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NEW INEQUALITIES FOR CO-ORDINATED CONVEX FUNCTIONS
VIA RIEMANN-LIOUVILLE FRACTIONAL CALCULUS

MARCELA V. MIHAI

Abstract. We provide some new Hermite-Hadamard type inequalities for co-ordinated
convex functions, via Riemann-Liouville fractional integration.

1. Introduction

The Hermite-Hadamard inequality states that if a function f: I <R — R is convex, then

a+b 1 b f(a)+ f(b)
f( 5 )Sm‘/‘; f(X)dXST, (1.1)

one has

where a, b € I with a < b. Both inequalities hold in reversed direction if f is concave.

In recent years many researchers have returned to Hermite-Hadamard inequality and
found many variations and generalizations of it for various types of convexity. Some of this
research are related to functions convex on the co-ordinates (see, for instance, [1], [3], [4], [5],
(6], [7], and the references therein).

Definition 1 ([3]). Let us consider the bidimensional interval A = [a, b] x [c, d] in R? with a <
b,c < d.Afunction f: A — Rwill be called convex on the co-ordinates if the partial mappings
fy:la,bl =R, f,(w) = f(u,y) and f : [c,d] — R, fi(v) = f(x, v) are convex where defined for
all y € [c¢,d] and x € [a, b]. Recall mapping f : A — R is convex on the co-ordinates on A if the
following inequality holds,

flex+A-Dysu+(1-s)w) < tsfx, )+ (-3 f(x, w)
+sA-Dfyw+A-00-9 f(yw)

forall (x,u), (y,w) € Aand ¢,s € [0,1].
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In [6], Dragomir established the following inequalities of Hadamard’s type for co-ordinated

convex functions on a rectangle from the plane R?.

Theorem 1. Suppose that f : A = [a, b] x [c,d] — R is a convex on the co-ordinates on A. Then
one has the inequalities:

a+b c+d 1 1 b c+d 1 d
f( 2 2 )S_[b af f(x’ 2 )d“d—cfcf
(b a)(d c)f f y)dxdy
b
:L f(x,c)dx+mfa f(x,d)dx

d d
[ flanay+ [ rv.yay

a+b
,v|d
2 y) y]

d
- fla,0)+ fla,d)+ f(b,c)+ f(b,d)
< " )

The above inequalities are sharp.

The purpose of our paper is to establish, via the Riemann-Liouville fractional calculus,
some Hermite-Hadamard type inequalities for co-ordinated convex functions, via Riemann-

Liouville fractional integration.

Let f € L'[a, b], where a > 0. The Riemann-Liouville integrals J%, f and Jp,_f, of order
a >0, are defined by

a — - g _ pna-1
Jar f () = T@ fa (x—=0""" f(ndt, for x> a,
and

Iy fx) = f (t—x)% L f(r)dt, for x < b,

I'(a)

respectively. Here, I'(a) = [; e’ t*~1dt is the Gamma function. We also make the convention
=T fx) = f.

For details about the Riemann-Liouville fractional integrals see [2].

2. Alemma

We assume throughout the present paper that A = [a, b] x [c,d] in [0,00)% and f:A—Ris
0*f

3501 e L' (A), where a, B > 0. Before stating the results we

a differentiable mapping on A and ——

establish the notation.
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We define the cumulative to the left (a, B)—gap by

_.(a+b c+d 20T (@ + 1) « c+d a+b c+d
“(ap) == )_ b |Je- | ) o fl =5 )
2P7IT (B+1) a+b g (a+b c+d
- (d—c)ﬁ L+d f( )+]d_f( 2 ) 2 )
2“+ﬁ—2r(a+1)r(ﬁ+1) p . a+b c+d
+ b—aid—of J%_M flaa+1,", f 5 )

a,p
+]ﬂ—d—f

2

e AR ]

where

“h o (x )—;/bfd(u—x)“_l(v— )P f(u,v)dvdu, x< by <d
d— »y F(a)r(ﬂ) © Jy )/ » ) ,J/ »

is Riemann-Liouville integral and T' is the Euler Gamma function.

Remark 1. The particular case @ =1 and =1 gives

a+b c+d 1 b c+d 1 d
) - y T~ d -
2 2 ) b—afafu 2)” d—cfcf

1 b pd
+m[ﬂfc f(w,v)dvdu,

a+b

Ly, =f 2

,v)dv

The right hand side term has its origins in the inequalities of the Theorem 1.

In order to prove our main results we need the following lemma.

Lemma 1. It holds

’f c+d
P it _ _
370 ( 5 +(1 Ha,s +(1 s)c)dsdt
ff (s°- 1) f sd+(1—s)c+d)dsdt
0to
a B _ +d
+fft s 1 (—+(1—t)a,sd+(1—s) )dsdt
0o Jo 2
1 pl
+ff(t“—1 (tb+(1—t) atb C+d+(1—s)c)dsdt],
0o Jo 2

forallt,se0,1].

Proof. Calculate the four integrals by parts and change of variables u = t%b +(1-10a,

v= sﬂ + (1 - 5) ¢ and similar such

0’f ( a+b c+d
P—L _ 1—
f f 370 ( > Ha,s 5 +( s)c)dsdt
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1 0*f c+d
a ﬁ ctd

fot U atas( 2 T +( S)C)ds]dt
2 a9f c+d

= 1_ i

d—cfo e at( 5 Y > )dt

2 G b d
——'B sP1 [/ t“—f(ta+ +(1—t)a,sc+ —s)c)dt]ds
0 ot 2 2

d—-c 0

_ 4 f(a+b c+d)

T -ad-co’\ 2 2

e 1 a+b B C+d)
b a)(d c)f f(t ;. Td-ba——]di
4 py a+b c+d ~ )
- a)(d c)f 7 55 t-9cjds

o 4ap (Yo g (a+b ~ c+d B )
b-ad-ol S Sl rA-nas——+d-s)c|dsds
_ 4 f(a+b c+d)
T -ad-o’\ 2 2

a+b

’ (u—a)“‘lf(u,czd)du

_ 2*"Te+D 1
b-a)**(d-c) T(a)Ja

2P*2r(B+1) 1% g1 (a+h
_ . B )d
b-ad-of1 TP J. (v—rc) f( v) v
2a+ﬁ+2r(a+1)r(ﬁ+1) a+b o .
+ (b_a)a+1(d_c)ﬁ+l l"(a)r(ﬁ)f / (u Cl) (U C) f(u l})dudlj
_ 4 (a+b c+d)
Cb-a)d-0o'\ 2 2
__2%Tat)) fac+d)— 2P (B+1) #p[arh )
(b-a)**(d-c) 5"~ 2 (b—a)(d - c)P+! Jera_
2P 2T (@ + DT(B+1) g p
! (b—a)**1(d — c)f+! ]%b_,%_f(a,c).
Similarly,
2
IZ—f f )af (tb+(1—t) b sd+(1—s)c+d)dsdt
0t0s
a+b c+d)
T - a)(d c) 2 2
SICAR) f a+b C+d) 2P2r(B+1) f a+b c+d)
(b a)*t1(d—-c) b 2 (b— a)(d — c)P+1 d 2

20 P2 (@ + DT (B +1) Jab
* f
(b- a)a+1(d C)ﬁ+1 b ,d—

_ ﬁ a+b B B c+d)
I3 = ff s 16t6 (t > +(1-ta,sd+(1-ys) 5 dsdt

2

a+b c+d)




NEW INEQUALITIES 289

4 a+b c+d 202 (@ + 1), c+d
- (b—a)(d--c) 2 2 )_(b—d)““(d—c) %b_f a»T)
2PR2T(B+1) ]ﬁ f a+b C+d)+2a+ﬁ+2r(a+1)r(ﬁ+1)]a,ﬁ c+d)
(b-a)(d-c)pt1’d 272 (b= (d-cpt1 =tat (P
e R p 0°f a+b c+d
I4:f0 fo (t*=1)s %(l‘b+(1—l‘)T,ST+(1—S)c)dsdt
- 4 atb c+d 2972 (a +1) a+b c+d
~(b-a)d-o) 272 )_(b a)*t1(d - ) Tp- f( 2 )
220 B+) g fath ) 27PPL@H DEEHD) ap a+b
(b a)(d - C)ﬁ+1 L+d f( ) (b—a)*1(d - C)ﬁ+1 b mz f )
v o (b-—a)d-c) _
Multiplying the sum of Iy, I, I3, I with — 15 "¢ get £ (a, B) and the proof is com-
plete. 0

3. Inequalities of Hermite-Hadamard type
We are now in a position to state and prove the following:

Theorem 2. Assume | 37 ({ is co-ordinated convex function on A. Then the following inequality
holds:

(b-a)(d-c) 0’f (a+b c+d 0’f (a+b
[£a (@ )| < 16 otds\ 2 2 )‘ Batas 2 ’C)
’f ( c+d ’f (. c+d ’f (a+b
*C%(“' 2 )‘*Dﬁ(b' 2 )’*E s\ 2 )’
2 2 2
+F %(a,c) +G af(lad) +H af( ,d) +1 o'f (b )H
2 R2 2 2 2 2
here A= B°+5a°f+5ap” +2a”+20 +25a,6+10a+10,5+4’
4a+1)(@+2)(B+1)(B+2)
a’+5a+2 B> +5B6+2
= ,C: y
2@+ 1) (@+2)(B+1(B+2) 2+ 1) (@+2)(B+1)(B+2)
_ a(pF+56+2) _ Bla*+5a+2)
T 4@+2)(B+D(B+2) T 4la+D)(a+2)(f+2)]
3 1 3 ap
C(a+D(a+2)(B+D(B+2)] G_4(a+2)(ﬁ+2)’
B a

= dI = .
2@+D@+2(B+2) T T 2@+ 2B DB +2)
Proof. From Lemma 1 and by using the property of modulus, we can write

(b—a)d-c)

|2 (@, B)] < T
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a+b +d
atas( 5 ST+(1—S)C) dsdt
ff )—(tb+(1—t) bsd+(1—s)c+d) dsdr
ff —f(tT+(1—t)a,sd+(1—s) +d)‘dsdt
ff th+ (1—t)“ b C+d+(1—s)c) dsdt]
(b-a)(d-c)
=T(]1+]2+]3+]4)- (8.1
By co-ordinated convexity of | % , we have
Lt o | 0°f c+d
]1—ff tash ata( 5 +(1—t)as 5 +(1—s)c) dsdt
ff , sﬁ[rs (a+b c+d)’ f s f (a+h C)‘
atos\ 2~ 2 otos\ 2’
Ff c+d ’f
+s(1-1) 370 5 ) +(1-01-9) —(a c)|| dsdt
~ 1 02f a+b c+d) s 1 o’ f (a+b C)’
C(@+2)(B+2) |otas\ 2 T 2 (@+2)(B+1)(+2) |tas| 2
1 0’ f c+d) 1 Zf( :
TarD@+2B+1) |aras ¥ 2 @+ D@+2B+DB+2) |atas O
Similarly
2
f( ~ c+d)’
]2—// )aa th+(  sd+(1-s) dsdt
2 2
g f( b+ a,B(,B+3) o’ f (b c+d)’
4(a+2)(,6+2) 0tds 4(a+2)(B+1)(B+2) |0tds 2
afla+3) 02f a+b )
4a+1)(@+2)(f+2) |0tds\ 2
. aB(a+3)(B+3) 0’ f (a+b c+d)'
4(a+1)(a+2)(,6+1)([3+2) aros\ 2 " 2 )|
a+b c+d
]3-/[ ata (t—2 +(1-Ha,sd+(1-25) 5 )dsdt
g 0’f (a+b d)’+ B(B+3) 0’f (a+b c+d)
2(a+2)(,6+2) atds 2 ' 2+2)(B+1)(B+2) |atds\ 2 " 2
p ( )’ B(B+3) f c+d)‘
atas @ 2@+ 1D (a+2)(B+1)(f+2) |0tds @
and
]4—f f (tb+(1—t)a+b sczd+(1—s)c) dsdt
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a 0 f c+d) a o’ f
< ) + (b, o)
2(ax+2)(B+2) |0tds 2 2@ +2)(B+1)(B+2) |0tds
ala+3) ’f (a+b c+d)‘
2@+ D(a+2)(f+2) [otds\ 2~ 2
N ala+3) 02f a+b )
2@+ D(a+2)(B+1D(B+2) |[0tds\ 2 ’

Considering the results Jy, J», J3,J4 in (3.1) and making appropriate calculations, we get the

conclusion of the Theorem 2. O

We recall that the Beta function (the Euler integral of the first kind), is defined by

1
B(x,y):f 7l - tde
0

for x,y > 0.
Our next result reads as:
Theorem 3. Assume % q,q > 1 is co-ordinated convex function on A. Then the following
inequality holds:
(b-a)d-o) 1 1p
|$A(“':B)|S 1/
16-41/4 (ap+1D(Pp+1)
2 q 2 q 2 q 2 AR
y af(a’c) N Gf(a’c+d) N o°f a+b’c+d) N o°f a+b’ )
0tds 0tds 2 0tds\ 2 2 0tds\ 2
1 1 1)\]'7
—B 1,—|B 1,-
" ap (}9+ (x) (}9+ ,5)
2 f TNRF( crd\|T | (a+b c+d\|? | 32F (avb 7]
x [ |=—=—(b,d) —|b,—— ) d
0tds 0tds 2 otos\ 2 2 0tdos\ 2
1 1 l/p
-~ B 1,—
lap+1 (’” a)]
2 q 2 q 2 q 2 AR
y 0 ol + o°f b’c+d)‘ N o°f a+b,c+d)’ 0f(a+b,c)’
0tds 0tds 2 0tos\ 2 2 otos\ 2
1 1 1/p
+|—=B|p+1,-
(ap+1)p [ ﬁ)]
N2E ol |2 (a c+d)" Pf (a+b c+d)" Pf (a+b )" 1
ards ards\ 2 oros\ 2 ' 2 oros\ 2 '
for%+%:1.

Proof. According to Lemma 1 and Hélder’s inequality, we have

(b—a)(d—-c)
S F

|2 (. B)| s
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! p v 1/ ! p v 1/
{ (tasﬁ) asae] k[ [ (0= @) (1-98) asar] k2
0
Lp 1 pl Lp
’ dsdt 31/q+ff((1—t“)sﬁ)pdsdt] Kj"’}
0 Jo

q
Since | g: g S| 1s co-ordinated convex function, we have:
q
atas( 5 —t)a,sc-’z-—d+(1—s)c) dsdt
a+b c+d *f (a+b )|
Gtas( 2 ) fftsdsdt+ 305 | 2 ) t(l—s)dsdt
02 d
OF (4 ¢* ) ff(l—t)sdsdt+—(ac) ff(l—t)(l—s)dsdt
Gtés
f (a+b c+d *f (a+b \|7 |*f( c+d 0’ f
aras( 2 2 ) +6t65( 2 ’C) T am0s Y 2 ) 3105 (“C)
and similarly
c+d\|?
1- , 1-
Gtas( +( t) sd (1-y) ) dsdr
2 q 2 2 q 2 q
1 af(’ ol + af(b,c+d) N af(a+b,d) N 6f(a+b’c+d) ,
4 0tos 0tos 2 otos\ 2 otos\ 2 2
a+b c+d\|?
1- s 1-
Gtas( > +(1-Ba,sd+(1-ys) )’ dsdt
1 azf(a+b d)"+ *f (a+b c+d) aZf( )" *f ac+d)q
T4 ||otes\ 2 otds\ 2~ 2 0tos d otds\ = 2 ’
b d
( (l—t)a C+ +(1—s)c) dsdt
<1 azf(bc+d) azf(a+b c+d) azf(b)" azf(a+bc)q
T4 ||otos\ 2 otos\ 2~ 2 0tds otos\ 2 '’ ’
A simple computation shows that
1 1 1
ff(t“sﬂ)pdsdtz ,
0o Jo (ap+1)(p+1)
L orel 1 1 1
1- 19" (1-s%)" dsdr = —B 1,—)B 1,—),
fofo( )(s)s aﬁp+(xp+,6

1 pl 1 1
%P1 -sP)Pd dtziB( +1,—),
fofo( )7 (1 —=s")Fds (@p+ P p B
t ayp (PP 1 1
j;ﬁ(l—t) (S) det—mB(p'f‘l,a)

and the proof is complete.
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Theorem 4. If’ 3795

, q > 1 is co-ordinated convex function on A, then the following inequality

holds:
PACLIE T

16[(@+1) (B+1)]"" [(@+2)(B+2)] 1
. *f (a+b c+d)"+ 1 azf(a+b )"

dros\ 2 ' 2 B+1|aros\ 2 €
L |9 c+d)"’+ 1 ! )‘ 1
a+1|0tds 2 atas @e

2 2

ap f(b d)’ ,B+3 o°f c+d)
4179 | |9tos B+1|0tds 2
La+3| &S (a+h d)"’+ Pf (a+b c+d)“’ Ha
a+1|0tds\ 2 (@+1)(B+1) [otas\ 2~ 2

B azf(a+bd)“’+ﬁ+3 *f (a+b c+d)q

2Va [|gras\ 2 B+1|dtas\ 2 = 2
LN T A R L B L ac+d)" 1
a+1|0tds (@+1D(B+1) |aros |~ 2

a |[|d*f (b c+d)"+ 1 62f

21q ||gtas\ " 2 B+1|0tds
La+3| S (a+h c+d)"+ a+3 azf(a+bc)" 1
a+1|dtds\ 2~ 2 (@+1)(B+1) [ords\ 2

1 1
re = + = 1.
wheep q

Proof. Using Lemma 1 and the power mean inequality, we have

(b—a)(d-rc)
|%a (@ )| s ———
1 1/p 1 1/p
x{ sPdsdr| ;' (l—t”‘)(l—sﬁ)dsdt] M,
0
1/p y 1 p1 lp Y
dsdt] M+ ff(l—t“)sﬁdsdt] M,
o Jo
. *f 9. . .
Since ‘m is co-ordinated convex function, we have:
ff (a+b+(1 t)asc+d+(1 s)c) qudt
ata 2 ’
3 ’f (a+b c+d) Mlsﬁﬁdsdt
otos\ 2
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qa .1 p1
f f 0+ (P — sPrhdsdr
0o Jo
qa .1 p1
f f (t% — 1% Y sdsdr
o Jo

1 1
f f (% — 1%+ (6P — P 1)dsdr
0 JO

f (a+b c+d) q
0tos '

Pf
atds
Pf
a1ds
2
+ #(a c)
1
T @+2)(B+2)
1

(a+1)(a+2)(,6+2)

a+b
G
c+d
)

1
- (a+2)([3+1)(,6+2)
1
(a+1)(a+2)([3+ D(B+2)

sz(a+b )“’
otds\ 2’

2 2

62
f a,

0tos

*f
3105

(a, C)

c+d)
2

and similarly

D ods—g9t

2 q
—f(rb+(1—t)“+ d)‘ dsdr

e [ [0

o0tos
2 q
< ap S b,y
4(a+2)(B+2)|0tds
aB(B+3) o’ f
4(a+2)(B+1)(B+2) |0tds

afla+3)(+3)
4(a+1)(a+2)(,6+1)(,3+2) oros\ 2 ' 2

Mg—f f 62f( c+d)"
ata 2 ' 2
§ sz(a+b d)‘q+ B(B+3) sz(a+b c+d)"
2(a+2)(,6+2) aros\ 2’ 2@+2)(B+1)(B+2) |oros\ 2 " 2
p

B(B+3) 02f( c+d)“’
2(a+1)(a+2)(,6+2) 2@+ 1D(a+2)(B+1)(B+2) |0tds “ '
=) 0-

q
2(a+2)(,6+2)
a
2(a+2)(,6+ D(B+2)

0’ f
0tos

a+b )q
2 )

c+d) a af(a+3)
2 4(a+D(a+2)(+2)

azf(a+b c+d)"

’

dsdt

(,)‘

Gtés

+b +d
s& dsds

0 f
o0tos

+(1—s)c)

( +(1-0—-

’

2 2
aZf(a+b )"’
otos\ 2 )

sz( c+d)’ ala+3)

N a+b c+d) a
0tos 2 2@+ (a+2)(p+2)

ala+3)
2@+ D(a+2)(B+1)(B+2)

(,)'

61‘65

Hence the proof of the theorem is complete. a

4. Remarks

Remark 2. For ¢ =1 and f =1 in the Theorems 2, 3, respectively 4, we recover the results
stated in ([4, Theorems 8-10]). Also for « =1 and f =1 in Lemma 1, we get ([4, Lemma 1]).
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We end our paper by considering the cumulative to the right (a, B)—gap defined as
fla,c)+ f(b,d)+ f(a,d) + f(b,c) 2%2T(a+1)

aaleh)= 4 (b-a)®
+b
a+f( ’C)+]a+b f(b d) a+f(aT»d)+]L+f(b,C)
26-2r(p+1 cid
(d—([z)ﬁ) c+f( ) A d)+L+d S, d)+]+f(b —)
2P2r(B+1) a+b c+d o
ﬁ a+,c+ 2 ’T)-'_]an_‘_'#_‘_f(b»d)
Jop a+b ap c+d
+ a+, C+d f d)+]%b+,(,‘+f b, 2 ,

where f : A — R be a differentiable function on A and

x ry
]ZfH (x,y)szafc (x—u)“_l(y—v)ﬂ_lf(u,v)dvdu,x>a,y>c,

is Riemann-Liouville integral and T' is the Euler Gamma function.

Remark 3. The particular case @ = 1 and § =1 gives

b b
%(1,1):f(“’c”f(b’d);rf(“’d)+f(b’6)— ! (f f(x,c)dx+/ f(x,d)dx)

1 b pd
(f fla, y)dy+f f(by)dy) 7(b—a)(d—c)fafc fx,y)dydx

The right hand side term can be recognized from the Hermite-Hadamard’s inequality con-

2(d

cerning the co-cordinated convex functions. See [5].

Using the above technique, the reader can find companions of the results we proved for
the cumulative to the right (a, f)—gap. We give below one of the results, but omit the proof.

Lemma 2. It holds

a+b c+
ta+(1—t)T,sc+(1—s)

’f (.a+b
ﬁ atb . octd
ff s l)aas(t S+ 0b % s)d)dsdt
2
ﬁ of
f/ s 1 otos

2
+f0f0(t“—1)sﬁﬁ;;(“2b +(1-Dbsc+(1-s) "

forallt,se[0,1].

d
)dsdt

a+b c+d
ta+(1—t)T,

+(1-39) d) dsdt

d)dsdt],
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