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FOUR DIMENSIONAL TAUBERIAN THEOREMS VIA BLOCK
DOMINATED MATRICES

RICHARD F. PATTERSON

Abstract. The goal of this paper is to present simple multidimmensional conditions to ensure
that Ty, n =

00,00 L
X 1’71 | Gmon .k 1Tk, 1S included by P-convergence.

1. Introduction

00,00

The goal of this paper is to present simple conditions to ensure that Ty, , = >, /—; 1

Qmn,k, 12k, 1S included by P-convergence. That is

P —1i =P —limT,
Ich,Ill T, Ilclil k,l
whenever P — limy; T}, ; exists. The method of proof to be used here is suggested by a
argument employed by R. P. Agnew in [1]. R. P. Agnew uses two dimensional matrix
transformation and single dimension sequences. In this paper the author will present a
multidimensional analog of R. P. Agnew results.

2. Definitions, Notations and Preliminary Results

Definition 2.1. (Pringsheim, [6]). A double sequence = [z),;] has Pringsheim
limit L (denoted by P-limz = L) provided that given € > 0 there exists N € N such
that |xk; — L| < ¢ whenever k,I > N. We shall describe such an z more briefly as
“P-convergent”.

Definition 2.2. (Pringsheim, [6]). A double sequence z is called definitely diver-
gent, if for every (arbitrarily large) G > 0 there exist two natural numbers n; and ns
such that |z, x| > G for n > ni, k > na.

Definition 2.3. (Patterson, [4]). The double sequence [y] is a double subsequence
of the sequence [z] provided that there exist two increasing double index sequences {n;}
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and {k;} such that if z; = 2,,, &, then y is formed by

21 22 Z5 210
Z4 Z3 26 —
zZ9 28 27 —

Definition 2.4. (Patterson [4]). A number X is called a Pringsheim limit point
of the double sequence [z] provided that there exists a subsequence [y] of [z] that has
Pringsheim limit A : P-lim[y] = .

With the definition of P-convergence and the notion of subsequences presented in [4]
it is clear that a double sequence [z] is divergent in the Pringsheim sense (P-divergent)
provided that [z] is not P-convergent. This is equivalent to the following: a double
sequence [z] is P-divergent if and only if either [z] contains two subsequences with distinct
finite limit points or [z] contains an unbounded subsequence. Observe that, if [z] contains
an unbounded subsequence then [z] also contains a definite divergent subsequence. In
1926 Robison presented a four dimensional analog of regularity for double sequences in
which he added an additional assumption of boundedness: A four dimensional matrix
A is said to be RH-regular if it maps every bounded P-convergent sequence into a P-
convergent sequence with the same P-limit. The necessary and sufficient conditions for
RH-regularity of (Az)y,, = 220121 Qmon k1 Tk, are as follows:

RH;y: P-limy, », Gy on,k = 0 for each k and [;

RHj: P-lim,, , Z;?l’iil okl = 1;

RHs: P-limyy, n D gy |@mon,k,i| = 0 for each I;

RHy: P-limy, n Y21 |amn, k| = 0 for each k;

RHs: Zzolgl | n k1| is P-convergent; and

RHg: there exist finite positive integers A and B such that
Zk,l>B |am,n k1| < A

The following definition for Pringsheim limit superior and inferior is presented [5]: Let
[z] = {xk,;} be a double sequence of real numbers and for each n, let o, = sup, {zx; :
k,l > n}. The Pringsheim limit superior of [z] is defined as follows:

(1) if @ = +oo for each n, then P-lim suplz] := +o0;
(2) if @ < oo for some n, then P-limsup[z] := inf,,{a, }.

Similarly, let 5, = inf, {zx : k,I > n} then the Pringsheim limit inferior of [z] is defined
as follows:

(1) if B, = —oo for each n, then P-liminf[x] := —oc;

(2) if B, > —oo for some n, then P-liminflx] := sup,,{6n}
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3. Main Results

Definition 3.1. A four dimensional matrix A is said to {B;} ,(¢,n)}-dominated if
¢ & n are nonnegative interges and

P — liminf D DR ED W (N §
(RDEBS (¢ (kDEBA  (C.1)

where

Br’iyn(c,n):{(k,l):A: [@mmii],m—C<kE<m+( &n—n<l<n+n}.

Theorem 3.1. If A is an RH-regular real matriz that is {B;} (¢, n)}-dominated and
[x] is a bounded double sequence such that [Ax] is P-convergent then [x] is P-convergent.

Proof. Suppose [z] is a bounded real double sequence which is divergent in the
Pringsheim sense. We shall use this sequence to show that there does not exists r real
such that P —lim(Ax),, , = r. Let R = P —limsupy,; |xx,; —r|. The regularity condition
RH, implies the following:

00,00
(AZ)mn — 7 =0(1) + Z Ao kol (T — 7).
k=11

Suppose 0 < € < R and choose ky and [y large such that for k& > kg and | > [y implies
|zk; — r| < R+ e. This yields the following:

(A= Zo@W+| D ammrilar = )|
(k,)EBR o (Cm)

- E ‘am,n,k,l’ ‘xk,l - ’I"‘

(kD)EBA o (Cm)

=o(1) + ‘ > Ak, (kL — T)‘

(kD)EBR o (Cm)

- § }am,n,k,l‘ ‘xk,l - 7“}

(k,)EB, ., (¢,m)&k>ko,1>1o

>o(1) + ’ Z Ay et (Thl — T)’

(kDEBR o (Cm)

*(R+ 6) Z ‘amynﬁk,l’

(k,DEB, 1 (Cm&k>ko,l>lo

m,n

>o(1) + ’ Z o1 (g — T)

(kDEBR n (Cm)

R > [ na| = €ll Al

(k,D)gBA ., (¢,n)&k>ko,i>lo
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where [|A[| = sup,, ,, 2227271 [@mn.kil- We can now assume that there are infinitely

many m and n such that for (k,1) € B;i ,((,n) we obtain the following |z, —r| > R—e.
Thus

(Az) o — 7

>o(1) + ‘ Z A do i (Tt — T)

(k.)EBR, 1 (Cm)

R 3 (| = €l A

(k,D)EBR, , (¢m&k>ko,l>lo

>o(l)+ (R - e)’ Z am,n,k,l’

(k,EBR n (Em)

R 3 (| = €l A

(k,DEB (¢ m&k>ko,l>1o

(A} =7 > o) = e Al +| D aman
(k,DEBH A (Cm)

+R ’ § am,n,k,l‘ - E ‘am,n,k,l’

(k,)eBZ .. (¢n) (k,)gBA .. (¢n)
o) =2 Al + RS D0 wmand| = X |amand]
(k,heBA, . (¢.m) (k,)EBA, . (¢,m)

Since € is an arbitrarily small positive number, we obtain the following

P —liminf |(A%)mn — T

m,n

> 0.

Thus [Axz] diverges in the Pringsheim sense.

Theorem 3.2. Suppose A is a four dimensional summability matric method and [z
0,

is unbounded double sequence for which (Ax)m.n = klg 1 Omn,k, 1Tk, exist for each
m and n and [x] contains an unbounded subsequence (i.e. unbounded in the Pringsheim
sense). Then (Ax)m n is unbounded in the Pringsheim sense.

Proof. Suppose [z] is unbounded in the Pringsheim sense then there are infinity
many pairs (m,n) in B,’fhn(c,n) such that

Tk,l < LTm,n for (ka l) ¢ B;?m,n(Ca 77)

For pairs of (m,n) satisfying the above condition we obtain the following:

= ’ § Am n,k,l + § am,n,k,l‘

(k.)EBZ () (k,D)EBZ, o ($m)

[ZE
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> Z am,n,k,lxk,l‘ - Z ‘am,n,k,l’ ‘zk,l’
(k,)eBA . (¢,m) (k,)gB2, ., (¢,n)
> Z am,n,k,l‘ - Z ‘am,n,k,l‘ ‘xm,n .
(k,)eBz, . (¢n) (k,)E€B, ,,(¢m)
Hence P — limsup,, ,, [(A%)mn| = oo. Thus (Ax),,, is unbounded in the Pringsheim
sense.
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