e=1 1 f M5-1,
B(A, A 1 - !
> Bl Aol )]([v(no)]”l el n:zno[v(m] v
! Al
v'(ng) 1 [v(n)] a "' (n)
= [B(A1,A2) +0(1
B, A2)+ ol )]([U(no)]EH e[v(ng)l® nzno /11—§
v/ (ng) 1 [w(ne)l "7 M1 v/ (ng)
> [B(A1,A2) +o0(1 —
Bk Azl )]([v(nonf“ elv(ng)* -5
_f O A0
o Al_%
v (ng) 1
= [BA, A 1 —0Q).
[B(A1, A2) + o )1([U(n0)]£+1+ o)

€[v(ng)l®
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Substituting the above inequalities in (2.1) we get

V' (no) 1 ) }2
B(A, A 1 -0
{[ (i A2) + ol ”([v(m)]“”e[v(n@]s W

1 1 )
1\7( v'(ng 1 )q 1 ( v (ng) 1 !
Cl- + (BA1+ 1, A)+o0(1)™ +
(8) ([v(no)]1+£ e [v(ng))® ! 2 (v(ne)c*t  elv(ng)l®
V' (ng) 1 \®
x (B(A1,A2+1) + 0(1) M( ) (2.3)
(Bl Az ) [v(ng)et!  e[v(ng)l®
Multiplying inequality (2.3) by €? (¢ = e"1¢!2) and then let ¢ — 0%, we have
B?(A1,42) < CBM(A1 +1,A2) B2 (11,1, + 1). (2.4)
Using (1.10) we find
BY (A1 +1,12) = A1 BM (A4, 42), (2.5)
and
BY2(A1, A2 +1) = 13 B2 (A1, Ap). (2.6)

Substituting (2.5) and (2.6) in (2.4) we obtain the contradiction C = K = W. The Theorem
1 2

is proved.

Some Applications

_anfx)
u(x)+v(n)

1. If we put F(x,n) = in (2.1), then we have the following form of half-discrete

Hilbert’s inequality
2 1 1
S (¢ anf) B(A1,Ag) [ (€ [Pt -0t P& [Tt )
(n:Znofb u(x)+v(n)dx) ) Aflfléz (fb (W (x)]P~1 Jradx n;zo [v'(n)]9-1 n

© reoux)fxa Ml re v fwa te
X(Zf —”dx) (Zf —”dx) , 27)

= b (U(x) + v(n))? i db (U(x) + v(n))?

Inequality (2.7) is a sharper form of (1.9). To see that, let us rewrite (2.7) in the following
form

2
o0 C C
anf(x) B(A1,A0) [u@)]PM-t oy wm9i-12-1 g M
(n—zn u(x)+v(n)dx) S (fb woor T (x)dx Z Wt n s,
0]

c vin)fxay
where S = Y02, [ -2t (umw o dxand T =352 Ip W roon 4x. Since we may write 357,
I u&’;{(f) dx=S8+T, d1v1d1ng both sides of the last inequality by ».57 Iy u“”{y(n) dx, we

get
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00 c c p-211)-1 % 00 q(1-213)-1 %
Zf _anf ) dx<B()Ll,/12)(f [bal™ f’”(x)dx) (Z e aZ)
0 b

=y Jb U(x)+v(n) [u/(x)]P~1 nen,  [V/(m)]971

(2.8)

. ) . . 0 S /11 T /12 .
Applying Young’s inequality ( x"y* < 0x+ uy, 6 + u = 1) to the product (/1—1) (A_Z) with
xX= /% and y = /1_];* we obtain

Therefore, inequality (2.7) is a sharper form of (1.9). In particular if we set u(x) = x, x € (0,00)
and v(n) = n,n =1 we obtain

2 0o 1~ 1
(Z anf(x) x) - B(A1,12) (f xp(l—/m—lfp(x)dx)n (Z nq(l—/lg)—laz) q
0

X+n AfAg =1

X(i *xfWan ) (Z * nf(x)an dx)b. 2.9)

n=1J0 (x+n)? =140 (x + n)?

Ifweputp=qg=2, 1, = % = Ay in (2.9), we obtain the following sharper form of the half-
discrete Hilbert inequality (1.8)(for A = 1)

(Z anf(x) )

X+n

<2n(/ f2(x)dx)§(2a) (Z xﬁxr)la”dx) (Z niix:la"dx) .
0 n=1 =

anf(x

u(x)+v(n

( f ¢ ayfx)

n=nyJb ux)+uv(n)+u

2. If we put F(x,n) = (u >0)in (2.1), then we have

B, A2) [ € [u(x))PA-A0-1 ,
Ay Ay’ (b e W4
X [p(n)]90-A2-1 qé

® ¢ ufxa h
X Zof( )dx)

n=n ux)+vn)+u 2

© e pm)f) &
y Zf( v(n xa")dx),

ux)+vn) +u z

since
oo fc anf(x) d = 0o fC u(x)f(x)dn dxt OZO" fC y(n)f(x)an dx
n=ngJb u(x)+v(n)+p = b (u(x) + v(n) + )’ n=mo b (u(x) + v(n) + p)°



L.E. AZAR

84
o0 Cc
B[ e,
n=noJb (u(x)+ v(n) + )
=81 +8,+8;3,
we obtain
& ¢ p(1-A1)— l
f an/ ) dx < B(A1,12) f () fp(x)dx
n=ngJb U(X) +v(m)+p b [W(xX)]P™
L5\ M s\
y [v(n)]"(l_AZ)_laq a (/1_1) (/Ti)
n=ny [v'(n)]4 . S1+S2+ 83 ’
()" ()"
5, +Szj—253 < slil;z sts < 1, thus we arrive at

applying Young’s inequality we get
a,f(x) c [u(x)]p(l—/h)—l »
nf dx < B(A1,12) (/b IO fPx)dx

fb ux)+vn)+pu
[v(m) 90427 aq) ’
1 L

n=ngy
(n:no [v'(m)]4
.letp=g=2, 11 =5=21,ulx)=x,x€(0,00), v(n)=n,n=1,f(x) = ﬁ,a = %, then by
(2.1) we obtain
o0 0O 2
[Z F(x,n)dx
n=1J0
(o] 0o 5 [ 0O %
<27 ({(2) (Z nx(x+1)F(x, n)dx) (Z n®(x+DF*(x,n)dx| , (2.10)
n=17J0
(x+1)2;F(xr )

where {(a) is the Riemann zeta function. In particular if we set F (x, n) =
respectively in (3.1) then we get the following Carlson’s type inequalities
1
4

glcn —%{Z nc} {glnzci} ,

and
f g(x)dx < 2mVCB) {f (x+1)g2(x)dx}4{f (x+1)g (x)dx}
((2) 0 0
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