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ON CERTAIN SUBCLASS OF P-VALENT MEROMORPHICALLY
STARLIKE FUNCTIONS WITH ALTERNATING COEFFICIENTS

H. E. DARWISH, A. Y. LASHIN AND B. H. RIZQAN

Abstract. A certain subclass B, (p, a, A, ¢, A, B) consisting of meromorphic p-valent func-
tions with alternating coefficient in U* = {z:z € C: 0 < |z| < 1} is introduced. In this
paper we obtain coefficient inequalities, distortion theorem, closure theorems and class
preserving integral operators for functions in the class B, (p, @, A, ¢, A, B) are obtained.

1. Introduction

Let X(p) denote the class of functions of the form:

a

fla) = ‘p’” + 3 arz® (a_p,#0; peN:={1,3,5,...)), (1.1)
k=1

—
which are regular in the punctured disc U* ={z:z€ C:0 < |z| < 1} = U\{0}, see [11].

Definition 1. Let f, g be analytic in U. Then g is said to be subordinate to f, written g < f,
if there exists a Schwarz function w(z), which is analytic in U, with w(0) = 0 and |w(z)| <
1 (z € U) such that g(z) = f(w(z))(z € U). Hence g(z) < f(z) (z € U), then g(0) = f(0) and
g(U) c f(U).In particular, if the function f(z) is univalent in U, we have the following (e.g.
(71; [8]):

g(2) < f(2) (ze€ U) if and only if g(0) = f(0) and g(U) < f(U).

Definition 2. For functions f(z) € }.(p) given by (1.1) and g(z) € }_(p) defined by
b_ 00
g2)=—L+Y bzt (=0, pen, (1.2)
S

we define the convolution (or Hadamard product) of f(z) and g(z) by

a—,b_ ®
(f*8)2)= ZP p+kZ::1akbkzk (peN, zeU). (1.3)
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Now, using the integral operator LZ?(/L ) >0 120, peN; me Ny =NuU{0} =
{0,1,2,...}, z € U") introduced by El-Ashwah [4], the for function f(z) € }.(p) given by (1.1)

as follows:
m

m = k
LY, O f(2) = Z €+A(k+ > ayz". (1.4)
It is easily verified from (1.4) that
AZ(LZLHM,/))f(Z))' = ZLZL(A,()f(Z) -0+ p/l)LZHl(ﬂ,f)f(Z) (A>0), (1.5)

we note that:
)] L‘;(l, f(z) = pgf(z) (see Aglan et al. [3]);
(ii) LY, B f(2) = pgf(z) (a-p =1) (see Lashin [6]);
(iii) L(1,y)f(2) =J(f(2) (p =1) (see Sh. Najafzadeh [9]);
(iv) L;,”(l,a) f(z2)= ];,f‘a f(z) (see El -Ashwabh et. at [5]).

Let B,,(p,a, A, ¢, A, B) denote the class of functions f(z) in }_(p) that satisfy the condition :

LN, O f(2) _(pr) <_p+[pB+(A—B)(p—(x)]z

) eU* 1.6
AT 0f@ | A 1+ Bz ¢ (-6

where < denotes subordination, 0 <a < p, -1<A<B<1,0<B=<1,1¢>0 peNand

m e Ny.

By definition of subordination, the condition (1.6) is equivalent to

) 1.7)

LY (A, 0) f(2) ~ (}Lp +£) _p+ [pB+(A-B)(p-a)] w(z)
ALY, 0 f(2) A 1+Bw(z)

where w(z) € H = {wregular, w(0) =0and |w(z)| < 1, z€ U}. Itis easy to see that the condition

(1.7) is equivalent to

LA Of(@) ¢

ALY, O f(z) A

CL (A, 0) f(2) (pr)
ALY, 0) f (2) A

<1 (zeU"). (1.8)

+[pB+(A-B)(p—-a)|

We note that:
(i) when A=-1,B =1, we have f(z) € By(p,a,A,0) if

(LA O f(2) ()Lp+g)
Re <-—-a,
ALD*Y(A, 0) f (2) A
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(ii) whena =0

L)X, 0) f(2) )Lp+£) 1+ Az

- < - .

ALY, 0) f (2) A 1+Bz

Let Y_(p) be the subclass of }_(p) consists of functions of the form:
a

a_ o0
f(2) :Z—p”+ Y D agt (@, #0; ar=0; peN), (1.9)
k=1

that are regular and p-valentin U*.

Let us write .
Y (p,m,a, A, 0, A B)=Bpy(p,a,A,¢,AB)nY (p). (1.10)
a a

In this paper coefficient inequalities, distortion theorem and closure theorems for the class
B;.(p,a, A, ¢, A B) are obtained.

Finally, the class preserving integral operators of the form
Z
F(z)=(c—p+ l)z_c_lf t“f(de (c>p-1; pe Np), (1.11)
0
is considered. Techinques used are similar to those of Silvermen [10] and Uralegaddi and

Ganigi [11], Aouf and Darwish [1], Aouf et al. [2].

2. Coefficient inequalities

a_ [o°]
Theorem 1. Let f(2) = —: + Y aiz" be regular and p-valent in U*. If
Z k=1

00 g m+1
k; ST [(k+p)Q+B)+(A-B)(p-a)]lail
<(B-Ap-a)|al|, 2.1

then f(z) € By(p,a, A, ¢, A, B).

Proof. Suppose (2.1) holds for all admissible values of p, m,a, A, ¢, A and B. It suffices show

that
LZI A0 f(2)

LA, 0f(2)
P / <1 for |z|]<1

LI (L0 f (@)

—_— Al |pB+(A-B)(p-
L 0f @) +AI¢[pB+(A-B)(p-a)]

~(4p+1)

we have
L;,"(/l,i)f(z)
— 1
LZ’“(/L 0)f(2)

LA, O f(2)

—_——— ALl |pB+(A-B)(p-
LZH—I(A,g)f(Z) + [p +( )(p (X)]

~(4p+1)
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o) g m+1
Z 7€+A(k+p) (k+ p)agzP+k
= g m+1
(A—- B)(p a)a_p+ Z m [B(k"rp)+(A—B)(p—a)]akzk+p
o Vi m+1
— (k+ p)lagl
- + Ak +p) _ ‘
(B—-A)(p- aﬂwml ZI%@:ES [B(k+ p)+(A-B)(p—a)llax
—1
The last expression is bounded above by (1.1) if
00 m+1
Z €+Mk+m (k+p)laxl = (B-A)(p-a)|a,|
m+1
Z £+/1(k+p) [B(k+p)+(A-B)(p—a)]lal
which is equivalent to
[e'e) m+1
Z £+Mk+p) ((k+p)1+B)+(A-B)(p-a)]lakl = (B- A)(p—a)|a—p|.

The completes the proof of Theorem 1.

Theorem 2. Let f(z) = — +Z (= l)k_lakzlc (a-p #0; ar =0, p €N) be regular and p-
zP
valentinU*. Then f(z) € Za(p,m a, A2, A B) ifand only if

00 g m+1
k; ST [(k+p)(1+B)+(A-B)(p-a)] ax
< (B-Ap-a)|a,l|. 2.2)

Proof. In view of Theorem 1, it is sufficient to shwo the ‘only if " part. Let us suppose that
ap k-1 _k
f(Z)=7+k§1(—l) aiz" (a-p#0; ap =0, peN),

isinY.}(p,m,a,A,¢, A B). Then

LA, 0) f (2)
LY, O f (2)

LA, 0f (2 A

/1
—_— +1 B+(A-B
L 0f @) —(Gp+D |+ [pB+(A-B)(p-a)]

m+1

Z%’zl(—l)k_l (k+p)az**

C+ Ak +p)

m+1

(B-A)(p-a)a_,— X7, (Dt [B(k+ p) + (A-B)(p—a)la,zk*P

C+ Ak +p)
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for all ze U*. Using the fact that Re(z) < |z| for all z, it follows that

_ ¢
C+ Ak +p)

m+1

T, (-pk! (k+p)agz**

Re

m+1

B-A(p-wa_,-Yy, (-Dk! [B(k+p) +(A-B)(p - )] agzk+P

C+ Ak +p)
<1(zeU"). (2.3)
L7 4,0 f(2)

Now choose values of z on the real axis so that W is real. Upon clearing the
p WSz

denominator in (2.3) and letting z — (—1)* through real values, we obtain
b
>

m+1

(k+plag<B-A(p-a)|a,|

4 Ak+p) )L(k + p)
m+1

[B(k+p)+(A-B)(p—a)lax

€+/1(k+p)

or
m+1

[(k+p)1+B)+(A-B)(p-a)lar < (B-A)(p—a)|ap|.

o0

)3

k=1

¢
C+Ak+p)

Hence the result follows.
Corollary 1. If f(z) = — +Z (= k-1, z* (a-p #0; ar = 0; peN) isin the class

Z(p, a, Al A B), then
a

(B-A)(p-a)|a|

ag = ¢ m+1 (ke N). 2.4)
iy [krpasBrA-Bp-a)
Equality holds for the functions of form
(B-A)(p-a)a_
o= +( R 0 m+1 b d zk, (2.5)
gy [ErPOE B A-Bp-a)]

where (ke N and p eN).

3. Distortion theorems

Theorem 3. Let f(z) = - +Z (= DF1agzk (a-p #0; a2 0; peN) isin the class
Yo(p,m,a, A ¢, A B), then for0 < |z| =r<l,

|a—P| (B—A)(p_a)|a_p|
e ¢ m+1
C+A1+p) [A+p)1+B)+(A-B)(p-a)]

r<|f(a|
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_lasy| (B-A(p-a)|a|
=— 7

C+A(1+Dp)
with equality for the function

r 3.1

m+1

[1+p)1+B)+(A-B)(p-a)]

filz) = —+ [ —— z (3.2)
C+A(1+p) [(1+p)1+B)+(A-B)(p-a)]

atz=r, ir.

Proof. Suppose that f(z) in the class }.(p, m,a, A, ¢, A, B). In view of Theorem 2, we have
a

¢ m+1 s
—— (1+pA+B)+(A-B)(p-a)] Y a
{+A(1+p) [a+p P ]k; k

o] V4 m+1

=Y |\ mawep|  (0rpasB+@A-Bp -0«

<(B-Ap-a)|a,|,

which evidently yields
xQ (B-A(p-a)|a-
;; a = ; Rkl | (3.3)
) ST (A+p) 1 +B)+(A-B)(p-a)]
Consequently, we obtain
lap] & 4 Japl &
fRs—+) apr"<s——+r ) ay
| | rp kgl rk kgl
_ay) B-Ap-a)a
T P Y m+1 h
YT [(1+p)(1+B)+(A-B)(p-a)]

by (3.3). This gives the right hand inequality of (3.1). Also

lap] & a2
|f(z)|27—k§1akr z2— _rk§1ak
|ap| (B-A)(p-a)|ay|
= rp - Y m+1 h
T A0 [(1+p)(1+B)+(A-B)(p-a)]

which gives the left hand side of (3.1). It can be easily seen that the function f(z) defined by

(3.2) is an extremal function for the theorem.
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Theorem 4. If f(z) = —+Z (= Dk 1agzk (a-p #0; ar =0, peN) isin the class
Yo(p,m,a, Al A B), thenforO <lzl=r<1,

plasy| B-A(p-a)|a|

rp+l h A m+1 S|f,(z)|
—_— 1 1+B A-B)(p-
A0+ D) [(1+p)(1+B)+( )(p-a)]

_Plasy| (B-A)(p-a)|ay|
rp+] [ m+1
- 1+p)1+B)+(A-B)(p—a)]
(+A(1+p) L

(3.4)

The result is sharp, the extremal function being of the form (3.2).

Proof. From Theorem 2, we have

m+1

¢

ES T [(1+p)1+B)+(A-B)(p-a)] ) kax

k=1

m+1

[1+p)(1+B)+(A-B)(p-a)] ax

oDy p—

o e+ A+ p)
<(B-Ap-a)|a,|,

which evidently yields

(B-A(p-a)|a_p|
m+1

[(1+p)Q+B)+(A-B)(p-a)]

(3.5)

IN

o0
Z kdk
k=1

_ ¢
Z+A(1+p)

Consequently, we obtain

a_ (o]
|f'(2)] = |p+1 pl + Z kagr®1 < Pr|p+1p| +];1kak

< p|a—P| (B—A)(p_a)|a_p|
rp+1 A m+1
m [(1+p)(1+B)+(A_B)(p_a)]

’

by (3.5). Also

| | )

9 ., pla-
R

>p|a—p|_ (B—A)(p_a)|a_p|
rptl Y m+1
C+A(1+p) [(1+p)A+B)+(A-B)(p-a)]

(3.6)
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This completes the proof of Theorem 4.

4. Closure theorems

Let the functions f;(z) be defined for j = 1,2,..., m, by

f]()—

+Z( D ay 12" (a_pj>0; ar;=0; peN) for ze U*. 4.1)
k=1

Theorem 5. Let the function f;(z) be defined by (4.1) be in the class }_.(p, m,a, A, ¢, A, B) for
a
every j=1,2,...,m. Then the function F(z) defined by

bp & ko1, k
Fz)=—F+ k;(—l) bpz® (b_p>0; b= 0; peN), 4.2)
is a member of the class Y (p, m,a, A, ¢, A, B), where
a

1 & 1 &
b_pzaj;a_p,j and bkzaj;ak,j (keN). 4.3)

Proof. Since f;(z) € ¥.(p,m,a, A, ¢, A, B), it follows from Theorem 2, that
a

m+1

[(k+p)1+B)+(A-B)(p-a)] ax

>

£+/1(k+ p)
<B-Ap-a)|ap;l|, (4.4)

forevery j =1,2,..., m. Hence,

o] g m+1

Z m [(k+p)(1+B)+(A=B)(p - )] by
&) m+1 ] o
; [+A(k+p) [(k+P)(1+B)+(A—B)(p—a)]{E;ak'j}
1 n (o] [ m+1
EZ(Z Ak [(k+p)(1+B)+(A—B)(p—a)]ak,j)

1 o0
<B-Ap-a) (% > a_p,j) =(B-Ap-a)b_,
j=1

which (in view of Theorem 2) implies that F(z) € }.(p, m,a, A, ¢, A, B).
a

*
Theorem 6. Theclass) (p,m,a, A, ¢, A, B) is closed under convex linear combination.
a
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Proof. Let the functions f;(z) (j = 1,2) defined by (4.1) be in the class }.(p, m, a, A, ¢, A, B), it
a

is sufficient to prove that the function
HR)=tfil2)+(1-1)fa(2) (0=st=D, (4.5)
isalso inthe class Y (p,m,a,A,¢, A, B). Sincefor0< <1,
a

ta_,1+(1—-1ta-
H(z)= —"! P2

ZP +k;(—1)k_1{mk,1 +(1 - Hag} 2", (4.6)

we observe that

>

m+1

[((k+p)Q+B)+(A-B)(p-a)|{tar,+ Q- Dag.}

£+/1(k+ p)

m+1

x ¢
=ty [(k+p)(1+B)+(A-B)(p-a)] a1+
k=

1L+ Ak+p)

m+1

[(k+p)(1+B)+(A-B)(p-a)] ak.

o0

-0y
=

1L+ Ak +p)

<B-Ap-a){ta_pi+1-Da_py}, 4.7)

with the aid of Theorem 2, hence H(z) € }.(p,m,a,A,¢, A, B). This completes the proof of
a

Theorem 6.

Theorem 7. Let

fota) = =L 4.8)
and
filz) = % +(-1k! . - Alp - ey FkeN). 4.9)
AT p) {(k+p)A+B)+(A-B)(p-a)}

Then f(z) €Y. (p,m,a, A, ¢, A, B) ifand only if it can be expressed in the form
a
oo o0
f(@) =) pkfi(2), wherepr =0 (k=0) and )_ pj=1. (4.10)
k=0 k=0

Proof. Suppose that

flz) = Z Ui fi(2), where ux =0 (k=0) and Z Ui =1.
k=0 k=0

Then
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f@) =) urfi(z)
k=0

= o fo(2) + ) pi fi(2)
k=1

(B-A(p-a)|a,|
m+1

[(k+p)(1+B)+(A-B)(p-a)]

¥ (ke N).(4.11)

= ﬂ + OZO" ,Uk(—l)k_l
U 4

C+ Ak +p)

Since

m+1

> {(k+p)1+B)+(A-B)(p-a)}.

k=1

€+/1(k+p)

(B-A(p-a)|a,|
m+1 Hk

{(k+p)(1+B)+(A-B)(p-a)}

_
C+ Ak +p)

= (B-Ap-aay| Y
k=1

= (B-A)(p-a)|a_p|(1-po)
<B-Ap-a)|a,l|, 4.12)

we have f(z) €Y (p,m,a,A,¢, A, B), by Theorem 2.
a

Conversely, suppose that the function f(z) defined by (1.9) belongs to the class ) .(p, m, a, 1, ¢, A, B).
a

Since
(B-A(p-a)|a,|

a < / — (ke N), (4.13)
Ak {(k+p)(1+B)+(A-B)(p-a)}
by Corollary 1, setting
g m+1
Ti Ak {(k+p)1+B)+(A-B)(p-a)}
fr = P ar (ke N), (4.14)
1/¢(A-B)(p-a)|ap|
and -
to=1-) wfi(2), (4.15)

k=1
it follows that

f@) =) prfi(@.
k=0

This completes the proof of Theorem 7.
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5. Integral operators
Theorem 8. If f(z) = — +Z (—l)lc_lakzlc (a-p #0; ar =0, peN) isin the class
Za(p’ my ay /1) [, Ay B)) then
Z
F&)=(c—p+IM‘“‘f t“f(nde
0

_ G k-1(C P+1) k
=— +Z( 1) (C+k G (5.1)

c¢> p—1, belongs to the class }_},(p, m,y(p,a,c, A, B),A, ¢, A, B), where

(c—=p+DA+p)A+B)(p-—a)
(c+p+1)[(1+p)(1+B)+(A—B)(p—(x)]—(c—p+1)(A—B)(p—a)'

Y(pr a, CrA;B) = p -

(5.2)
The result is sharp for the function f(z) given by
a- B-A)(p—-a)|a-
fla)= Z_p” + ; R [l . (5.3)
— 1+p)(1+B)+(A-B)(p—
A0+ p) [+ p)( )+ ( )(p-a)]
Proof. Suppose f(z) = —L4 Il (—l)k‘1 apz® € Y.(p,m,a, A, ¢, A, B), in view of Theorem 2,
a
we shall find the largest Value of y for which
Vi m+1
—_— k 1+B)+(A-B)(p—-
T+ A+ ) [(k+p)1+B)+( )(p-7)]

c+k+1

00
)3
k=1

It is sufficient to fined the range values of y for which

(C—p+1)
ap <1.
(B-A)(p-a)|a,|

(c—p+D[(k+pA+B)+A-B)(p-7)] _[(k+p(+B)+(A-B)(p-a)]
(c+k+D(p-7) - (p-—a)
for each k.
Solving the above inequality for y, we obtain
(c=p+Dk+p)A+B)(p-a)
(c+k+D[(k+p)A+B)+(A-B)(p-a)]-(c—-p+DA-B)(p-a)

Ysp-

For each p,a, 7,4, A, B and c fixed let

(c—p+Dk+p)Q+B)(p—a)

F(k)y=p- .
(c+k+D[(k+p)(1+B)+(A-B)(p-a)|—(c—-p+1D(A-B)(p—-a)

D
Then F(k+1)— F(k) = e > 0 for each k, where

=(c—p+1D)A+BH(p-a)k+p)k+p+1)
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and
G={(c+k+2)[(k+p+1)1+B)+(A-B)(p—-a)l—(c—p+1)(A-B)(p—a)}

x{c+k+1)[(k+p)1+B)+(A-B)(p—-a)l—(c—p+1)(A-B)(p—a)}.

Hence F(k) is an increasing function of k. Since

3 (c—=p+DA+p)A+B)(p-a)
(c+2)[1+p) 1 +B)+(A-B)(p-a)| - (c-p+1D)(A-B)(p-a)’

F)=p

the result follows.
Remark.
(i) Puttinga_, =1, p=1, m=0, A=-1and B = 1, in the above results, we have the results
obtained by Uralegaddi and Ganigi [11];
(ii) Puttinga-, =1, p=1, A= -1 and B = 1, in the above results, we have the results ob-
tained by Aouf and Darwish [1];

(iii) Putting a—, =1and p =1, in the above results, we have the reults obtained by Aouf et al.
(2].

6. Convolution properties

Theorem 9. If f(z) and g(z) belong to the class B,,(p, a, A, ¢, A, B), then

T(g)=2lr f (@ +b2)z* 6.1)
- k k ’ .
zp k=1

is in the class By, (p, a, A, ¢, Ay, By) such that A; < —pz +Bi(1- pz), where

V2 - k+p)(|ay|[b-p)B-A)

¢
v 2]a-p| |b_p|(B—A)(p—a)+\/

C+ Ak +p)
Proof. Since f,g € B,,(p,a, A, ¢, A, B). Theorem 2 yields

M:

m+1

[(k+p)(1+B)+(A-B)(p-a)]

Y/ m+1 2
< | |7xAk+p) [(k+p)(1+B)+(A-B)(p—a)] ai
<1,
k; (B-A(p-a)|a,|
and
V4 m+1 2
< | | 7% 2k+p) [(k+p)1+B)+(A-B)(p-a)] bi
<1,
k; (B-A)(p-a)|b_p|
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we obtain from the last two inequalities

¢ m+1 2
< 1| |75k p) [(k+p)(1+B)+(A-B)(p-a)] o
2.5 (ap+bp) <1, (6.2)
k=12 (B—A)(p-a)|a_p||b-p|
However, T(2) € Byy(p, @, A, £, Ay, By) if and only if
¢ m+1
o ||7mae | [krpO+BO+A-Bop-a])
2 (az+bp) <1. (6.3)
k=1 (31—A1)(p—a)|a_p||b_p|

where -1<A; <B;<1,1=0, ¢ >0, but (6.2) implies (6.3) if

Vi m+1
m [(k+p)(1+B1)+(A1—Bl)(p—a)]
(Bi1 = AD(p - a)|a—p||b-p|
Vi m+1 2
<1 ST [(k+p)(1+B)+(A-B)(p-a)]
2 (B—A)(p—a)|ap||b-p|
Hence, if
) ) g m+1 2
L+ B <2(B—A) (p—a)?|a—p||b-p|+ Ak [((k+p)1+B)+(A-B)(p—a)]
Bi—- A 2(B— A2 (p-a)(k+p)|ap||b-p|
This is equivalent to
By — A 2(B— A2 (p-a)k+p)|ap||b-p| 5
> =,
SR A2 (p—a)?|a_,||b-p|+ d m+1[(k+ )(1+B)+(A-B)(p-a)]*
B=DAp=alla-pllb-pl*| T 7+ p) P poa
(6.4)

Hence we get A; < —,u2 +B1(1- pz).

Theorem 10. Let f(z) and g(z) belong to the class By, (p, a, A, ¢, A, B). Then the convolution (or
Hadamard product) of two functions f and g belongto the class that is, (f *g)(z) € By, (p,a, A, ¢,
Aj,By), where Ay < —v+B1(1-v) and

p = (B=A)?(p-a)|a_p|[b_p|

m+1

(B—A)2(p-a)?|ap||b-p| + [(k+p)1+B)+(A-B)(p-a)]’

_
C+ Ak +p)
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Proof. Since f,g € Byy(p,a, A, ¢, A, B), by using the Cauchy-Schwarz inequality and Theorem

2, we obtain
Y/ m+1
i TEAkEp) [(k+p)1+B)+(A-B)(p - a)]
k=1 (B-A)(p-a)|a_p||b-p|
Vi m+1 1/2
w |7 [k+p)A+B)+(A-B)(p-a)]
<y C+Ak+p) o
k=1 (B-A(p-a)|a_,|
Vi m+1 1/2
=D G+ paia-Be-o]
k=1 (B—A)(p—a)|b_p|
=1 (6.5)
we must fined the values of A;, B; so that
V4 m+1
o |75 | [ PO+BI+ (A= B)(p-a)]
Z P aibr < 1. (6.6)
k=1 (31—A1)(p—a)|a_p||b_p|

Therefor, by (6.5), (6.6) holds true if

_ Bi-A)[(k+p)(1+B)+(A-B)(p-a)]
T (B-A[(k+p)A+B)+ A -B)(p-a)]

dkbk (6.7)

k=zm, m=p, ap #0, b #0.
By (6.5), we have

(B-A(p-a)|a,|
v akbk< m+1 ’

¢
T Ak [(k+p)A+B)+(A-B)(p-a)]
therefor (6.7) holds true
if
g m+1
m [(k+p)(1+B1)+(A1—B1)(p—a)]
(B1 = AD(p - )| a-p|[b-p|
Y/ m+1 2
T Ak [(k+p)A+B)+(A-B)(p-a)]

’

(B-A)(p-a)|a_p||b-p|
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which is equivalent to

9 2 Y, m+1 2
4By _ (B—A%(p-a)?|ap||b-p|+ ey [(k+p)1+B)+(A-B)(p-a)]
B -4 (B- AP (p—a)|a_p||b-p| '
Alternatively, we can write
Bi-Ar (B~ A*(p~a)|a-p||b-p| ,
m+1 -
P B 02— 02| asy||bopl+ s Lk P+ B +(A-B)(p- )]
Hence we get A} < —v+Bj(1-0).
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