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Abstract

A certain subclass By, (p, a, A, ¢, A, B) consisting of meromorphic
p-valent functions with alternating coefficient in U* = {z: 2 € C: 0 <
|z| < 1} is introduced. In this paper we obtain coefficient inequali-
ties, distortion theorem, closure theorems and class preserving integral
operators for functions in the class By, (p, a, A, ¢, A, B) are obtained .
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1. Introduction

Let X(p) denote the class of functions of the form :

f(2)=—24+Y az" (a_,#0; pe N:={1,3,5,...}), (1.1)
k=1

which are regular in the punctured disc U* = {z: 2 € C : 0 < |2| < 1} =
U\{0}, see[11].

Definition 1. Let f,g be analytic in U. Then g is said to be subordinate to
f, written g < f, if there exists a schwarz function w(z), which is analytic in
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U, with w(0) = 0 and |w(z)| < 1 (2 € U) such that g(z) = f(w(2))(z € U).
Hence g(z) < f(z) (z € U) , then ¢(0) = f(0) and ¢g(U) C f(U) . In partic-
ular, if the function f(z) is univalent in U,we have the following (e.g.[7];[8]):

g(z) < f(2) (2 € U) if and only if ¢(0) = f(0) and g(U) C f(U).
Definition 2. For functions f(z) € > (p) given by (1.1) and g(z) € > (p)
defined by

b
_ P+Zbkz (b, > 0,p € N) (1.2)

we define the convolution (or Hadamard product) of f(z) and g(z) by

(f*9)(z) = a_pfj_p + Zakbkzk (pe N,zeU,). (1.3)

z
k=1

Now, using the integral operator L7*(X,£) (£ > 0;A > 0;p € N;m € Ny;z €
U*) introduced by El-Ashwah [4] the for function f(z) € > (p) given by
(1.1) as follows:

_a > "
LM\ O f p+§:b+kk+p} apz®. (1.4)
k=1

It is easily verified from (1.4) that

AL 0)F(2)) = L O F (2) = (CHpN LI (A O F(2)(A > 0), (L5)

we note that:

(
(i) LY(1,5)f(2) = pgf( z)(a—p = 1) (see Lashin [6]);
Em) L(1,v)f(z) = J(f(2))(p=1) (see Sh. Najafzadeh [9]);

)
iv) L7'(1, ) f(2) = JJ', f(2) (see El -Ashwah et. at [5]).
Let B,,(p,a, A\, £, A, B) denote the class of functions f(z) in ) (p) that
satisfy the condition :

i) La(l 1)f(z) = p%f(z) (see Aglan et al. [3]);
(2

(LN 0) f(2) Ap +{ p+[pB+(A-B)(p—a)]z. ;
ML D f(2) ( A ) = 1+ B2 zel
(1.6)



where < denotes subordination, 0 < a <p, - 1< A< B<1,0< B <1,
MEL>0,pe N and m € N,.
By definition of subordination, the condition (1.6) is equivalent to

(Lr0f() (Ap ¥ 6> _ 2B (A-Bp-alui) (o

AL O f(z) N A 1+ Bw(2)

where w(z) € H = {w regular , w(0) = 0 and |w(2)| < 1,z € U}. It is easy
to see that the condition (1.7) is equivalent to

(LrOfz) b
AP Of () A <1 (zev?)
ILpNOf(z) [+l |
B[ALmH(A 0/(z) ( ) Flepr A=) s
1.8

We note that:
(i) when A = —1, B =1, we have f(z) € B,.(p,a, \, £) if

(st - ()} <

(L7 (A 0) f(2) Ap + ¢ 1+ Az
ALHL(N O f(2) ( A ) 1+ Bz’

Let > (p) be the subclass of > (p) consists of functions of the form:

(ii) when a =0

a_
2) = z_Pp + (=D)" a2 (a, #0;a, > 0;p € N), (1.9)

that are regular and p-valent in U*
Let us write

*

> (p.n,a, A\ 4 A,B) = Br(p,a, AL, A, B)N > (p). (1.10)
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In this paper coefficietn inequalities, distortion theorem and closure theorems
for the class B!, (p, o, A\, ¢, A, B) are obtained .Finally,the class preserving
integral operators of the form

F(z)=(c—p+ 1)z01/tcf(t)dt (c>p—1;p € N), (1.11)

is considered. Techinques used are similar to those of Silvermen [10] and Urale-
gaddi and Ganigi [11], Aouf and Darwish [1], Aouf and Hossen and Lashin

2].

2. Coefficient Inequalities

Theorem 1. Let f(z) = _a_pp + g arz* be regular and p-valent in U*. If
z
k=1

> [H S )] [(k+p)(1+ B) + (A~ B)(p - ) |ax]

k=1
< (B—-A)p—a)lay, (2.1)
then f(z) € Bn(p,a, A\, ¢, A, B).
Proof: Suppose (2.1) holds for all admissible values of p,m,a, A, ¢, A and
B. Tt suffices show that

Ly (A 0 f(2)

T 07(z)

<1 for |z] <1

e~ Gee ] £ B+ (4= o)
we have
OOSE)
L Of()
(50070
Ly OF ()

—(7p+
l

[
m+1 &
o] (b D

1

1)} + A\l [pB+ (A—B)(p — a)]
)
)

Mg i M8

(A=B)p =)oy + 3 [rxtery]  BUE+0)+ (A= B)p— o)yt

A (k+p)

£
Il
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¢ m+1
Z |:€+)\(k+p)] (k + p) |ax]
< 1

— o0

(B=A)p—a)la] =Y |7ty

k=1

00
k=

| Bk +) + (A~ B)p — a) ]

The last expression is bounded above by (1.1) if

S [y Pl B A0l

> {m]m [B(k+p) + (A= B)(p - a)] |al

which is equivalent to
S lri] 00+ B) - (4= B)o - @)l < (B-A) o)l

The completes the proof of Theorem 1.

Theorem 2. Let f(z) = a__;, + > (=) agz*(a_, # 0;a, > 0,p € N) be
% k=1

reqular and p-valent in U*. Then f(z) € > (p,m,a, \, ¢, A, B) if and only if

> [mr [(k+p)(1+B)+ (A= B)(p—a)la

k=1
< (B-A)(p—a)lay. (2.2)
Proof. In view of Theorem 1, it is sufficient to shwo the “only if = part. Let
us suppose that

a_ - —
£ =24 Y () w0y £ D 2 0p € N)
k=1

isin > (p,m,a, A\, ¢, A, B). Then

LA 01 (2)
Ly+t(A, 0 (2)

Ly (A0 f(2)
Ly+t(A 0 f(2)

~CGpt )|+ 3B+ (A= B)(p o)
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l m

g m—+1
-1 — _ —a)larzkt
1( 1) [f+)\(k+p)} [B(k+p)+(A—-B)(p—a)lapzk+?

for all z € U*. Using the fact that Re(z) < |z]| for all z, it follows that

k

Il
A

<1

18

(B=A)(p—a)a—p—

ES
Il

¢
B [ — apzktP
& [€+A%+pﬂ e

Re <1 (zeU").

m+1

(B*A)(zofOt)a—p*él(*l)’“‘1 {m} [B(k+p)+(A—B)(p—a)]ayz+»

(2.3)
. Ly (N0 f(z)
Now choose values of z on the real axis so that is real. Upon
Lt (A, 0) f(z)
clearing the denominator in (2.3) and letting z — 1~ through real values, we
obtain

S |y s B A~

1

Z [f—i-)\ )] [B(k+p) + (A - B)(p — a)]a.

s / m+1
Z {m} [(k+p)(14+B)+(A=B)(p—a)]ax < (B—A)(p—0) a_|.

Hence the result follows . -
Corollary 1. If f(z) = a__;, + > (=1 ag2® (a_p #0;a, > 0;p € N) is
< k=1

*

in the class Z(p, a, A\, 0, A, B), then

(B—A)p—a)layl

ar, < (I{ZGN)

( e
b?TEIE} [(k+p)(1+ B)+ (A— B)(p— )]

(2.4)



Equality holds for the functions of form

fk(z) — aZ—pp (_1)]{)71 ; mS—? A)(p a) |a—p| Zk,
| EEPLEB) A= B a)
(2.5)
where (k€ N and p € N).
3. Distortion Theorems .
Theorem 3. Let f(z) = a_p + S (=) tagz® (a_p #0;ar > 0;p € N) is

k=1
*

in the class > (p,m,a, X\, ¢, A, B) , then for 0 < |z| =7 < 1,
lap| (B—A)(p—a)layl

rP 12 ml

< |ap| 1 (B—A)(p—a)lay

— P 14 ml
[m] (1+p)(1+B)+(A-B)(p— o)

with equality for the function

a—p

N (B - A)p-a)layl

ZP 14 m

fiz) =

z at z=r1r.

(3.2)
Proof. Suppose that f(z) in the class Z(p,m,a,/\,E,A,B). In view of

a
Theorem 2, we have

[m} ()14 B) + (A= B)p = )] e

E m+1
<X i) e B+ - B ala

< (B=A)(p—a)laypl,

00
k=



which evidently yields

53@45 (B—A)(p—a)a,| . (33)

k=1 ¢ "
[m] (1+p)(1+B)+(A—B)(p—a)]

Consequently, we obtain

| f( |<‘7p|+2ar < ~|—7"Zak
< |afp|_‘_ (B—=A)(p—a)layl

- P 14 mE

by (3.3). This gives the right hand inequality of (3.1). Also

r,

lf(z) > —Zakrkz ]a_pp| —rZak.
k=1 r k=1
s ool (B—A)(p—a)la

P l mH §
{m} [(1+p)(1+B)+(A—-B)(p— )

which gives the left hand side of (3.1). It can be easily seen that the function
f(2) defined by (3.2) is an extremal function for the theorem.

Theorem 4. If f(z) = a—;f + 2 (D" ap2® (ap # 04, > 0,p € N) is
z k=1

in the class > (p,m,a, A\, ¢, A, B), then for 0 < |z| =7 < 1,

a

playl _ (B—A)(p—a)lay|

= : - <|f'(2)]
{m] (1+p)(1+B)+(A—B)p—a)
_p Ji‘f' N : (B=A)p—a)lay (3.4)

The result is sharp, the extremal function being of the form (3.2) .

8



Proof. From Theorem 2, we have

Y/ m+1 0
{[jﬁf;@} K1+MO+B%HA—Bmwwm2;mk

(I+p
< (B=A)p—a)layl,

> LHK;)} [(1+p) 1+ B)+ (A= B)(p— )] ax

which evidently yields

i o < (B—A)(p— a)la_,l (3.5)

¢ m

Consequently, we obtain

, a— a_
uwnsp'“+zkkw<ﬂﬁu§y%

playl (? A)( — ) |ay| 7
T ] e s B o)

by (3.5). Also

/() _P’afp\ ZkakT 12P|afp|_zkak

rp+1 rptl
k=1
plapl (B—=A)(p—a)layl
=z ol / Mt (3.6)
Y R 1 1+ B A—B)(p—
] 00 B (A= B a)
This completes the proof of Theorem 4.
4. Closure Theorems.
Let the functions f,(z) be definedfor j=1,2,.....m, by
&_p]—kz ay2"a_p; > 0;a,; > 0;p€ N) for z€ U™
k=1
(4.1)



Theorem 5. Let the function f;(z) be defined by (4.1) be in the class
Z(p,oz,)\,f,A, B) for every j = 1,2,...,m . Then the function F(z)

defined by
b, ~
F(z)=—F+ > (1) bz¥ (b, > 03 > 0;p € N), (4.2)
k=1

is a member of the class Z(p, a,\ 0, A, B), where

1 & 1 ¢
by=— Zlap’j and by = — Zlak’j (ke N).  (43)
j= =

*

Proof. Since f;(z) € Z(p, a, A\, 0, A, B), it follows from Theorem 2 that

a

) [ﬁ]m [(k+p)(1+ B) + (A= B)(p — &)] ar; < (B=A)(p—a) |a—p,]

(k+p
(4.4)
for every j = 1,2, ....,m . Hence,
| 0B B -l
:Z{m} [(k+p)(1+ B)+ (A—B)( {%Za’”}
1 - (& ( m
= (Z {m} [(k+p)(1+ B)+ (A= B)(p—a)] %j)
j=1 \k=1
< (B=A)(p—a) <% Zam> (B=A)(p—a)b—y,

which(in view of Theorem 2) implies that F(z) € Z(p, a,\ 0 A B).

a
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*

Theorem 6. The class Z(p, a,\, 0, A, B) is closed under convex linear

a
combination.

Proof. Let the functions f;(z) (j = 1,2) defined by (4.1) be in the class

*

Z(p, a, A\, 0, A, B), it is sufficient to prove that the function

a

H(z) =tfi(2) + (1 = 1) f2(2) O<t<1) (4.5)

is also in the class Z(p, a,\, 0, A, B). Since for 0 <t <1,

ta—p 1 +

H(z) = Dape + 3 (- 1)F  tags + (1 - taga},  (4.6)
k=1

we observe that

> {m} [(k+p)(1+ B) + (A= B)(p— a)] {tars + (1 — t)ax}

=3 (i) PO B (A BIG e +

k=1

03 [y A0 (- B - s

< (B—A)(p—a) {ta_ps + (1 - t)a_pa) . (4.7)

*

which the aid of Theorem 2, hence H(z) € Z(p,a, A0, A, B). This com-

a

pletes the proof of Theorem 5.
Theorem 7. Let

folz) = az_pp (4.8)
and
fil2) = ZE+(-1) g _(B-A)p—a)|ay
{€+>\(k+p)} {(k+p)(1+B) + (A= B)(p—a)}

(4.9)

11
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Then f(z) € Z(p, a, A\, 0, A, B) if and only if it can be expressed in the form

a

f(z) = iukfk(z), where p;, > 0 (k> 0) and i“k =1. (4.10)
k=0

k=0

Proof. Suppose that

f(z) = Z,ukfk(z), where p;, > 0 (k> 0) and Z,uk, = 1. Then
k=0 k=0

1) = S m(2)

= pofo(z) + Zukfk(z)
= Y () Ak n)
= b:?@?ﬁ} (k+p)(1+B)+ (A~ B)(p— )
(4.11)
Since
00 / m+1
z; {EJF/\(/{ +p)} (it By =Bl =l
(B=A)p—a)lay "
E:K%IB] {(k+p)(1+B)+ (A— B)(p—a)}
= (B=A)p—a)la,l> m
= (B=A)p—a)lay| (1 )
< (B-A)p—a)lay, . (4.12)

*

we have f(z) € Z(p,a,)\,é,A,B), by Theorem 2 .

a
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Conversely, suppose that the function f(z) defined by (1.9) belongs to the
class Z(p,a,)\,E,A,B). Since

" < (B=A)p=a)|a

~ g m—+1
{m} {(k+p)(1+B)+ (A= B)p-a)}

(ke N)

(4.13)
by Corollary 1, setting

/ m+1
| AR B+ (A= B - )
B [6 + Ak + p)} “
py = 1/U(A = B)(p — ) |ay| - Z]ﬁ)

and

po=1=Y " m.fu(2), (4.15)
k=1

it follows that

f(2) =D mfiulz).

This completes the proof of Theorem 6.

5. Integral Operators

Theorem 8. If f(z) = a__: + S (=D ag2* (a_p, # 0;ar, > 0,p € N) s
& k=1

in the class > (p,m,a, A\, (, A, B), then

F(z)=(c—p+ l)z_c_l/tcf(t)dt

o0

_ O ;(—UIH (ﬂ) ap?”, (5.1)

T c+k+1
¢ > p— 1, belongs to the class > _(p,m,~, (p,a, ¢, A, B),\, {, A, B), where

_ (c=p+1)(1+p)(1+B)(p—a)
1P, ¢ A, B) = D~ im0+ B - (A—B) (—a) - e A Ba) . (-2

13



The result is sharp for the function f(z) given by

f(z) _ a—p + (B—A)(p—a)|a—p| 5 (5‘3)

Zp E m—+1
[m] [(14-p)(1+B)+(A-B)(p—)]

a—p

Proof. Suppose f(z) = >

+ S (=1 Laget € Z(p,m,a,)\,E,A,B), in
k=1

view of Theorem 2, we shall find the largest value OF ~ for which

i[m

(B=A)(p—a)la—p|

g m—+1
)} [(k+p)(1+B)+(A-B)(p—7)] (

— 1
¢ p+ )ak§1

pt c+k+1

It is sufficient to fined the range values of v for which

(c=p+D[(k+p)(A+B)+(A=B)(p=7)]  [(k+p)(A+B)+(A=B)(p—a)]

(c+k+1)(p—) (p—a) for each &.

Solving the above inequality for v, we obtain

< p_ (c=p+1)(k+p)(1+B)(p—a)
T=P 7 ek D) [(;k+p) A+B)+(A—B) (p—a) —(c—p+ 1) (A—B) (p—a) -

For each p, a, A\, ¢, A, B and c fixed let

oy (c=p+1)(k+p)(1+B) (p—a)
F(k) = P~ D40 1+ B)+H(A—B) (p—a)]—(c—p+ 1) (A—B) (p—a) "

D
Then F(k+1) — F(k) = el 0 for each k, where
D=(c-p+1)1+B)(p-a)k+p)k+p+1)

and

G = {(c+k+2)[(k+p+1)(1+B)+ (A= B)(p—a)| - (c—p+ 1)(A—B)(p—a)}.

{le+k+D[(k+p)(1+B)+(A=-B)(p—a)] = (c=p+1)(A=B)(p—a)}.

Hence F'(k) is an increasing function of k. Since
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(c—p+ 1A +p)(1+B)p—a)
(c+2)[1+p)1+B)+(A=B)lp—a)l=(c—p+1)(A-B)(p—a)’
the result follows.

Remark: (i) Puttinga_, =1,p=1,m =0, A = —1 and B = 1 in the above
results, we have the results obtained by Uralegaddi and Ganigi [10];

(ii) Puttinga_, =1,p=1, A= —1 and B = 1 in the above results, we have
the results obtained by Aouf and Darwish [1];

(iii) Putting a_, = 1 and p = 1 in the above results, we have the reults
obtained by Aouf et. al. [2].

6. Convolution Properties
Theorem 9. If f(z) and g(z) belong to the class B,,(p, a, A, ¢, A, B), then

F(1) =p-

oo
a—p

T(z) = # +3 (a} +1})2F, (6.1)

2z
is in the class B,,(p, o, A, £, A, B) such that A; < —u? + Bi(1 — p?), where
V2(p — ) (k +p)(lap| [b-p))(B — 4)

/J):

VT8 ~ 40— )+ [t

Proof. Since f,g € B, (p,a, A\, ¢, A, B). Theorem 2 yields

2

¢ m—+1
> |:€+>\(k+p)] [(k+p)(1+ B)+(A-DB)(p—a)a
; (B—A)p—a)la) =5
and
= ([t k+ D0+ B) £ (A= B - 1
2 (B=A)p—a) b, =h

we obtain from the last two inequalities

oL [rsters] " P14 B) + (A= BYp - )]
2 (B= A a)la by

k=1

2

(aj +b}) <1,

(6.2)

15
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However .T'(z) € B,,(p, o, A, ¢, A, B) if and only if

2 [t ] [+ D)1+ By + (A = B)(p— )
(Br = A1)(p — ) la—p| [b—p|

k=1

(ai + bi) <1.

(6.3)
where —1 < A; < B; <1, A >0, ¢ >0, but (6.2) implies (6.3) if

[extemm ] k) (14 B1)+ (A1 —Ba) (p—0)] 1 ([M]mﬂ[(ﬂp)(HB)HAB )<pa>1)2

(Bi—AD)(p—a)[a—p[[b—p] 9 (B=A)(p—a)la—p[b—p|
Hence, if
14+ B 2B-420-0laplb—pl+[ x| (k+p)(14+B)+(A-B)(p—a))?
B, — A 2(B—A)%(p—a)(k+p)la—pl[b—p] )

This is equivalent to

By — A 2AB=A)* (p=0) (k+p)la—p|lb—s|
14+ By~ 2B=420—0)apllbpl+[srsrmy) [+p) (1+B)+(A=B)(p—a))?

= /J/Q-
(6.4)

Hence we get A; < —p? + By(1 — p?).

Theorem 10. Let f(z) and g(z) belong to the class B,,(p,a, A, ¢, A, B).

Then the convolution (or Hadamard product) of two functions f and g belong

to the class that is, (f*g)(z) € B (p,a, A\, £, A, B), where A} < —v+B;(1—v)

and
_ (B—A)2(p—a)la—p||b—p|

v = = .
(B=A)2(p—a)|apllb—p|+[grxtamsy] " [(k+p)(1+B)+(A=B)(p—a)]®

Proof. Since f,g € B,(p,a, A\, ¢, A, B), by using the Cauchy-Schwarz in-
equality and Theorem?2, we obtain

i [m} "k )1+ B) + (A— B)(p—a)]
(B —A)(p — a)|ap| [b—]

k=1

- i [t " 1kp) (14 B) (A= B) ()] 2 i [t )" 1k p) (14B)

= (B—A)(p—a)lay| Ok (B—A)(p—a)b—p|
k=1 k=1

< 1

Y
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1/2
A-B)(p—a)] b )
k

(6.5)



we must fined the values of A;, B; so that

[m]mﬂ [(k+p)(1+B1) + (A4 — B)(p — )]
1 (B — A1) (p — @) Ja—p| [b—y|

There for, by (6.5), (6.6) holds true if

[M]8

e
Il

(B1=A)[(k+p) (14 B) (A= B) (p—a)]
arbe < Bkt p) (14 B+ (A Br)pe)s ¥ = T 2 a7 0,6 # 0. (6.7)

By (6.5), we have

(B—A)(p—a)la_y|
Voagb, < o L , therefor (6.7) holds true
ES et e4p) (14 B) HA—B) (p—a)] (6.7)
if
¢ m+1 y) m-+1 2
ety kep)(14-B1)+(A1—Bi1) (p—a)] < ety [k4p)(14+B)+(A-B)(p—0)]
(Bi— A1) (p—a)a_pl[b_p] = (B=A)(p—a)la_pllb_p| )
which is equivalent to
14+ B1  (B-420-0Plaplb—pl+[gxtams] " (k+p)(1+B)+(A-B)(p—a))?
B, — A, (B—A)2(p—a)a_p[[bp] '
Alternatively, we can write
B — A (B2 (p-)la_plo| -
14+ By~ (B=A2m—alapllb—pl+|zxtery) [(k+P)1+B)+(A-B)(p—a)]®

Hence we get A; < —v + By(1 —v).
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