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INVERSE SPECTRAL-SCATTERING PROBLEM FOR
THE STURM-LIOUVILLE OPERATOR ON A NONCOMPACT
STAR-TYPE GRAPH

S.A. BUTERIN AND G. FREILING

Abstract. We study the Sturm-Liouville operator on a noncompact star-type graph con-
sisting of a finite number of compact and noncompact edges under standard matching
conditions in the internal vertex. We introduce and investigate the so-called spectral-
scattering data, which generalize the classical spectral data for the Sturm-Liouville op-
erator on the half-line and the scattering data on the line. Developing the idea of the
method of spectral mappings we prove that the specification of the spectral-scattering
data uniquely determines the Sturm-Liouville operator on the graph.

1. Introduction

We study an inverse problem for the Sturm-Liouville differential operator on an arbitrary
noncompact star-type graph possessing a finite number of edges. This inverse problem con-
sists in recovering the potential of the Sturm-Liouville operator on the graph along with the
coefficients of boundary conditions in boundary vertices from appropriate spectral charac-
teristics. Differential operators on graphs (spatial networks) often appear in mathematics,
mechanics, physics, geophysics, physical chemistry, biology, electronics, nanoscale technol-
ogy and other branches of natural sciences and engineering (see [1]-[14]). Recently there has
increased interest in spectral theory of Sturm-Liouville or Schrédinger operators on graphs
(for a good review of such publications see [15], [16]). Most of the works in this direction
are devoted to the so-called direct problems of studying properties of the spectrum and the
root functions. Inverse spectral problems on graphs are because of their nonlinearity more

difficult and their intensive investigation started only several years ago.

Most complete results on inverse spectral problems for the Sturm-Liouville operator on

graphs were obtained for compact graphs including trees and also graphs with cycles (see
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[17]-[23] and the references therein). Certain systems of spectra or Weyl functions were shown
to be appropriate input data in the compact case. In [24] an inverse spectral problem was
studied for the Sturm-Liouville operator on a noncompact tree with a single noncompact
edge, where Weyl functions associated with finite boundary vertices were introduced and
used as the spectral data. Inverse spectral problems for higher-order differential operators
on compact trees were studied in [25] and on trees with a single noncompact edge in [26].

In the case of graphs with more than one noncompact edges it is natural to use the so-
called scattering data, which generalize the scattering data for the Sturm-Liouville operators
on the line [27]-[31]. For the first time the inverse scattering problem on a noncompact graph
was discussed in [32], but only for a very special case of star-type graphs without compact
edges. In [33] this case was reduced to the inverse scattering problem for the matrix Sturm-
Liouville operator on the half-line with a special selfadjoint boundary condition in the origin.
In [34]-[36] inverse scattering problems were studied for graphs consisting of a cycle and a
finite number rays.

In presence of compact boundary edges the scattering data are not sufficient to deter-
mine the potential on all edges of the graph. For example, in [37], [38] some non-uniqueness
results were obtained for inverse scattering problems on general noncompact graphs.

In this paper we provide a formulation and prove the uniqueness theorem for the inverse
problem of recovering the Sturm-Liouville operator on a noncompact star-type graph posses-
sing compact edges. In this situation it is natural to consider a mixture of inverse spectral and
inverse scattering problems. The spectral-scattering data, which we use, can be subdivided
into two parts. The "spectral” part consists of the so-called Weyl functions associated with
the compact edges, which generalize the Weyl function of the Sturm-Liouville operator on
the half-line (see, e.g., [31]) and on a noncompact tree with a single infinite edge (see [24]).
The ”scattering” part, in turn, includes a portion of negative eigenvalues together with the
so-called reflection coefficients and norming constants associated with all but one noncom-
pact edges. Such scattering data generalizes the left (or right) scattering data for the Sturm-
Liouville operator on the line (see [27]-[31]). Since some eigenvalues are poles of the Weyl
functions from the ”spectral” part, in the "scattering” part it suffices to specify only the so-
called invisible from compact edges eigenvalues. Developing the ideas of the method of spec-
tral mappings [39], we prove that the specification of these spectral-scattering data uniquely
determines the potential of the Sturm-Liouville operator on the graph along with the coef-
ficients of the boundary conditions in the boundary vertices. We note that the case without
compact edges was studied separately in [40] and also with general matching conditions in
[41]. The presence of compact edges causes, inter alia, new qualitative difficulties in the inves-
tigation of inverse problems due to a more complicated behavior of the scattering solutions

and reflection coefficients.
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In the next section we introduce and investigate special solutions of the differential equa-
tion on the graph, which possess necessary asymptotical and analytical properties. In Sec-
tion 3 properties of spectral characteristics are studied and the spectral-scattering data are

introduced. In Section 4 we prove the uniqueness theorem of the inverse problem.

2. Special solutions

In a finite-dimensional Euclidean space we consider a noncompact star-type graph I'
with the vertices vy, v1,..., Vp and the edges ¢1,...,&m,, Where € = [vg, v}, j = 1,p, are seg-
ments and ¢}, j = p+1,m, are rays with the common vertex vo. Let for definiteness p = 1
and m — p = 2. Moreover, for simplicity we assume that the length of each compact edge is
equal to 1 (it follows from the proofs that our method works also for arbitrary lengthes). The
vertices v;, j = 1, p, are called boundary vertices. The vertex vy is called internal vertex and
considered as the initial point of all edges, which, in turn, are parameterized by x = 0, and
x = 0 corresponds always to the internal vertex. For the compact edges we have x € [0,1] and
x =1 corresponds to the boundary vertex. Any function y onI' can be represented as a vector
Y=yl (but not a vector-function), where the function y;(x) is defined on the edge
gj. Let g =1q;(0];_15;, be a real-valued function on I', which we will call the potential. We
assume that

gj(x) €L©,1), j=1,p; qj(x),xq;j(x)€L(0,00), j=p+1,m.
Consider the Sturm-Liouville equation on I":
Ciyj==Yi+q;(x)y;=Ay;, @D

where x € (0,1) for j = ﬂ; x €(0,00) for j = p+1,m and A is the spectral parameter. Let the

function y = [y;(x)] j=Tm satisfy the following m matching conditions in the vertex vy :

y1(0)=y;(0), j=2,m, (continuity condition)

m (2)
> y} (0)=0 (Kirchhoff’s condition).
j=i

and the following boundary conditions in the boundary vertices:

Uj(yj) Z=y}(1)+ijj(1)=0, i=Lp, 3)
where Hj € R, j =1, p. Denote by L = L(q, H) the boundary value problem (1)-(3), where
H=[Hjl;_7;- We also consider the corresponding operator

2L:D(L) = L), y=yjlisgm—Ly:=1;yli-im
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where the domain of definition D(Z) consists of functions y = [y (x)] j=Tm such that

yieWZ0,1], j=Lp; yjeW!

,loc

[0,00), yj,éjyj € L»(0,00), ] =p+ 1, m,

and y satisfies (2), (3). The matching conditions (2) are called the standard matching condi-
tions. In electrical circuits (2) express Kirchhoff’s law, in elastic string network they express
the balance of tension, etc.

Let A = p2. Denote

R* =R\{0}, Q.={p: £Imp>0},
on(x):f lg;j(n)ldt, Qlj(x):f Q()j(t)dt:f (t—x)lgj()ldt.

Let Cj(x,A), Sj(x,A) be the solutions of equation (1) on the edge ¢ j satisfying the initial con-
ditions
Cj0,=8;0,)=1, C;0,1)=8;0,1=0. )

On the compact edges ¢, j = 1, p, we introduce also the solutions v j(x,A), 8(x,A) such that
v =-05LAV =1 Ujy;xA)=0;1,1)=0. (5)

For |p| — oo the following estimates hold (see, e.g., [31]):

sinp(1—x) +0(1

wilx,A)=cosp(l—x)—w;j(x) ;exp(l[mpl(l—x))),

(6)
w’j(x,/l) =psinp(l-x) +w;j(x)cosp(l—x)+ o(exp(|[Impl(1-x))),

where )
1 R
wj(x):_Hj_Ef qgjnyde, j=1,p.

X

The following theorem introduces the Jost solution e j(x, p) on the noncompact edges ¢, j =

p + 1, m, with prescribed behaviour in co (see [31]).
Theorem 1. Letp € Q. and j € {p+1,...,m}. Equation (1) has a unique solution yi=ejx,p)
satisfying the integral equation

®sinp(f—x)

ej(x,p):exp(ipx)+f qj(tej(t,p)dt. @

X
The function e (x, p) has the following properties:

(i) For each fixed x the functions e}” (x,p), v =0,1, are analytic in Q. and continuous in <.
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(ii) Forv=0,1
el (x,p) = (ip)" exp(ipx)(1 + 0(1), x— +oo, 8)

uniformly in Q. Moreover, for p € Q.
lej(x, p) exp(—ipx)| < exp(Qq;(x)),
lej(x, p)exp(—ipx) — 1] < Qq;(x) exp(Qy(x)), )
|¢.(x, p) exp(=ipx) — ipl < Qo (x) exp(Qy; (x)).

(iii) For each fixed p € Q4 ej(x, p) € L2(0,00). Moreover, e;(x, p) is a unique solution of (1) (up
to a multiplicative constant) having this property.

(iv) For|p|— oo, p€(2_+, v=0,1

w;(x) 1

+0(;)), w;j(x) = —%fxoo qj(nde  (10)

e;")(x,p) = (zp)vexp(lpx)(1+ lp
uniformly for x = 0.

(v) Forp € R* the functionse i(x,p), ej(x,—p) form a fundamental system of solutions for (1),
and

(ej(x,p),ej(x,—p)) = -2ip, (11
where(y, z):= yz'— y'z.
The next lemma (see [31]) gives properties of the Jost solutions e; ;(x, p) related to the

potentials g; »(x) that approximate ¢ (x).

Lemma 1. If
rlirgof() (1+x1qj,r(x) —q;(x)dx =0,

then

. v) W) . _ —
rlgglo sup sup I(ej’r(x,p) —e; (x,p))exp(—=ipx)|=0, v=0,1.
pEQ, x=0

Hereej ;(x, p) are the Jost solutions for the potentials q j,r(X).

Let Wi (A) = [Wg(x, A)] =T k= w, be solutions of (1), (2) satisfying the following bound-
ary conditions in the boundary vertices:

Uj(¥rj(x,A))==6jx, j=Lp, (12)
and having the following asymptotics on the noncompact edges:

Wij(x,A) = O(exp(ipx)), x—o00, pEQy, j=p+1,m. (13)
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The functions ¥ (1) and My (A) := Wi (1, 1) are called respectively the Weyl solution and the
Weyl function associated with the boundary vertex vy, k=1, p.

We introduce also the solutions fi(p) = [ fi;(x, P 1m0 k= p+1,m, of (1)-(3) having the
following asymptotics on the noncompact edges:

Jrk(x, p) ~exp(=ipx), fij(x,p)=O(exp(ipx)), x—o00, p€Qy, j=p+1,m\k. (14)

The function fi(p) is called the scattering solution associated with the edge e¢, k= p+1, m.

In order to investigate the Weyl and scattering solutions we construct the auxiliary solu-
tions gx(p) = [gk; X0 i1 k=1, m, of (1), (2) in the following way:

gkj(x,p) = ej(x,p) [] e0,p), j#k, (15)
I#k,j

8rk(x,p) = Cr(x,A) [ ] e1(0,0) = Sk(x,4) 3 €5(0,0) [] e1(0,p), (16)
I#k Jj#k 1#k,j

where here and in the sequel for briefness we use the notation

ejx,p):=v;(x,0p9, j=1,p. a7

Obviously gy, ix,p) for each fixed x = 0 is analytic in Q, and continuous in Q.. Moreover, we

have —
Uj(gkj(x,p)) =0, j=1Lp\k,
L (18)
8kj(x,p) = O(exp(ipx)), x —> 00, PEQ,, j=p+ 1,m\k.
Lemma 2. The following representation holds
1 -
Yi(Al) = —— , k=1,p, 19
k) A(/ng(p) p 19)
where m
AW =3 €;(0,p) [T es(0,p). (20)
j=1 I#]

Proof. According to (12), (13), (18) we have W(A) = —(Uk(gkk(x,p)))_lgk(p), k=1, p. Using
(3)-(5) we get

Ui (Cr(x,1)) = =9.(0,4) = —€.(0,p), Uk(Sk(x,1) =y(0,1) = ex(0,p), kel,p,
which together with (16) gives Uy (gki(x, p)) = —A(A). a

It is obvious that for k = 1, p the following relations hold

8rk(x,p)

g1, p)
A(Q) '

, M) = A

Wik, A) =0k (x, ) + MV (x,A) = (21)
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Thus, the Weyl solutions and the Weyl functions have a jump along the real semi-axis [0, co)

in the A-plane.

Further, let k = p + 1, m. Then for p € R* we have
8kk(x,0) = a(p)ex(x,—p) + br(plex(x,p), k=p+1,m, (22)

where a(p) does not depend on k. Indeed, using (11) we have

alp) | _ 1 | €0,p) —ex(0,0) || gkk(0p)
bi(p) | 2ip | —€,.(0,—p) ex(0,—p) | | &4, 0,0) |
Thus, using (15), (16), (20) we calculate
b =LA
alp) = 2l.p<gkk(x,p),ek(x,p» = 2l.pA(p ), (23)
1
bi(p) = = =—(e}(0,~p) [ e1(0,p) + ex0,~p) Y €(0,p) [] e1(0,p)): (24)
2ip I#k 7k 1£k,j

The second equality in (23) is valid for k =1, m.

We note that (23) gives an analytic continuation of a(p) in Q.. Hence the function a(p)
is analytic in Q4 and pa(p) is continuous in Q.. Moreover, using (20), (23) together with the
asymptotics of the Jost solutions (10) and the entire solutions e;(x, p) = v (x, 0%, j=1,p, (6)
for each £ > 0 we get

a(p) = lexp(—pip)(l + i i w;(0) +o(l)) lpl =00, peQd (25)
2p+1 ip ]:1 ] p ’ ’ &

where Q. ={p:argp e [e,m—¢]}.

Lemma 3. Forp € R*, k= p+ 1, m the following relations hold:

a(p) = a(-p), br(p) = br(—p), (26)
la)*=1be()* = Y. [T le0,p)I%. @27)
Lk

Proof. By virtue of (7), (17) we have e;(x,—p) = e;(x,p) = e;(x, p) for j = 1,p and ej(x,—p) =
ej(x,p) for j = p+1,m, p €R. Thus, (26) follows from (23), (24). Further, (11), (22) give

(8rk(x, ), kk(x,—p)) = 2ip(a(p)a(-p) — bi(p)bx(=p)), k=p+1,m. (28)

On the other hand, according to (11), (16) we have

m

(8kk(x,p), gkk(x,—p)y =2ip Y, [] ei0,p)ei(0,-p), k=p+1,m,

Ik £k, j
j=p+1

which together with (26), (28) give (27). Oa
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Corollary 1. Let p € R*. Since ej(x,p) #0,x =0, j = p+1,m, according to (20), (23), (27) we
have a(p) = 0 only ify, (0, pz) = 0 for at least two distinct indices I, € {1,..., p}, v = 1,2. More-
over, for all pairs of distinct indices k, j € {p +1,..., m} we have

1
— 11 e,(o,p)’sl, peR! :={p:peR*, a(p) #0}. 29)
a(p) 1xx,

Lemma 4. For p € Q. such that a(p) # 0 the following representation holds:

1 -
S . k=p+1,m. 30
fx(p) a(p)gk(p) p+1,m (30

Proof. According to (8), (14) we have
(ex(x, ), fiex(x, p)) = =2ip. (619)

Let us first show that if a(p) # 0 then

fi(p) = Dr(p) gk (0). (32)

For a(p) # 0 and j # k it is easy to show that fkj (x,0) = D (p) 8k j(x, ), whence according to
(2), (15) we get
(Dij, (p) — Dij, (0)) erj(o,p) =0, juj2#k.
j#

Thus, if

[Tej©,p)#0, (33)

j#k
then all Dij(p), j # k, are equal and we put D (p) := Dyj(p). Let (33) be false. Then there
exists a unique jo # k such that e; (0, p) = 0 (otherwise (20), (23) infer a(p) = 0). Taking (15)
into account we obtain gi;(x,p) =0, for j # k, jo and put D(p) = Dij,(p). Thus, we have
fkj(x,p) = Di(p)gkj(x,p), j # k. Since both the functions fi(p), gk(p) satisfy the matching
conditions (2) we get

Jrk(x,0) = Di(p) 8k (%, p) (34)

and arrive at (32). Substituting (34) into (31) and using (23) we obtain
—2ip = Dr(p)ex(x, p), kk(x, p)) = —2ipDi(p)alp),
which together with (32) gives (30). a

For p € R} we consider (30) as a definition of the function fi.(p). By virtue of the continuity
of the functions e (x, p), fix(x, p) with respect to p in their domains of definition, formula (31)

remains valid also for p € R}.
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3. Spectral-scattering data

According to (22) and (30) we get

frk(x, p) = ex(x,—p) + sp(plex(x,p), peR), k=p+1,m, (35)
where the function be(0)
[3YY

sp(p) = (36)
ko a(p)

is called the reflection coefficient associated with the edge e, k=p + 1, m.

Let us point out some properties of si(p). By virtue of (23), (24), (26), (36) the functions

sk(p) are continuous for p € R¥, and
Sk(p) = sp(=p).

Moreover, (27) implies

m

- le; (0, )17,
la(p)[? ‘,-;cl ,g,-
j=p+

Isi(p)1> =1

and consequently we have
Isk(p) <1, peR;.

Let us now study the properties of the discrete spectrum.

Definition 1. The values of the parameter 1, for which equation (1) has nonzero solutions y =
[y O] 1m0 satisfying the matching conditions (2), the boundary conditions (3) and y;(x) €
L(0,00), j = p+1,m, are called eigenvalues of L, and the corresponding nonzero solutions

are called eigenfunctions.
Denote by A the set of all eigenvalues of L and put
A=A=p%:peQy,alp)=0}, Ay:={A=p?:peR*, a(p)=0}

P P
Ao) := Y v, 0 [[yi0,1),
j=1

I#£j
p 1=1 (37)
A = [Tw;0,0),
j=1
Az :={A:120,A0(A) = A;(A) =0}

According to (20), (23) we have

a(p) = Ag(p*)ay(p) + A1 (p*) ay(p), (38)
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where
1 m , m 1 m
ap(p)i=— ). e;(0,p) [T e0,p), ai(p:==— [] €0,p. (39)
2ip ;S5 1#] 200 j=pi

I=p+1

Consider the boundary value problem L for equation (1) on the graph I'y that is obtained
from I by removing the noncompact edges ¢, j = p + 1, m, with the new matching conditions

y10)=...= y(0), » ) +...+y,0)=0

and the boundary conditions (3). It is obvious that the eigenvalues of Ly coincide with the

zeros of the entire function Ag(A).

Lemma5. Ay, = A3\ {0}.

Proof. According to (38) it is sufficient to prove the inclusion A, c As. Let A = p? € Ay, then
(26), (38) give

Ao ar(p) +A1(Mag(p) =0,
(40)
Ao ar(=p) + A1 (D ag(—p) = 0.
By virtue of (11), (39) the determinant of this linear algebraic system does not vanish:
1 m m
ar(p)ag(-p)—ar(-pagip) ==— Y. [] lei0,p)I* #0.
2lp j=p+1 I#]
I=p+1
Thus, from (40) it follows that A € As. O

Theorem 2. The set A = {1} is at most countable. All eigenvalues A, are real. Eigenfunctions
related to different eigenvalues are orthogonal in Ly(T'). For each eigenvalue there exist up to
m — 1 linearly independent eigenfunctions. Moreover,
(i) A=AyUAs3;
(ii) yj(x)=0, j = p+1,m, for each eigenfunctiony = [y; (X)) j 1, related to A € As.
(i) forallA, =p2% e A

gkk(x»Pn) = dknek(x»Pn)» k = 1» m. (41)

(iv) gk(pn) is an eigenfunction related to A, if and only if dy.;, # 0.

Proof. Since .Z is a selfadjoint operator in L, (I'), it is known [42] that its eigenvalues are real
and eigenfunctions related to different eigenvalues are orthogonal in L, (I).
The components y;(x) of each eigenfunction y = [y (x)] j=Tm corresponding to an eigen-

value A = pz, p € Q4, have the form y j(x) = Ajej(x,p), where A; are constants, which do not
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vanish simultaneously. Substituting this into the matching conditions (2) we arrive at a homo-
geneous system of linear algebraic equations with respect to Aj, whose determinant equals
to A(pz). Thus, the set of eigenvalues 1 = pz, p € Q, coincides with A;. Moreover, since the
rank of the determinant A(A) exceeds 0, the number of linearly independent eigenfunctions

related to an eigenvalue from A; is not greater than m — 1.

Further, let A = 0 be an eigenvalue and let y = [y;(x)] j=Tm be a corresponding eigenfunc-
tion. Using the same arguments as in [24] one can show that y;(x) =0, j = p+1,m. Thus,
0=y fiCol i is an eigenfunction of the boundary value problem L;, and hence A € As.
Conversely, each 1 € A3 is an eigenvalue of Ly and the corresponding eigenfunctions vanish
in vy, hence it is an eigenvalue also of L. Thus, the set of real nonnegative eigenvalues co-
incides with Az and (i), (ii) are proved. Moreover, it is obvious that the number of linearly

independent eigenfunctions related to each A € A3 does not exceed p — 1.

For A, € A according to (23), (38), (39) and the first assertion (i) of the theorem we have
A(A,) = 0. Using the second equality in (23) for all k = 1, m we obtain (41). Further, let dj., # 0.
Then for A, € A, it is obvious that gi(p,) is an eigenfunction. If 1, = pfl € A3 we have
ej(x,pn) € L2(0,00), j = p+1, m. However, for k =1, p the function gi(p,) is an eigenfunction
anyway because in this case according to (15), (37) we have g ix,p)=0 for j = m Note
that according to (16) for k = p+1,m and A,, € A3 we have dy,, = 0. Conversely, let dy,, = 0.
Then gii(x,pn) = 0 and according to (16) there are two distinct indices j, j» # k such that
e, (0,p,) =0, v =1,2. By virtue of (15) we get gx(p,) = 0, and hence gi(p,) is not an eigen-
function. O

Theorem 3. The set of negative eigenvalues A\, is finite.

Proof. According to (25) A; < (—M,0), M < co. Hence, the set of negative eigenvalues A, =
p2, Imp, > 0, has a uniquely possible accumulation point in the origin. Let us assume to
the contrary that A; is infinite, then 7, := —ip,, — 0, n — oco. Since ej(0,0,) #0, j = 1, m, for
sufficiently large n (for j = p+ 1, m see, e.g., [27]), we have gi(p,) # 0, k = 1, m, for large n,
and hence gy (py) is an eigenfunction. According to (7), (16), (41) we get dj, € R. One can
choose such increasing sequences of natural numbers {n,}, {n,,} that forall ve N

ny#ny, din,dip, >0, €j(0,0,,)€j(0,0,)>0, j=1,m. (42)

By virtue of (9), there exists A > 0 such that

exp(-2AM)

/ i . 1
, 1T, 7T €e(O,M], j=p+1,m.
8M O.M], j=p

o0
fej(x,ir’)ej(x,ir”)dxz
A

Hence for sufficiently large v we obtain

[e.¢]

[e.e]
foej(x,pnv)ej(x,pn;)dx=fA ej(x,pn,)ej(x,pp)dx
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A A
+f0 ej(x,pnv)(ej(x,pn;)—ej(x,pnv))dx+f0 e?(x,pnv)dx>0, j=p+1,m, (43)

1 1
foej(x,pnv)ej(x,pn;)dx=f0 YA )W (X, Ay,) dx

1 1
= ﬁ Wj(x) Anv)(u/](xy An(/) _Wj(x) Anv)) d-)<«"i"/0v 1//§(x»/1nv) dx > 0» ] = 1) p. (44)

Take, for example, g,+1(p). According to (15), (41)-(44) we have

m [o0]
Z 0 gp+1,j(x»an)gp+1,j(x»Pn’v) dx
j=1

o0
= dp+l,nvdp+1,n(/£ ep+1(X,pn,)ep+1(X,0p) dx

m o0
+ 1 el(O»an)el(prn(/)f ej(x,pn,)ej(x,pp) dx >0, (45)
LI pel 0

where gp+1,j(x,p) =0 and e;(x,p) =0 forx>1,j= ﬁ Inequality (45) contradicts the or-
thogonality of the eigenfunctions gp+1(0n,), §p+1(0y,) related to the different eigenvalues
Ay A, a

Thus, the set of negative eigenvalues has the form

M ={Ant, 1 An= 02, Pn =0Ty, 0<TN<...<T).

For briefness denote

fe) =Y,  fij(xp)=yij(x,p%), j=1m, k=1p. 46)

Theorem 4. The functions fi.(p), k = 1, m, have at most simple poles in p,, n=1,N. The cor-

responding nonzero residues are eigenfunctions related to the eigenvalues A,, = p2.

Proof. Let p,, be a pole of order s = 1 of the function fi(p). According to (3), (5), (8), (12), (15),
17), (19), (30), (31), (46) we have

1, k=1,p,
(frj(x,p),ej(x,0)) = j=1m, (47)
2ip, k=p+1,m,
where 0 jis the Kronecker delta. Consider the function u = [u (2] j=Tm determined by the
formula
u= lim (o~ pn)’ fr(p). (48)

Formulae (47), (48) give

(uj(x),ej(x,pp)) =0, j=1,m, (49)



INVERSE SPECTRAL-SCATTERING PROBLEM 339

and consequently

—u;!'i‘q]'(x)uj:/lnujr x€€j,j=1,_m; Uj(uj):O,j:Lp. (50)

Since the function fi(p) satisfies the matching conditions (2), the function u satisfies them
too. Thus, u is an eigenfunction corresponding to the eigenvalue A,,.

Let us assume to the contrary that s > 1. Determine the function v = [v(x)] i=Tm by the

formula d
v=lim d—p((p =)’ fe(p)).-
By virtue of (47), (48) we have
(Vj(x),ej(x,00)) + (uj(x),8j(x,pp)) =0, j=1,m, (51)

where ¢;(x, p) = dipe j(x, p). Differentiating (51) with respect to x and then substituting

e(x,0n) = (q;(0) = pplej(x,pn),  &](x,0) = (q(xX) = 07)€} (X, Pn) =20 e} (X, )
and (50) into the relation obtained, we arrive at
~v (0 +q;(0)v;(x0) = p5vj(X) +2ppui(x), xeej, j=Lm. (52)

Using (50), (52) we obtain

p 1 m o P pl m )
;<uj(x),uj(x)>‘x20+ Y (Uj(x),uj(x))‘x:():an(jZZI A wi(x)dx+ ) u?(x)dx).

j=p+1 j=p+170
(53)
Since the functions u, v satisfy the matching conditions (2), we get
m
j;<v,~(x),uj(x)>|x:0=0. (54)
From (49) we get u;(x) = Cjej(x,py), j =1, m, which together with (3), (5), (17) gives
(Vj(x), uj(X))x=1 =—CjUj(vj(x) =0, j=1,p. (55)

Moreover, for j = p + 1, m we have é;”(x,pn) =0(1), x — o0, v=0,1, (see [31]). By virtue of
(51) we have

lim (), u;(x0)= C; lim (v;(x), e (x, pn)) =
(56)
= Cj lim (¢(x, pp), uj(x)) =0, j=p+1,m,

because u}” (x) = 0(1), x — oo, v = 0,1. According to (7), (15), (16), (23), (30) the functions
fx(it), T = 0, are real-valued. Thus, by virtue of (48) the function u(x) is real or imaginary
depending on the fact if s is even or odd, respectively. Taking into account (53)—(56) we get
u(x) = 0, which is impossible. O
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Corollary 2. For the eigenvalue A, = pflo € A1 to be multiple, i.e. a(py,) = alpp,) =0, it is
necessary and sufficient that there are at least three distinct numbers ji, jo, j3 € {1,..., m}, such
thate;,(0,0p,) =0,v = 1,3.

Proof. The sufficiency follows from (20), (23). Let a(p,,) = a(pn,) = 0, then according to
Theorem 4 and formula (30) we have g (x, pn,) =0forall k, j € {1,..., m}. Hence, for all k, j in
the right-hand part of (15) for p = p,, there should be at least one zero-multiplier e;(0, p,) =
0, [ # k, j, which proves the necessity. O

Lemma6. Forallk, je{p+1,...,m} and u such thatuz € A3U{0} the following estimate holds:

1 —
agj(p):i=—— [] es0,p)=0M), p—p, peQy. (57)
a(p) 1z,

Proof. Fix k,j € {p+1,...,m} and p such that u? € A3 U {0}. Suppose that the functions
egv) 0,p),l = p+1,m,v = 0,1, are analytic in a vicinity of y. Then, using (20), (23), (29) we
deduce that the function ay i) has a removable singularity in i, and hence (57) holds.

In the general case we cannot use these arguments. Therefore, we introduce the potential

dr) = 1q,r(X)] ;77 where

. qj(x),0<x< T, 7
qj,r(x) = q](x)» j: 1» p, qj,r(x) = ] = p+ 1’ m,

0, x>,
and consider the corresponding Jost solutions e; - (x, p), j = p+ 1, m. Clearly, for each fixed x

the functions e}V; (x,p), v=0,1, are entire in p. Put

1 m
ar(p) = % ]X:ZI e;,r(o» P) #l_[] e;,r(0,0),
where e; »(x,0) =y (x, pz), j= w By virtue of Lemma 1 and (6), (10) for each fixed € > 0 we
have
rlgglo a,(p)exp(pip) = a(p)exp(pip) uniformlyin Q. \{p:|p|<e}. (58)

Choose 6 > 0 such that a(p) # 0 for p € [u— 6, 1) U (i, £ + 6] and consider the set Os(u) :={p:
0<|p—pul<d} N Q.. Denote

[T er0,p).

@rjor(P) = ar(p) 1z,

(i) Let u # 0, then according to (58)

lim ay;,r(p) = ak;(p)
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uniformly with respect to p € Os(u) \ O, (1) for each fixed € > 0. This means, in particular, that
lakj-(E)<C, |pl = 6, where C does not depend on r. Moreover, according to Corollary 1 we

have |ayj ()| < 1 for p € R. Using the maximum modulus principle we get
lakj-()=C, peOs(. (59)

Taking in (59) the limit as r — oo we arrive at |ay iPI=C, peOs. Thus, (57) is proved for
u#0.

(ii) Let = 0. According to Lemma 5 and Theorem 3 p = 0 is not a concentration point for
theset{p:p¢€ Q. \ {0}, a(p) = 0}. Hence, there exists > 0 such that a(p) # 0 for all p € Os(0).
By virtue of (58) for each ¢ > 0 there exists R such that a,(p) # 0 for p € O5(0)\ O (0), r = R. Let

Pnr 1 =1,N;, be all zeros of the function a,(p) in O, counted with multiplicity.

Let us show that NV, < K for all r. Since the function e; (0, p) has a uniformly bounded
number of zeros (see [27]), it is sufficient to prove that the number of the zeros p, , of a,(p),
such thate; ;(0,0,,) #0, j = 1,m,is uniformly bounded too. Construct the solution g (p) =
(8kj,r (X, P j17m for the potential g, analogously to gi(p) for g. According to Theorem 2 and
(16) g,r(pn,r) is an eigenfunction of L(q), H) related to the eigenvalue p%,r and

Sik,r (X, 0n,r) = dkn,rek,r(x; Pnr) dkn,r #0, k=1,m. (60)

Assume to the contrary that the number of zeros N, is not bounded. Then there exist such

increasing sequences {r,}, {n,}, {n}} that

ny # n'v, dlnv,rvdln’v,rv >0, ejr,0,0n,r)€r0,0y,)>0, j=1m. (61)

Analogously to the estimates (43), (44) we obtain

oo
j(; ej,rv(xypnv,rv)ej,rv(x»Pn’v,rv)dX>0» ] = 1) my (62)

for sufficiently large v. According to (15), (60) and (61), (62) we have
m o0
Z A glj'rv(x,pnwrv)glj,rv(x»pnﬁ/,ry)dx
j=1
[e 0]
= dlnvrrvdln:/,rvj(‘) el,rv (x’ pnvyrv)elrrv (x’pn’v,rv) dx
m o0
+Y [lewr,© pn,n)err, (O’p”IV"V)fO ejr, (X, 0n,,r,)€jr, (X, 0 ) dx >0,
j=21#]

which contradicts the orthogonality in L»(I') of the eigenfunctions gi,r, (0n,,r,), &1,r, (O, r,)-
Thus, we have proved that N, < K.
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Further, put

N, o
Akjr(0):= aryr()pr (o), r(p) = [ E=L2L. 63)
n=10+Pnr

After removing its singularities the function Ag; r(p) is analytic in Og(0). It is obvious that
lp-(p)I <1, peQy, and
lim ¢,(p)=1, p#0. (64)

By virtue of (58), (63), (64) and Lemma 1 we obtain
rli_)Ig)Akj,r(p) =aj(p), peO0s0).
Using (59), (63) we get |akj(p)| < C, p € O5(0). Thus, (57) is proved also for u =0. O

Corollary 3. For all fixed x 20, k= p+1,m, v = 0,1 and u such that u?> € A, the following
estimates hold:

1 —
fl((:};)(x,p):O(E), p—»o, fk(:}/c)(x’p):O(l)’ o= p€Q+_

Proof. According to (16), (30) and Lemma 6 it is sufficient to prove that

1 , 1 _
—— ) €50,p) [] e0,p)=0[=], p—0, peQy, (65)
aip) jzie T ik (P)

1 _

— > €;0,0) [[ e0.p)=01), p—p, peQs. (66)
a(p) jzx 1#k,j

We note that one cannot apply Lemma 6 directly, because in (57) j can be chosen only from
{p+1,...,m}, while in (65), (66) we have j =1, m\ k. Using (20), (23) we get

1 ) 2ip e;.(0,0)
— 2 €;(0,p) e(0,p) = - e(0,p).
a(p) ];C PP ,QJ TP 0,0 ek(O,p)a(p)ll;}C P

Since ey (x, p) # 0 for p € R*, (66) follows solely from Lemma 6. As for (65) one should also
recall that (see [27])

P
er(0,p)

=0(1), p—0, pEQ_+. O

Denote

(pk(pn):zi%sfk(p), k=1,m, n=1,N. (67)

Theorem 4 yields that nonzero functions @ (p,) = [@k;(x, 0n)] j=Tm are eigenfunctions re-
lated to the eigenvalue A, = p% € A; and hence we have

(pkk(xrpn) = aknek(x»pn)» k = 1; m, n= ]-r N- (68)
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The numbers ay;, are called norming constants associated with the edge €. We note that if

alpp) #0, then
— dkn

Akn

Definition 2. The eigenvalue A, is called invisible from the edge¢;, j € {1,...,m}, if y;(x) =0,

for each eigenfunction y = [y;(x)];_1; related to A,,; otherwise it is called visible from € j.

Denote by A the set of all eigenvalues that are visible from at least one infinite edge ¢,

jei{p+1,...,m—1}. By virtue of Theorem 2 A’1 c A1, and hence A’1 has the form
A =t
For A, ¢ A} we obviously have ax, =0, k=p+1,m—1.

Definition 3. The set

J:={M, ), sx(p), Ans» “kns}vzﬁ, k=p+1,m-1,s=1,N'
is called spectral-scattering data of L.

Remark 1. Denote by A the subset of A} consisting of all eigenvalues that are visible from
at least one compact edge. Using (16), (19), (20) and Theorem 4 one can show that if A, is
visible from some compactedge ¢;, j € {1,..., p}, then A, is a pole of the Weyl function M;(A).
Thus, the set A} is completely determined by specification of {M, (A)}V:w. Therefore in J it
is sufficient to specify among 1,,, s = 1, N/, only those eigenvalues that belong to A{ \ Af, i.e.

invisible from compact edges.

4. Inverse problem. Uniqueness theorem
The inverse problem is formulated as follows.
Inverse Problem 1. Given J, find g and H.

We agree that together with L we consider here and in the sequel a boundary value prob-
lem L= L(q, ) of the same form but with other coefficients. If a certain symbol y denotes an
object corresponding to L, then this symbol with tilde ¥ denotes the analogous object related
to L.

a.e.

Theorem 5. If ] = ], then L=L, i.e. q;(x)

specification of the spectral-scattering data ] uniquely determines the coefficients of L.

4jx), j =1,m, Hj = Hj, j = 1,p. Thus, the
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Proof. (i) Fix k€ {1,..., p}. Let us show that My (1) = ML) implies Hy = Hj. and gr(x) = g (x)
a.e. on (0,1). Define the matrix P(x, 1) = [Py (x, A)]y, j=1,2 by the formula

i, A) Wir(x, A A) Wk (x, A
P, | VRO Veebo Ui ) Brbo AT (69)
U (0, ) Wi (0, A) Y (0, ) Wi (x, )
Using (yr(x, 1), Y rr(x, 1)) = —1, we calculate
Pm(x,m=\If;”k‘”(x,ﬂt)u?;c(x,ﬂt)—wﬁf‘”(x,ﬂt)\?'kk(x,ﬂt),} -
Py, A) =y D (6, VP i (6, ) = WD (G, D, A).
Moreover, formula (69) in particular gives
Vi(x,A) = P1y (X, ) (x, A) + Pra(x, D (x, A). (71)

By virtue of (6), (10), (16)-(19), (23), (25), (70) and the asymptotis of the functions C,(CV) (x,A),
S;cw (x,A), v=0,1, (see [31]) we have

1 1
Pued)=1+0(_) PrxA)=0() peQelpl—co, (72)
for each fixed € > 0. On the other hand, according to (21) and (70),
P11(x, A) = 0k (6, ) (x, A) = 07 (6, Dy (3, A) + (M (A) = M (D)) e (x, D (x, A),
Pio(x, M) = (06, )0 (x5, 1) = Fie (x5, VO (x, 1) + (M () — M (D) (x, D (x, A).

Thus, if M;(1) = Mi(A), then for each fixed x the functions Py;(x,A), P12(x, 1) are entire in
A of order r < 1/2. By virtue of the Phragmen-Lindel6f and Liouville theorems formulae (72)
yield Py;(x,A) =1, P12(x,A) = 0. Substituting this into (71) we get ¥ (x, 1) = ¥ (x, 1) for all
x € [0,1] and consequently Hy = Hy and g (x) = §i(x) a.e. on (0,1).

(ii) Fix ke {p+1,...,m—1}. Denote

o (x, p) = fijk(x,p) e:c(x,p) o (o) = e:c(x,—P) fl:k(x,—P)]. 73)
Je (6 0) e (x,p) e (x,—p) fi (x,—p)
Lemma 7. Forp € R} the following relation holds:
_ 1 (=p)
O™ (x,p) = D" (x, )V (p), V(p)=[ e ] (74)

—5k(p) 1= sp(—p)sk(p)

Proof. According to (31) the functions fi(x, p), ex(x, p) form a fundamental system of solu-
tions on the edge ¢y if fi(x, p) exists — in particular, for p € R]. Thus, we have

er(x,—p) = v11(p) fik(x, p) + v21(p)ex(x, p),
(75)

Jik(x, —p) = v12(0) frk (x, p) + vo2(p) er(x, p).
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Let us calculate the coefficients v, i(p). According to (11), (35), (75) we arrive at
2ipvy1(p) = (ex(x,—p), ex(x, p)) =2ip,
2ipva1(p) = frk(x, p), ex(x,—p)) = —2ipsi(p),
2ipv12(p) = {frk(x, —p), ex(x, p)) = 2i p s (= p),
2ipv22(p) = {frk(x, 0), frx (X, —p)) = 2ip(1 = sr(p) sk (=p)),
whence we get
vii(p) =1, vi2(p) = sp(=p), v21(p) =—sk(p),  v22(p) =1 -5k (=p)si(p),
which together with (75) give (74). O
Let us define the matrix P* (x, p) = [P;'j (x,P)lv,j=12 P € Q., by the formula
Pt (x,p0)® (x,p) = D (x, p). (76)

By virtue of (31), (73), this yields

1 - ! V- !
Py (x,p) = m(f;; Vx, p)éj (x, p) - el 1)(x,p)fkk(x,p)),
(77)
1 _ = y— -
PJ,(x,p) = %(eg Vx, p) frr(x, 0) = £} D(JC,P)ek(x,P)),

er(x, p) = P, (x, p)éx(x, p) + P, (x, p)&.(x, p). (78)

Using (6), (10), (16), (17), (25), (30), (77) and the asymptotics of C\"’(x, 1), S\ (x,1), v =0,1,
(see [31]) we get
. 1
Pli(x,p)=1+0(-),
. ( 1 ) lpl — oo, p € Q. (79)
P, (x,0) =0|= |,
12 pz

Analogously we define the matrix P~ (x, p) = [P, i (x,0)lv,j=1,2 P € Q_, by the formula
P~ (x,p)® (x,p) =@ (x, p). (80)

Obviously, we have
P~ (x,p) = P (x,—p). (81)

Since 5 (p) = sx(p), formulae (74), (76), (80) give for p € IR’{,
P (x,0)=®(x,0) (@ (x,0) L =¥ (x, 0) V(0) (@ (x,0)V(p) ! =

= 0% (x, ) V(p)(V(p) D" (x,0) L =@F (x,0) (@ x,0)) "1 = P*(x, p),



346 S.A. BUTERIN AND G. FREILING

and consequently for each fixed x = 0 the function P~ (x, p) is an analytic continuation in Q_
of P*(x, p). Thus, using (77), Corollary 3 and Definition 2 we conclude that the function

P*(x,p), p€Qy,
P(x,p):=

P~ (x,p), p€Q-,

is meromorphic with at most simple poles in the points +p,, s=1,N', £p,, s=1, N’, and

with an at most second-order pole in the origin. Since N' = N, §,. = pp., @kn, = Akn,, S =
1, N’, according to (67), (68) we have

( -1

P X, pn )8 (X, pa,) — e

pligs P} (x,p) = (x,pnx)(ﬁgck(x,f)ns))

2ipp,

Qin, — dkns (v=1) ~/

= ———e (x, _)e (Xy ) = 0)
lens k pns k pna

1
+ _ ~ (v=1) 5 (v-1)
Res Py, p) = 2ip (qokk(x,pns)ekV (X, pn,) = 8k (X, pn)p ), (x,pns))

1P py

Akn, — Ckn, v-1)
= —/————ér(x,pple (x,0n,) =0.
2ipn. kX, Pngle; Png

Thus, according to (81) the function sz(x, p) is entire in p of order r < 1. By virtue of (79),
(81), the Phragmen-Lindel6f and Liouville theorems we get

C C
Pli(x,p)=1+ p—;, Py (x,p) = =2, ), Cy—const,

p?’
which together with (78) give

1
ex(x,p) = éx(x,p) + ?(Q er(x,p) + Co€).(x, p)). (82)

By virtue of continuity of ex(x, -) in Q, we have
C181(x,0) + C2&,.(x,0) =0, (83)

which gives C; = 0. Indeed, according to (8) we have ér(x,0) # 0 and hence C; # 0 yields
C, #0. Then (83) gives Gi(x) = (C1/C2)2 # 0, which contradicts g (x) € L(0,00).

Suppose that C; # 0. Then by virtue of (83) we have & (x,0) = 0 and consequently g (x) =
0. Thus, éx(x, p) = exp(ipx), which together with (82) give

~ iCy .
er(x,p) = er(x,p) + s exp(ipx).

Using again the continuity of e(x, -) we infer that C, = 0 and arrive at a contradiction. Thus,
we get C; = C, = 0 and according to (82) ey (x, p) = é(x, p), which, in turn, gives gy (x) = G (x)
a.e.on (0,00), k=p+1,m—-1.
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It remains to prove that ¢q,,(x) = g (x). The function M(A) := e,,L(O,p)(e',,l(O,p))_1 is the

Weyl function of the boundary value problem for equation (1) (for j = m) with the boundary
condition y},(0) = 0. Thus, it is sufficient to prove that M(A) = 0 (see [31]). By virtue of (15),

(19) we have

MO=gr on’

According to the matching conditions (2) and representation (21) we have

¥1m(0,4) = ¥11(0,4) = 6,(0,1) + M1 (M)y1(0,4),
m-1
¥1,,0,4) = —601(0,1) - My (M} (0,1)— Y ‘P'lj(OJl)-
j=2
By virtue of (15), (19) we get
/(0

¥11(0,4) = M)1'[ez(0p), W10, = A ll'lljel(o 0), J#1,

whence we find

em(0,p) m-1 -1 . e (0,p)
W—\PU(O,A)(IZHZW(O&)) , ‘I’lj(o,/l) ¥i,00,0)——— 0.0

which together with (86) gives
m-1 e 0, p)
‘Pim(O,ﬂ) —9' (0,4) - M; (/1)1#1(0 A) = (01(0,1) + M; (M) y1(0,1)) Z

Using (84), (85), (87) we arrive at M(A) =
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