TAMKANG JOURNAL OF MATHEMATICS
Volume 36, Number 1, 73-80, Spring 2005

SOME FIXED POINT THEOREMS RELATING TO THE ORBITAL
CONTINUITY

G. V. R. BABU AND M. V. R. KAMESWARI

Abstract. In this paper, we prove a fixed point theorem for asymptotically regular mappings
on a metric space using orbital continuity of the selfmap. As an application of this result, a
fixed point theorem is established in T-orbitally complete metric spaces. Our results extend
Mukherjee’s theorem [4] to T-orbitally complete metric spaces, and generalize the theorems of
Jotic [5] and Nesi¢ [6].

1. Introduction

Browder and petryshyn [2] introduced the concept of asymptotic regularity of a self-
map at a point in the space.

Definition 1.1. Let (X, d) be a metric space, T be a selfmap of X. T is said to be
asymptotically regular at a point x in X [2] if

lim d(T"z, T""'z) = 0.

Let 29 € X; 0(zg) = {T™xp : n=0,1,2,....} is called the orbit of xo.

Definition 1.2. A space X is said to be T-orbitally complete [3] iff every Cauchy
sequence which is contained in O(z) for some x in X converges in X.

We observe that every complete metric space is T-orbitally complete for any T'; but
a T-orbitally complete metric space need not be a complete space.

Definition 1.3. T is said to be orbitally continuous at a point z in X [1] if for any
sequence {z,} C O(z) for some z € X, x,, — z as n — oo implies Tx,, — Tz as n — oo.

Clearly, any continuous mapping of a metric space is orbitally continuous, but its
converse need not be true.
In 1995, Jotic [5] proved the following fixed point theorem in complete metric spaces.

Received September 30, 2003; revised March 08, 2004.

2000 Mathematics Subject Classification. 47TH10, 54H25.

Key words and phrases. Selfmaps, fixed points, asymptotically regular maps, orbitally continu-
ous mappings, T-orbitally complete metric space.

73



74 G. V. R. BABU AND M. V. R. KAMESWARI

Theorem 1.4. Let (X,d) be a complete metric space, T : X — X a selfmap and
p:RT — RT (RT =10,00)) such that

o(r) <r forr>0 (1.4.1)
limsup p(t) <r for r>0. (1.4.2)
t—r+

If T :X — X satisfies the condition
d(Tz,T?z) < p(d(z,Tz)) for all x € X, (1.4.3)

then {T™x} is a Cauchy sequence. Furthermore, if X is complete and if a mapping
G(z) = d(z, f(x)) is lower semicontinuous at a limit point of {T™x}, say x*, then x* is
a fixed point of T

The following example shows that 7" and ¢ satisfying all the hypotheses of Theorem
1.4, but the sequence {T"xz(} for any 2o € X is not Cauchy.

Example 1.5. Let
=1
- = 1,2,3,...
Zk 9 4y Iy }
n X

with the usual metric. We define T’

We define ¢ : RT — R by p(t) = t(1 + t)*l for t>0.

Then T and ¢ satisfying all the conditions of Theorem 1.4 and the sequence {x,}
defined by Tz, = z,41 with g = 1 is not Cauchy in X. Also, we observe that T is
asymptotically regular at xzg.

In fact in 1977, Mukherjee [4] proved the following theorem.

Theorem 1.6. Let T be a selfmap of a complete metric space X. We suppose that
there exists a map ¢ : Rt — R continuous from the right for each v € Rt such that

d(Tx,Ty) < p(d(z,y)) for each z,y € X. (1.6.1)

If o(r) <r forr >0, then the sequence {T™(x)}5%, converges to the unique fized point
of T.

In 1999, Nesié [6] proved the following theorem.
Theorem 1.7. Suppose T is a selfmap of a metric space (X,d) satisfying

d(Tx, Ty) < pd(x,y)+qld(z, Tx)+d(y, Ty)|+r[d(z, Ty)+d(y, Tx)|+ F(d(z, Tx)-d(z? Ty);
1.7.1
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for all x,y in X, where 0 < p, r, p+2r <1, g+r < 1. If T is asymptotically regular
at a point x of X and the sequence of iterates {T™x} has a subsequence converging to a
point z in X, then z is the unique fized point of T and {T™x} also converges to z.

Example 1.8. Let X = {0,271,272 273 .} with the usual metric. We define T
on X by T(0) =0, T{27"} = 2=+ for n = 1,2,3,.... We define F : R — R* by
F(t) = t2. Then T satisfies (1.7.1) with p = 271, ¢ = 0, 7 = 0; T is asymptotically regular
at 271 and T(27") = 2=(*D — 0 as n — oo so that T satisfies all the hypotheses of
Theorem 1.7; and ’0’ is the unique fixed point of T'. Here we observe that T is orbitally
continuous at 0.

The main aim of this paper is to avoid the ambiguity(established through Example
1.5) of Theorem 1.4 and generalize Theorem 1.6. Our theorem (Theorem 3.1) extends
Theorem 1.6 to T-orbitally complete metric spaces. Also we prove a theorem (Theorem
3.6) by allowing the orbital continuity of T at z in Theorem 1.7. In this case the condition
on ¢ in the inequality (1.7.1), i.e., ¢ +r < 1 is redundant, and can be relaxed.

Throughout this paper, we denote Rt = [0, 00), the set of all nonnegative reals and
N, the set of all natural numbers and

O = {p:(0,00) = (0,00)/(i) ¢(t) <t fort>0,and (ii) limsup p(t) < r for r > 0}.

t—rt

2. Preliminaries

Proposition 2.1. Let T be a selfmap of a metric space (X,d). If
(i) T is asymptotically reqular at some point xog of X,
(ii) O(xo) has a cluster point z in X and,
(iil) T 4s orbitally continuous at z,
then z is a fixed point of T.

Proof. We define the sequence {x,} by z, = T"xg for n = 0,1,2, ..., with T2y =
xg. If x,, = xy41 for some n, then x,, = z,, for all m > n, so that lim,, . T, = 2. Now
by (iii), we have Tz = z.

We now assume z,, # x4 for alln € N. Let {n(k)} be the subsequence of positive in-
tegers such that {2, } converges to z, by (ii). Using (i), we have limg oo d(2 (), Tn(k)+1)
= 0 and by (iii), it follows that d(z,Tz) = 0. Hence Tz = z.

Example 2.2. Let X = {~1,0,1}U{2 % : k€ N} U{1+27%:k € N} with the
usual metric. We define T': X — X by T(0) = —1; T'(—1) = 0; for zg = 1, the sequence
{zn}52, by zp, = {T"x0} where z3, =27 " for n =0,1,2,..., and zop41 =1+ 2~ (n+1)
forn=20,1,2,3,..., and

O(zg)={2"":n=0,1,2,..}U{1+2"":ne N}
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Also 9, =27" — 0asn — oo and Txe, = 142"+ 1 £ T(0) as n — oo so that
T is not orbitally continuous at 0. Also we observe that T' is not orbitally continuous at
1, for x9p41 — 1 and Txopy1 — 0 # T1 as n — oco. Also T is not asymptotically regular
at 1; and T has no fixed point in X.

Example 2.3. Let

X:{l}u{iT’C:nGN}

k=1
with usual metric. For o = 1, we define
n+1
Tpy1 =Txy = 227]“ for n=0,1,2,3,....
k=1

Then O(zo) = X, and has a cluster point z = 1 in X. T is asymptotically regular at
xp = 1 and T is not orbitally continuous at 1. We observe that T" has no fixed point.

Example 2.4. Let X = {0,1}U{27%: k€ N}U {1 +27%: k € N} with the usual
metric. We define T on X by 70 = 1; T1 = 0 and for g = 1 + 27! we define the
sequence {x,}5; by x, = T"x¢ where z3, =1+ 2=+ and 29,1 = 27" for n € N.
Then O(zy) = X\{0,1}. Also 29, — 1 as n — oo and Tz, = 2~ — 0 = T(1) as
n — oo , so that T is orbitally continuous at 1. Also 7' is not asymptotically regular at
any point of X and T has no fixed point in X.

Example 2.5. Let X = {0,1} U {27% : k£ € N} with the usual metric. We define
T:X — XbyT(0)=0,T(1) =21 T2 ") =2+ for n € N. Then for 2y = 1,
O(zp)={27":n=0,1,2,3,...} and T satisfies all the conditions of the Proposition 2.1
and T has a fixed point 0.

Example 2.6. Let X = {0,1}uU{27% : k € Nyu{1+27%: k € N} with the
usual metric. We define Ton X by T1=1;70=0; T(2™") = 2=(+1) for n € N and
TA+2")=1+2""*D for n € N; here O(27") = {27 :n € N} and O(1 +271) =
{14+27":n € N}. T is asymptotically regular at 2= and 1+ 271; O(27!) has a cluster
point 0 and O(1 + 271) has a cluster point 1 ; T is orbitally continuous at 0 and 1; and
T has two fixed points 0 and 1.

3. Main Results

Theorem 3.1. Let (X, d) be a T-orbitally complete metric space. Let T be a selfmap
of X. Assume that for some xo € X there exists ¢, € ® such that

d(Tz, Ty) < pu(d(x,y)) for every x # vy, and z,y € O(zp). (3.1.1)

Then the sequence {x,}52 1 defined by x, = T"x¢ is Cauchy in X, lim, oo zp = 2,
z € X and if T is orbitally continuous at z then z is a fized point of T and z is unique
in the sense that O(zy) contains one and only one fized point of T.
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Proof. We define the sequence {z,} by z, = T"xg. If x,, = 2,41 for some n, then
we are through.

Hence, without loss of generality, we assume x, # xz,41 for all n. Let a, =
d(T"xo, T"z0). Now, by using (3.1.1) and property (i) of ¢.,, we have
an1 = d(T"ag, T 20) < @ (A(T™ 20, T 20)) < d(T™20, T 20) = ap

so that {a,} is strictly decreasing sequence of reals. We now prove that lim,,— . a, = 0.
Suppose lim,,_,oc ¢, = a > 0. Then by (ii) of ¢,,, we have

a =limsup ap4+1 < limsup @, (a,) < a,

n—oo n—oo

a contradiction. Therefore lim,, o a,, = 0.

Hence T is asymptotically regular at xg. (3.1.2)

We now show that the sequence {x,} C O(z,) is Cauchy. Otherwise, there is an
€ > 0 and there exist sequences {m(k)} and {n(k)} with m(k) > n(k) > k such that

AT (ks Tnky) = € and  d(Tpr)—1, Tm(k)) < €

Hence

€ < d(@mk)s Tnk)) < ATmi)> Tmk)—1) T ATpk)—15 Tnk)) < Gmr)y—1 + €

By taking limits as k — oo, we have

kli>nolo d(xm(k)v'rn(k)) = €. (313)

Also

€ < d@m) Tnk)) < Pao(@(@m)—1, Tnk)-1)))
< A(Tp(k)y—1> Tn(k)—1)
< AT (k)—15 Tmk)) + ATm(k)s Tnry) + ATnkys Tnr)—1)
= (k)1 + AT k) Tn(k)) + An(k)—1-

Now, taking limits as k — oo, we have

€ < lim d(Zm@m)—1, Tnk)—1) < Jim A(Tm(k)s Tnk)) = €

k—o0
so that
lim d(xm(k)flaxn(k)fl) = €. (314)

k—o0

Therefore, using (3.1.3), (3.1.4) and property (ii) of ¢,, we have

€= liin SUp d( Ty (), T (k) < li}in SUP P (AT (k) =1, Tn(k)—1)) < €
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a contradiction. Hence {x,,} C O(x,) is Cauchy. Since X is T-orbitally complete,

nler;O xn, = z (say), z € X. (3.1.5)
Since T is orbitally continuous at z, using (3.1.2) and (3.1.5) and by Proposition 2.1,
it follows that z is a fixed point of T'.
Uniqueness of the fixed point trivially follows from (3.1.1).
This completes the proof of the theorem.
Remark 3.2. In the following we provide an example for the applicability of Theorem
3.1 where as Theorem 1.6 is not applicable.

Example 3.3. Let

X ={0,1,2U{> 27ne N}
1=0

We define Ton X by T0=1;T1=0; T2 = 2; and

n n+1
T(Z 274 = Z 27" for n€N.
=0 =0

Clearly, X is T-orbitally complete metric space and T is orbitally
continuous at 2.

At . = 0;y = 1; for any ¢ € ® , the condition (1.6.1) does not hold.

If 20 =1+ 27! then

n

O(zp) = {Z 27 :ne N}, O(zg) = O(z) U{2}

=0

and T satisfies all the hypotheses of Theorem 3.1 with ((t) = 271¢, for all ¢ > 0; and 2
is the unique fixed point of T

Remark 3.4. Under the hypotheses of Theorem 3.1, T may have more than one
fixed point in X. For example, we consider the space X as in Example 2.6. We define T'
on X byT1=1,T0=0,

T2 ) =270 P14 27" = 14270 forn € N,

If 2o = 27! then O(271) = {27 :n € N} and O(2~1) = O(271) U {0}. T satisfies all
the hypotheses of Theorem 3.1 with o1 (t) =t(1+¢)~1 , ¢t > 0 and 0’ is a fixed point
of T

Ifzg=1+2"1 then O(1+2 ) ={1+2"":ne N}and O(1 +2-1) = 0O(1+27 1)U
{1}. Then T satisfies all the conditions of Theorem 3.1 with ¢(jo-1)(t) =27, ¢t >0
and 1 is another fixed point of T'.

We observe that T has two fixed points 0 and 1.
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Remark 3.5. We extend Theorem 1.6 of Mukherjee to T-orbitally complete metric
spaces in the following way.

Theorem 3.6. Let (X, d) be a T-orbitally complete metric space. Let T be a selfmap
of X. Assume that there exists p € ® such that

d(Tz, Ty) < p(d(x,y)), for each x £y, x, y € X. (3.6.1)

Then, for zg € X, the sequence {x,}°2, defined by x, = T"xo is Cauchy in X,
lim, ooy = 2, 2 € X, z is the unique fized point of T provided T 1is orbitally con-
tinuous at z.

We now generalize Theorem 1.7 of Nesi¢ in the following way.

Theorem 3.7. Suppose that T is a selfmap of a metric space (X,d). Assume that
there exist non-negative real numbers p, q and r such that

d(Tz,Ty) < pd(z,y)+qld(z, Tx)+d(y, Ty)|+r(d(z, Ty)+d(y, Tz)|+ F(d(z, Tx).d(y, Ty))
(3.7.1)
forallz,ye X and p+2r < 1.
If T satisfies (i), (i), (iii) of Proposition 2.1, then z is the unique fixed point of T and
for any xo € X the sequence {T"xo} converges to z.

Proof. Existence of a fixed point of T follows from Proposition 2.1. Uniqueness of
fixed point follows from the inequality (3.7.1). Let that fixed point be z.

We now show that lim,, ... x, = z. Let zg € X. We consider
d(z,T"xo) = d(Tz,T"x0)
< d(T2, T ag) + d(T" a0, T20)
<pd(z,T"xo) + q [d(z,T2) + d(T"xo, T" ao) + rld(z, T" o)
+d(T" w0, T2)] + F(d(z, Tz).d(T"xo, T" ' x0)) + d(T" w0, T o)
<pd(z,T"x0) + q d(T"w0, T" o) + rld(z, T"a0)
+d(T o, T ' 30) + d(T" w0, 2)] + d(T ™z, T 0)
(by using Tz = 2).
Hence
d(z,T"20) < (1 +q+7) (1 —p—2r)~" d(T"zo, T o).

Taking limits as n — oo, by using (i) of Proposition 2.1, and since p 4+ 2r < 1, it
follows that lim,, .o 2, = 2.
This completes the proof of this theorem.

Example 3.8. Let X be as in the Example 3.3. Now, we define F' be the identity
mapping on Rt. Let 29 = 14+ 27! then
n+1
O(zg) ={T"zo =Y 27%: ne Nyu{1+27'}.
k=0



80 G. V. R. BABU AND M. V. R. KAMESWARI

Clearly T is asymptotically regular at xg, T satisfies the inequality (3.7.1) with p = 0;
r =371 so that p+ 2r < 1 and ¢ = 3; O(=y) has a cluster point 2; and T is orbitally
continuous at 2; so that T satisfies all the hypotheses of Theorem 3.7 and T has the
unique fixed point 2.

We observe that if we choose ¢ = 0 then for x = 1 and y = 2, the inequality (1.7.1)
does not satisfied for any non-negative reals p and r with p + 2r < 1, and hence Nesi¢’s
theorem (Theorem 1.7) is not applicable.
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