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(a, d)-CONTINUOUS MONOTONIC SUBGRAPH DECOMPOSITION
OF K,,,; AND INTEGRAL SUM GRAPHS G, ,

K. VILFRED* AND A. SURYAKALA

Abstract. For a,d, n € N, we define (a, d)—Continuous Monotonic Subgraph Decomposi-
tionor(a,d)—CMSD ofagraph G of size w as the decomposition of G into n sub-
graphs G1,Ga, ..., G, without isolated vertices such that each G; is connected and isomor-
phic to a proper subgraph of G;+1 and |E(G;)| = a+(i—1)d fori=1,2,...,n.(1,1)-CMSD
of a graph G is called a Continuous Monotonic Subgraph Decomposition or CMSD of G.
Harary introduced the concepts of sum and integral sum graphs and a family of integral
sum graphs G_,, ,, over [—n, n] and it was generalized to G_, , where[r,s] ={r,r+1,...,s},
1,s € Z and m,n € Ny. In this paper, we study (a,d) —CMSD of K,,+1 and Gy,,, into families
of triangular books, triangular books with book mark and Fans with handle.

1. Introduction

Alavi [1] introduced the concept of Ascending Subgraph Decomposition (ASD) of a graph
G with size (n+1)C, as the decomposition of G into n subgraphs Gy, Gy, ... G, without isolated
vertices such that each G; is isomorphic to a proper subgraph of G;;; and |E(G;)| =i for 1 <

(2a+(n2— Dd)n as the

i < n. Nagarajan [10] generalized ASD to (a, d)-ASD of graph G with size
decomposition of G into n subgraphs Gi, G,..., G, without isolated vertices such that each
G; is isomorphic to a proper subgraph of G;;; and |E(G;)| = a+ (i —1)d for 1 < i < n. Clearly,

ASD of a graph G and its (1,1)-ASD are the same.

Gnana Dhas [5] defined (a, d) — Continuous Monotonic Decomposition or (a,d) — CMD
of a graph G of size w as the decomposition of G into n subgraphs G, Ga,..., Gy,
such that each G; is connected and |E(G;)| = a+ (i—1)d fori =1,2,...,n. (1,1)-ASD of a graph
G of size (n+ 1) C, is known as Ascending Subgraph Decomposition or ASD of G. Clearly, CMD

of a graph G and its (1,1) — CMD are the same.
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Harary introduced the concept of sum graph in [7]. A graph G = (V, E) is a sum graph if
the vertices of G can be labeled with distinct positive integers so that e = uv is an edge of G if
and only if the sum of the labels on vertices u and v is also a label in G. Harary [8] extended
the sum graph concept to integral sum graph to allow any integers to be used as labels. He
provided examples of graphs of these types. To distinguish between the two types, we refer to
sum graphs that use only positive integers as N — sumgraphs and those that use any integers
as Z — sumgraphs [12].

Properties of sum graphs have been investigated by many authors, including Beineke,
Chen, Harary, Mary Florida, Nicholas, Rubin Mary, Suryakala, and Vilfred [2], [7], [8], [12]-
[20]. For integers r and s with r < s, let [r, s] denote the set of integers {r,r +1,..., s} and for
any non-empty set of integers S, let G*(S) denote the integral sum graph on the set S. The
Z — sum graphs of Harary are therefore G_,,, = G*([-r,r]) for r € N [12]. The extension of
Harary graphs G_,,, to all intervals of integers was introduced by Vilfred and Mary Florida in
[13] and [14]. In G* (), the set of all edges, each with edge sum k is called an edge sum class of
G*(S) and is denoted by [k]g+(s) or simply [k], k € S [15]. Integral sum graphs G_g4 4, G—4,5 and
G_s5 are given in Figures 1 to 3, respectively.

Two vertices with label j and k of a sum graph G*(S) with 7 as its maximum vertex la-
bel, are called supplementary vertices if j + k = n+ 1 and the corresponding labels are called
supplementary labels, 1 < j,k < n, j # k and n =2 [12]. In Gy, |[E(G,)| = 3(n(n—1)/2— | £]),
dvj)=n-1-jifl<j=< [”T“J andd(vj) = n-jif [”T“J +1 < j < nwhere |x] is the floor of
x, V(Gp) ={v1,v2,..., vy} and j is the vertex sum label of v; in G,, 1 < j<nand 2 < n.

Theorem 1.1 ([13]). If-r,seNwithr <0<s, then G5 = Kj + (G-, + Ggs).

SV "% —
EIASY
ﬁy‘v; 3

A graph G is called an anti-sum graph if its vertices can be labeled with distinct positive
integers in such a way that two vertices are adjacent in G if and only if the sum of their labels
is not the label of another vertex. Obviously, a graph G is an anti-sum graph if and only if its
complement is a sum graph. Thus, many results on anti-sum graphs are simply analogues of
the corresponding results on sum graphs. An anti-integral sum graph is also defined just as
anti-sum graph, the difference being that the labels may be any distinct integers [15].
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A graph G is a split graph if its vertices can be partitioned into a clique and a stable set or
independent set. A cliquein a graph is a set of pair-wise adjacent vertices and a stable set or
independent setin a graph is a set of pair-wise non-adjacent vertices [3]. G, is a split graph for
3=n,neN.

When k copies of C,, share a common edge, it will form an n-gon book of k pages and is
denoted by B(n, k). The common edge is called the spineor base of the book. A triangular book
B(3, n) or B3, consists of n triangles with a common edge and can be described as ST (n) +
Kj = P, + nK; where ST (n) denotes the star with n leaves. Let us denote the triangular book
B(3, n) with the spine (u, v) by TB,(u, v) = P»(u,v) + nK;. Clearly TBy = K, represent a book
without pages or the trivial book [20].

An n— gon book of k pages B(n, k) with a pendant edge terminating from any one of the
end vertices of the spine is called an n-gon book with a book mark. Triangular book T B, (u, v)
with book mark (u, w) is denoted by T B, (u, v)(u, w) or TB; (u,v) where w is the pendant
vertex adjacent to u. T B}, (u, v) is of order n + 3 and size 2n + 2 [20]. T Ba(uo, vo) (uo, wp) with

pages (ug vo v;) for j =1,2,3,4 is shown in Figure 4.

A fan graph F,_, is the graph obtained by taking n — 3 concurrent chords at a vertex in a
cycle Cy,, n = 3 [17]. The vertex at which all the n — 3 chords are concurrent is called the apex
vertex. Fan graph F,, can be described as F,, = P, + K; where P, is a path on n vertices, n = 2.
If a fan graph F;, has a pendant edge attached with the apex vertex, then the graph is called a
fan with a handle or a palm fan and is denoted by F,; [20]. Fan graph F with a handle uyvg

is shown in Figure 5.

Among the family of graphs some graphs may have (a, d)-ASD, some may have (a, d)-
CMD, some may have both (a, d)-ASD and (a, d)-CMD and the others have neither (a, d)-ASD
nor (a,d)-CMD. Huaitand [9] studied (a, d)-ASD of regular graphs and proved that every reg-
ular bipartite graph as ASD. Nagarajan [10] studied (a,d) — ASD of wheels. Finding graphs
having either (a, d)-ASD or (a, d)-CMD is difficult and finding graphs having both (a, d)-ASD
and (a, d)-CMD seem to be more difficult, a,d € N. While studying decomposition of inte-
gral sum graphs we come across graphs having both (a, d)-ASD and (a,d) — CM D and this
motivated us to define CMSD and (a,d) — CMSD of graphs as follows.

Definition 1.2. A decomposition of graph G that is both (a, d)-ASD and (a, d)-CMD is called
a (a,d) — Continuous Monotonic Subgraph Decomposition or (a,d)-CMSD of G, a,d € N.
Thus (a, d)-CMSD of graph G with size W is the decomposition of G into n subgraphs
G1,Ga,..., G, without isolated vertices such that each G; is connected and isomorphic to a
proper subgraph of G; 41 and |E(G;)|=a+(i—1)d forl1 <i<n.

In this paper we prove that (i) for n = 3, K, admits (a, d)-CMSD into triangular books
for some aand d, a,d € N; (ii) for n €N, Gg 25, Go,an+2 and Gg 4,+3 admit (a, d)-CMSD into
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triangular books with book mark for some a and d, a,d € N; (iii) Go,+1 admits ASD but
doesn’t admit (a, d)-ASD and (a, d)-CMD into triangular books with book mark for any a,d €
N; @(iv) for neN, Gpan+2, Goan and Gpap—1 admit (a, d)- CMSD into Fans with a handle for
some a and d, a,d e Nand (v) Go,an+1 admits ASD into Fans with a handle and one P, but
doesn’'t admit (a, d)-ASD and (a, d)-CMD into Fans with a handle for any a, d € N.

For all basic notation and definitions in graph theory, we follow [6]. For additional mate-
rial on graph labeling problems, we refer to [4]. In this paper the underlying graph of a sum
graph or an integral sum graph is obtained by removing all vertex labels; comparison of sum
graphs or integral sum graphs of the same order means comparison of the corresponding un-
derlying graphs only. All graphs in this paper are simple graphs. To present our results, we
need a few known results.

Theorem 1.3 ([13]). For m+n =3, |E(G-m)| = $(m? + n? +3(m+n)+4mn) - 3(| 2] + %))
where | x) denotes the floor of x, m, n € Ny. In particular, | E(Go, )| = 243) l([gj), |E(G=p.n) =

4 2
3 1 3n—1
30D | 2| and |E(G—nony, )| = 2221, e,

Theorem 1.4 ([13]). For m,n =2, Gy, and G_, ,, contain exactly one vertex of degree n and
m + n, respectively. For2 < n, G_1 , has exactly two vertices of degree n+ 1. G_y is the only
integral sum graph G having more than two vertices of degree 2.

Theorem 1.5 ([20]). Letk and n be such that?2 < 2k < n. Ifk pairs of supplementary vertices are
removed from (i) Harary graph Gy, then the result is isomorphic to G,_y without the vertex
labels and (ii) the graph G¢,, then the result is isomorphic to Gfl_z r without the vertex labels.

Theorem 1.6 ([20]). For n =3, the underlying graphs of Gy ,, — {0, n} and Gy, ,,—» are isomorphic
and forn = 2r+3 andr €N, the underlying graphs of Gy, ,—({0,n,n—1,n-2,--- ,n—-2r+1,n-2r}
uU(nluln-1]u---Uln-2r+1])) and Gy, n-2r—2 are isomorphic.

Theorem 1.7 ([17]). For n=2, Fan graph F,, = P, + Kj is an integral sum graph.

Integral sum labeling of F5 is shown in Figure 6.

Vo 0
vo 4] Up
U2
U3
Up V4
Wo v v, Vs vs o Vs 1 1 -2 3 5
Fig. 4. Fig. 5. Fig. 6.

Theorem 1.8 ([20]). ForneN, (i) TB;,(ug, vo)(uo, wo) and (ii) F,, are integral sum graphs.



(a,d)-CONTINUOUS MONOTONIC SUBGRAPH 35

Proof.

(i) TBju(ug, vo)(up, wy) is of order n + 3, size 2n +2 and (uy, wyp) is the pendant edge ter-

(i)

minating at ug and let V(T B, (uo, vo) (1o, wo)) = {wy, Uy, Vo, V1, -.., Vp}. Define mapping
f 1 V(TBy(up, vo) (1, wg)) — Np such that f(ug) =0, f(vo) =2m, f(v;) =2mi+ 1 for
i=12,...,nand f(wg) =2m(n+1)+1, meN.

Consider the integral sum graph G*(S) where S ={0,2m,2m+1,4m+1,6m+1,...,2mn+
L,2mn+1)+1: meN} = f(V(TBy(up, vo) (tg, wp))). Our aim is to prove that f is an
integral sum labeling of T By, (ug, vo) (1o, wo) and G* (S) = T B, (ug, vo) (U, wo).

f(up) = 0 implies, f(ug) + f(v;) = f(v;) and f(ug) + f(wo) = f(wyp) for i =0,1,2,...,n.
This implies, uy is adjacent to wy, vy and v; for i = 1,2,...,n. Fori =1,2,...,n—-1,
fwo) + fwi) = fvir), fwo) + f(wn) = fwo), f(vo) + f(uo) = fvo), fvo) + f(wo) #
[ (uo), f(vo), f (wo), f(v)) for j =1,2,...,n. This implies, vy is adjacent to ug and v; and
non-adjacent to wy for i =1,2,...,n. Also f(wo) + f(up) = f(wo) and f(wo) + f(vj) #
f(wo), f(ug), f(v;) for j =0,1,...,n. This implies, wy is a pendant vertex adjacent only
to ug. Fori,j=0,1,2,...,n, f(v;) + f(wo) # f(uo), f(v;). Alsofor 1 <i,j,k=<n, f(v;)+
fj) # f(vg) since f(v;) + f(v;) is an even number and f(v) is an odd number. This
implies, v; and v; are non-adjacent in T By, (uo, vo) (1o, wo) when i # jand 1 <1i,j < n.
Thus v; is adjacent only to ug and v for j = 1,2,...,n.

From all the above conditions integral sum graph G*(S) is same as T B, (1, vo) (14, Wo)
and f is an integral sum labeling of T B, (uo, vo) (1o, wp) where S ={0,2m,2m+1,4m +
1,....2mn+1,2m(n+1)+1: m € N}. Integral sum labeling of TB;‘ is shown in Figure 7.
F, = P, + K, and F;, is of order n + 2 and size 2n where P, is a path on n vertices.
Let V(F};) = {ug, vo, 11,..., s} Where 1 is the pendant vertex, vy is the apex vertex and
d(vp) = n+1 = A(F};;). Define mapping f : V(F;;) — Np such that f(vg) =0, f(v1) = pm,
the m'" Fibonacci number, m = 2, fW;) = pmyi-1 for i =2,...,n and f(ug) = pm+n-
Here, f(v9) =0 < f(v1) = pm < f(V2) = pm+1 <+ < f(Vn) = Pm+n-1 < f(Uo) = Pm+n and
fori—j#land1<i,j,k=<n, f(v;))+ f(v;) # f(vr). Also f(v;) + f(vi+1) = f(vis2) for
i=12,...,n=2and f(v,-1) + f(vy) = f(up), m = 2. Hence the labeling f is an integral
sum labeling of graph F;, and thereby F;, is an integral sum graph. Integral sum labeling

of Fy is shown in Figure 8. O

144

15 2 3 5 8 13 21 34 55 89
Fig. 7. Fig. 8.
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2. CMSD and (a, d)-CMSD of K, and G ;,

Motivated by the studies of Alavi [1],Nagarajan [10] and Gnana Dhas [5], we define CMSD
and (a, d)-CMSD of graphs and in particular we study CMSD and (a, d)-CMSD of K, and Gy,,
into families of triangular books, triangular books with book mark and Fans with a handle.
Throughout this section, vertices of K;, as well as vertices of Gy ,—; are considered as the ver-

tices of an n — gon ordered in the anti-clockwise direction.

Theorem 2.1. For n = 3, K, admits (1,4)-CMSD or (3,4)-CMSD into triangular books when n

is even or odd, respectively.

Proof. Let V(K,) =1{0,1,...,n—1}. |[E(K})| = nC,. Consider (a,d)-CMSD of K,, for even and
odd values of n, separately

Case (i) niseven, n = 3.

Let n =2m, m = 2. Then decomposition of K, = K3, into triangular books of (1,4)-CMSD is
obtained as follows.

Koy =TB2y—20,1)UTByy—4(2,3)U...UTB2m—4,2m—-3)U TBy(2m—2,2m— 1) where
TBym-2j2j—2,2j—1) in Ky, represents triangular book with spine (2j —2,2j—1) and (2j —
2,2j-1,2j),2j-2,2j-1,2j+1),---,(2j-2,2j—1,2m—1) as the (2m—2j) number of triangular
pages and is a connected subgraph, j =1,2,...,m. In K»,, (0,1) is the spine for TBz;,-2(0,1),
both the vertices 0 and 1 are adjacent to the remaining 2m-2 vertices, 2,3,...,2m —1 and
each one is of degree 2m — 1 in T'By;;,-2(0,1); (2,3) is the spine for T B»,,-4(2,3), both the ver-
tices 2 and 3 are adjacent to the 2m — 4 vertices, 4,5,...,2m — 1 and each one is of degree
2m—1in TBy;;—2(0,1) U TBoj,y—4(2,3); (4,5) is the spine for TBy;,—¢(4,5), both the vertices 4
and 5 are adjacent to the 2m — 6 vertices, 6,7,...,2m — 1 and each one is of degree 2m — 1
in TByy—2(0,1) U TB2p,—4(2,3) U TBap—6(4,5);...;2m —4,2m — 3) is the spine for TB,(2m —
4,2m - 3), both the vertices 2m — 4 and 2m — 3 are adjacent to the 2 vertices, 2m — 2 and
2m—1 and each one is of degree 2m — 1 in TBy;,-2(0,1) U TB2,-4(2,3) U TB2jp—6(4,5) U... U
TBy(2m—4,2m-3); 2m—2,2m—1) is the spine for TBy(2m —2,2m — 1) which is a triangu-
lar book without pages and each one of the vertices 2m —2 and 2m — 1 is of degree 2m —1
in TByp—2(0,1) U TBop-4(2,3) U TByp—6(4,5)U...UTB2m—-4,2m—-3) U TBy2m —2,2m —
1) = Koy, Also |E(TBy(2m —2,2m—1))| =1 < |E(TBs(2m —4,2m —3))| = 5 < |E(TBs(2m —
6,2m—5))| =9< - < |E(TBy;-4(2,3))| =4m—7 < |E(TB2;,-2(0,1))| = 4m — 3. And clearly,
TBy(2m—2,2m—1) is a connected subgraph of T B, (2m—4,2m—3) which is a connected sub-
graph of TB4(2m —6,2m — 5) which is a connected subgraph of ... which is a connected sub-
graph of T'By;,-4(2,3) which is a connected subgraph of T'B,,—2(0, 1), without vertex labels.
Thus Ky, admits (1,4)-CMSD into triangular books for m = 2. In different colors (1,4)-CMSD
of Ky, Ks and Kg are shown in Figures 9, 10 and 11, respectively and Ky = TB»(0,1) U TBy(2,3),
Kg=TB4(0,1)UTB>(2,3) U TBy(4,5) and Kg = TBg(0,1) U TB4(2,3) U TB»(4,5) U TBy(6,7).
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Case (ii): nisodd, n=3.
Let n=2m+1, meN. Then K,, = K»,,+1 can be decomposed into triangular books of (3,4)-
CMSD as follows.

Kom+1 = TBom-1(0,1) UTByy,-3(2,3) U... U TB3(2m—4,2m—-3) U TB,(2m—-2,2m—1)
where TBapm+1-2j(2j—2,2j—1) in Kpjpp41 represents triangular book with spine (2j -2,2j—1)
and (2j-2,2j-1,2)),2j—-2,2j - 1,2 +1),...,(2j —2,2j — 1,2m) as the 2m + 1 —2) num-
ber of triangular pages and is a connected subgraph, j = 1,2,...,m. The above decompo-
sition of Ky, is similar to the decomposition given in case (i) except Ky;;+1 admits (3,4)-
CMSD into triangular books since |[E(TB;(2m—2,2m—1))| =3 < |E(TB32m—4,2m-3))| =7 <
|E(TBs(2m —6,2m—5))| =11 < --- < |E(TBam-3(2,3))| = 4m —5 < |E(TBoyy-1(0,1))| = 4m — 1
and TB;(2m—2,2m—1) is a connected subgraph of T B3(2m —4,2m —3) which is a connected
subgraph of TBs(2m —6,2m —5) which is a connected subgraph of ... which is a connected
subgraph of TBy;,-3(2,3) which is a connected subgraph of T'B,;,-1(0, 1), without vertex la-
bels. (3,4)-CMSD of K3, K5 and K7 are shown in different colors in Figures 12, 13 and 14,
respectively and K3 = TB;(0,1),Ks = TB3(0,1) U TB;(2,3) and K7 = TBs5(0,1) U TB3(2,3) U

TB;(4,5). Hence the result. O
3 2 3
4 ) 6
5 1 7
0 1 0
Fig. 9. Fig. 10.
P 3 4
4 ) 5 3
6 2
0 1 0 1 0 1
Fig. 12. Fig. 13. Fig. 14.

Corollary 2.2. K, admits (a,d)-CMSD into triangular books for some a and d, a,d € N.
Theorem 2.3. Forn =3, K,, admits (1,1)-CMSD into stars.
Proof. The (1,1)-CMSD of K, into stars is obtained as follows. Kj ;(0;1) U Kj,2(2;0,1) U K3 3(3;

0,1,2)u...uKy,,-1(n-1,0,1,2,...,n—-2)UK(1,n)(n;0,1,2,...,n—1) WhereKLj(j;O,l,...,j—l)
is the star Kj,, with internal vertex j and leaves0,1,...,j—-1,1<j<n. O
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Theorem 2.4. For meN, G2, admits (2,2)-CMSD into triangular books with book mark.

Proof. In the sum graph G, |E(Gy,)| = %(W— |2, dw)=m-1-jifl<j< [mT“J and
d(vj)=m-jif [mT“J +1< j < mwhere |x] is the floor of x and 2 < m. Therefore |E(Go 2m)| =
2m+|E(Gop)| = 2m + L (32&=D _ | 2 |) = 1 (m + 1) where Gom = K1 + G2 The proof of
the theorem is similar to the proof given to Theorem 2.1. Let V(Go2m) = {vo, V1, V2,..., Vam}
where j is the integral sum label of vertex v; in the integral sum graph Go2m, 0 < j < 2m.
(2,2)-CMSD of Gy 2, into triangular books with book mark is obtained as follows.

Goom = TByp(0,2m—-1)(0,2m) U TB1(1,2m—-2;0)(1,2Zm-1) U TB»(2,2m—3;0,1)(2,2m —
2)UTB3(3,2m-4;0,1,2)(3,2m-3)U...UTB;;,_1(m-1,m;0,1,2,...,m—2)(m—1,m+1) where
TBj(j,2m—(j +1);0,1,2,...,j—1)(j,2m — j) represents triangular book with spine (j,2m —
(j+1)), book mark (j,2m — j) and leaves 0,1,2,...,j—1for j=1,2,...,m—1and TBy(0,2m —
1)(0,2m) is the triangular book with spine (0,2m — 1), book mark (0,2m) and without any
leaf. This implies Gy, admits (2,2)-CMSD into triangular books with book mark since
|E(TBy(0,2m—1)(0,2m))| = 2 < |[E(TB1(1,2m —2;0)(1,2m —1))| =4 < |[E(TB2(2,2m - 3;0,1)
2,2m-2)|=6< - < |[E(TBp—2o(m-2,m+1)(m—-2,m+2))| =2m—-2 < |E(TB;,—-1(m —
1,m;0,1,2,...,m—-1)(m—-1,m+1))| =2m and TByx(0,2m —1)(0,2m) is a connected subgraph
of TB1(1,2m —2;0)(1,2m — 1) which is a connected subgraph of TB,(2,2m - 3;0,1)(2,2m —2)
which is a connected subgraph of TB3(3,2m —4;0,1,2)(3,2m — 3) which is a connected sub-
graph of ... which is a connected subgraph of TB;,;,—1(m—-1,m;0,1,2,...,m—-2)(m—1,m+1).
Hence the result is proved. (2,2)-CMSD of Gy, Go,g and Gy,19 are shown in different colors in
Figures 15, 16 and 17, respectively and Go,s = TBy(0,5)(0,6) U TB1(1,4;0)(1,5) u TB»(2,3;0,1)
(2,4), Gog=TBy(0,7)(0,8) U TB;(1,6;0)(1,7) U TB»(2,5;0,1)(2,6) U TB3(3,4;0,1,2)(3,5) and
Go,10 = TBy(0,9)(0,10) U TB;(1,8;0)(1,9) U TB,(2,7;0,1)(2,8) U TB3(3,6;0,1,2)(3,7) U TB4(4,5;
0,1,2,3)(4,6). O

0 1

Fig. 15. Fig. 16.

Theorem 2.5. For n € N, Goan+1 doesn’t admit (a,d)-ASD and (a,d)-CMD into triangular
books with book mark for any a,d € N.
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Proof. For n € N and k € No, we have |E(Gyaps1)| = §(U2HE2A) 404 ) = (54 1) (4n +1) -
n=02n+1)% and |E(T By (u, v)(u, w))| =2k+2. For n € N, if Go 45,41 admits (a, d)-ASDor (a, d)-
CMD into triangular books with book mark for any a,d € N, then let Gy 45,41 = TBZ1 (up,v1) U

TB,"C‘Z(uz,vg) U ...u TB,’;m(um,vm) where TBZI(ul’”1)’TB;2("2’V2)""’TBZ,,7 (U, V) are
edge disjoint triangular books with book mark in Goap+1, U1, U2,..., Um, V1, V2,...,Um €
V(Goans1), 0=k <kp <--- < km, k1, k2, ..,k €No and m € N. Then |E(Go,an+1)| = |[E(TBy,
(w1, vO)HIE(TBY, (up, v2)) I+ +E(TB[ (Um, vy))| which implies, @2n+1)? = 2k +2)+(2kz +
2) + -+ + 2k, +2) which is not possible since the L.H.S. is an odd number whereas the R.H.S.

is an even number. Hence the result is true by the method of contradiction. O

Corollary 2.6. For n €N, Gga,+1 doesn't admit (a,d)-CMSD into triangular books with book

mark for any a,d € N.

Theorem 2.7. For neN,

(i) Go,an admits (6,8)-CMSD into triangular books with book mark;
(ii) Go,an+1 can be decomposed into triangular books with book mark;
(i) Goan+2 admits (2,8)-CMSD into triangular books with book mark and
(iv) Go,an+3 admits (4,8)-CMSD into triangular books with book mark.

Proof. Let V(Go,n) = {0,1,2,...,n}. In the sum graph Gy, |E(G,)| = (2% — | 2]), d(v)) =

n-1-jifl<j< [”T“J and d(vj) = n—j if {@J+ls]snwhere |x] is the floor of x,

j is the vertex sum label of v; and n € N. Therefore |[E(Gy )| = n+|E(Gy)| = %(@ -1%D.

Consider the following four cases of n and the proof is similar to the proof given to Theorem
2.1.
Case (i) n=4m, meN.
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In this case (6,8)-CMSD of Gy ;, = Go 4, into triangular books with book mark is obtained as
follows.

Goam = TBam—2(0,1;2,3,...,4m —1)(0,4m) U T By _6(2,3;4,5,...,4m—3)(2,4m—2) U
TB4m-104,5;6,7,...,4m—=5)(4,4m—-4)UT By;;;-14(6,7;8,9,...,4m—-7)(6,4m—-6)U...UTBg(2m—
4.2m-3;2m-2,2m-1,....2m+3)2m—-4,2m+4)UTB,2m—-2,2m—-1;2m,2m+1)2m —
2,2m+2) where TBym-(2+4j)(2j,2j +1;2j +2,2j +3,...,4m—2j —1)(2j,4m - 2 j) represents
triangular book in Gy 4., with spine (2,2 + 1), pendant vertex with label 4m —2j and leaves
2j+2,2j+3,...,4m—-2j—1 and is a connected subgraph for j =0,1,2,...,m — 1. In this de-
composition all the edges of Gy 4,, are partitioned into the edges of triangular books with
bookmarkand |E(TB:2m—-2,2m-1;2m,2m+1)2m—-2,2m+2))| =6 < |E(TBg(2m—4,2m—
3;2m-2,2m—1,....2m+3)2m—-4,2m+4))| = 14 < |[E(TB1oc2m —6,2m —5;2m —4,2m —
3,...,2m+5)(2m—-6,2m+6))| =22 < --- < |E(TBym-62,3;4,5,...,4m—3)(2,4m —2))| =8m —
10 < |[E(TBym-2(0,1;2,3,...,4m—1)(0,4m))| =8m—2 and T By;;,—2(0,1;2,3,...,4m—1)(0,4m) is
a connected subgraph of T'By;,-¢(2,3;4,5,...,4m—-3)(2,4m—2) which is a connected subgraph
of TBym-10(4,5;6,7,...,4m—>5)(4,4m —4) which is a connected subgraph of TBy;,-14(6,7;8,9,
...,4m—7)(6,4m —6) which is a connected subgraph of ... which is a connected subgraph of
TBs(2m—-4,2m-3;2m—-2,2m-1,...,2m+3)(2m—4,2m+4) which is a connected subgraph of
TB,2m-2,2m-1;2m,2m+1)(2m-2,2m+2). Thus Gy 4,, admits (6,8)- CMSD into triangular
books with book mark. Thus Gy 4, admits (6,8)-ASD into triangular books with book mark.
(6,8)-CMSD of Gy 4 = TB»(0,1;2,3)(0,4), Go,s = TBs(0,1;2,3,4,5,6,7)(0,8) U TB»(2,3;4,5)(2,6)
and Go,12 = TBj(0,1;2,3,...,11)(0,12) U TBg(2,3;4,5,...,9)(2,10) U TB»(4,5;6,7)(4,8) are
shown in Figures 18, 19 and 20, respectively.

Case (ii): n=4m+1, meN.
In this case decomposition of G 4,,+1 into triangular books with book mark is obtained as

follows.
5
6
4
3 7
4 2 3
8

2

0 1 0 1

Fig. 18. Fig. 19.

G0,4m+1 = TB4m_1(0,1;2,3,...,4m)(0,4m+ 1) u TB4m_5(2,3;4,5,...,4m—2)(2,4m— 1) u
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TBym-9(4,5;6,7,...,4m—4)(4,4m—-3) U TB4;;-13(6,7;8,9,...,4m—6)(6,4m—-5)u...uTB;(2m—
4.2m-3;2m-2,2m—-1,....2m+4)2m—-4,2m+5) UTBs2m—-2,2m—-1;2m,2m+ 1,2m+
2)2m—-2,2m+3) uTBy2m,2m + 1) where TBym+1-@+4j(2),2j + ;2] +2,2j +3,...,4m —
2j)(2j,4m+1-2j) represents triangular book in Gg 4,,+1 with spine (2j,2j+1), pendant vertex
with label4m+1-2j and leaves 2j +2,2j+3,...,4m—2j and is a connected subgraph for j =
0,1,2,...,m—1and TBy(2m,2m + 1) is a triangular book with spine (2m,2m + 1) and without
any leaf. All the edges of G 4/,+1 are covered under this decomposition and |E(T By(2m,2m +
D) =1<|E(TBsCm-2,2m—-1;2m,2m+1,2m+2)2m—2,2m+3))| =8 < |E(TB;(2m —
4,2m-3;2m-2,2m-1,...,.2m+4)2m—-4,2m+5))| =16 < --- <|E(TBym-5(2,3;4,5,...,4m —
2)(2,4m—-1))| =8m —8 < |E(TB4;;-1(0,1;2,3,...,4m)(0,4m + 1))| = 8m and TBy(2m,2m + 1)
is a connected subgraph of TBs3(2m—-2,2m—-1;2m,2m+1,2m+2)(2m—2,2m+3) whichis a
connected subgraph of TB;(2m—-4,2m—-3;2m—-2,2m-1,...,2m+4)2m —4,2m+5) which
is a connected subgraph of ... which is a connected subgraph of TBy;,-5(2,3;4,5,...,4m —
2)(2,4m — 1) which is a connected subgraph of TB,;;,-1(0,1;2,3,...,4m)(0,4m + 1), without
vertex labels. Thus Gy 4,42 is decomposed into triangular books with book mark. The follow-
ing decomposition of Gy 5 = TB3(0,1;2,3,4)(0,5) U TBy(2,3), Gog = TB7(0,1;2,3,...,8)(0,9) U
TB3(2,3;4,5,6)(2,7) UTBy(4,5) and Go13 = TB;,(0,1;2,3,...,12)(0,13) U TB;(2,3;4,5,...,10)
(2,11) U TB3(4,5;6,7,8)(4,9) U TBy(6,7) are shown in Figures 21, 22 and 23, respectively.

3
4 2
5
0
Fig. 21.

Case (iii): n=4m+2, meN.
In this case (2,8)-CMSD of Gg 4;n+2 into triangular books with book mark is obtained as fol-

lows.

Go,am+2 = TB4m(0,1;2,3,...,4m+1)(0,4m +2) U TBy;u-4(2,3;4,5,...,4m—-1)(2,4m) U
TBym-8(4,5;6,7,...,4m—-3)(4,4m—-2)UTBy;;-12(6,7;8,9,...,4m—-5)(6,4m—4) U... UTBg(2m—
4,2m-3;2m-2,2m-1,...,2m+5)2m—-4,2m+6) UTB,2m—-2,2m—-1;2m,2m+1,2m+
2,2m+3)2m-2,2m+4) UTBy(2m,2m+1)(2m,2m+2). Here TByp,-4j(2j,2j+1;2j+2,2j +
3,...,4m—-2j+1)(2j,4m—2j +2) represents triangular book in Gg 4,,,+2 with spine (2,2 +1),
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pendant vertex 4m —2j +2 and leaves 2j +2,2j+3,...,4m—2j + 1 and is a connected sub-
graphfor j =0,1,2,...,m—1and TBy(2m,2m+1)(2m,2m +2) is a triangular book with spine
(2m,2m + 1), pendant vertex with label 2m + 2 and without any leaf. In this decomposition
all the edges of Gy 4,+2 are partitioned into edges of triangular books with book mark and
|[E(TBy(2m,2m+1)2m,2m+2))|=2<|E(TBs2m—-2,2m—-1;2m,2m+1,2m+2,2m+3)(2m—
2,2m+4))|=10< |[E(TBg2m—-4,2m-3;2m—-2,2m-1,....2m+5)2m—-4,2m+6))| =18 <
<+ < |E(TBam-42,3;4,5,...,4m-1)(2,4m))| = 8m — 6 < |E(TB4(0,1;2,3,...,4m + 1)(0,4m +
2))l=8m+2and TBy(2m,2m+1)(2m,2m + 2) is a connected subgraph of TB4(2m —2,2m —
1;2m,2m+1,2m+2,2m+3)(2m-2,2m+4) which is a connected subgraph of TBg(2m—4,2m—
3;2m-2,2m-1,...,2m+5)(2m —4,2m + 6) which is a connected subgraph of ... which is a
connected subgraph of TBy;;-4(2,3;4,5,...,4m —1)(2,4m) which is a connected subgraph of
TB4m(0,1;2,3,...,4m +1)(0,4m + 2), without vertex labels. Thus Gg 4,+2 admits (2,8)-CMSD
into triangular books with book mark. (2,8)-CMSD of Gy14 = TB12(0,1;2,3,...,13)(0,14) U
TBg(2,3;4,5,...,11)(2,12) U TB4(4,5;6,7,8,9)(4,10) U TBy(6,7)(6,8) is shown in Figure 24.

Case (iv):n=4m+3, meN.

In this case, (4,8)-CMSD of Gg 4m+3 into triangular books with book mark is obtained as fol-
lows. Goam+3 = TBam+1(0,1;2,3,...,4m+2)(0,4m+3) U TB4y,-3(2,3;4,5,...,4m)(2,4m+1) U
TBym-7(4,5;6,7,...,4m—-2)(4,4m—1) U TB4;,-11(6,7;8,9,...,4m—-4)(6,4m—-3) U ... U TBg(2m—
4.,2m-3;2m-2,2m-1,....2m+6)2m—-4,2m+7) U TBs2m-2,2m-1;2m,2m+1,...,2m+
H2m-2,2m+5) U TB12m,2m+1;2m+2)(2m,2m+3) where TB4m+1_4]-(2j,2j+1;2j+2,2j+
3,...,4m—-2j+2)(2j,4m—2j +3) represents triangular book in Gg 4,,+3 with spine (2,2 +1),
pendant vertex 4m —2j + 3 and leaves 2j +2,2j+3,...,4m —2j + 2 and is a connected sub-
graph for j =0,1,2,..., m. In this decomposition all the edges of Gg 4,,+3 are partitioned into
edges of triangular books with book mark and |[E(TB;(2m,2m+ 1;2m+2)2m,2m+3))| =4 <
|[E(TB5s2m—2,2m—-1;2m,2m+1,....2m+4)2m-2,2m+5))| =12 < |E(TBs(2m —4,2m —
3;2m—-2,2m—1,....2m+6)2m—-4,2m+7))| =20< --- < |E(TBy;u-3(2,3;4,5,...,4m)(2,4m +
1)) =8m—4<|E(TBym+1(0,1;2,3,...,4m+2)(0,4m+3))| =8m+4and TB;(2m,2m+1;2m +



(a,d)-CONTINUOUS MONOTONIC SUBGRAPH 43

2)(2m,2m + 3) is a connected subgraph of TBs2m —-2,2m—1;2m,2m+1,...,2m+4)2m —
2,2m+5) which is a connected subgraph of TBy(2m—4,2m-3;2m-2,2m-1,...,2m+6)(2m—
4,2m+7) which is a connected subgraph of ... which is a connected subgraph of T By;,-3(2,3;
4,5,...,4m)(2,4m+1) which is a connected subgraph of T B4;;,+1(0,1;2,3,...,4m+2)(0,4m+3),
without vertex labels. Thus Gg, 4/,+3 admits (4, 8)-CMSD into triangular books with book mark.
(4,8)-CMSD of Gy 15 = TB13(0,1;2,3,...,14)(0,15) U TBy(2,3;4,5,...,12)(2,13) U TBs5(4,5;6,7,8,
9,10)(4,11) U TB;(6,7;8)(6,9) is shown in Figure 25. Hence the result. O

Theorem 2.8. For m €N, Gg 4,,+1 does not admit (a, d)-ASD and (a, d)- CMD into Fans with a
handle for any a,d € N.

Proof. If possible, let Gg 4;,+1 admit (a, d) — ASD into Fans with a handle for some a,d € N.

Then let Goam+1 = Fp, UF, U... UF, where F, ,F,

nz,...,FZk are edge disjoint fans with

handle for some n;,ny,...,nr € Nand 2 < n) < ny < -+ < ng. Then |E(Goam+1)| = |E(F;1)| +
|E(F;§2)| +eot |E(F;jk)| which implies (2m + 1)2 =2n; +2ny +--- +2n; which is a contradiction

since the L.H.S. is an odd number whereas the R.H.S. is an even number. Hence the result. (J

Corollary 2.9. For m €N, Gy am+1 does not admit (a,d)-CMSD into Fans with a handle for any
a,deN.

Theorem 2.10. ForneN,

(i) Go,an+1 can be decomposed into Fans with a handle and one P»;

(i) Goan+2 admits (2,8)-CMSD into Fans with a handle;

(iii) Goan-1 admits (4,8)-CMSD into Fans with a handle and

(iv) Goan admits (6,8)-CMSD into Fans with a handle.
Proof. Forn=3, F,_,,
{vo, V1, v2,..., v} Where v; is the vertex with integral sum label j in Go,, 0 < j < n. In the
sum graph Gy, |E(G,)| = %(@ - [gJ), dv))=n-1-jifl<j=< [”T“J and d(vj) =n-—jif
| 21| +1 < j < nwhere |x] is the floor of x and v; is the vertex with sum label j in G,. Now

fan with a handle has n + 1 vertices and 2(n — 1) edges. Let V(Gy ) =

consider decomposition of Gy , into Fans with a handle for different values of n separately.

In Go,p, the subset {v;v;:i+j=norn-1,0<1i,j<nfuiry;:i=1,2,...,n-2} of E(Go,n)

forms F*

_1» fan graph with cycle (vov,-1v1V,-2... Vx| ), pendant edge vgv,, attached at the

apexvertex vg and n—3 concurrent edges, vov;jsfor j=1,2,...,[ 4| -1, | 5] +1, |5 ]+2,...,n-2.
Using the definition of integral sum labeling, G,,—({vy, vp-1} Ufvivjii+j=norn-1,1<i,j<
n-2}) =Gp,—{n,n-1,[n],[n—1]} = G,_2. Also using Theorem 1.5, G,,—» — {v1, V,—2} is isomor-
phic to unlabeled graph G,,_4. Therefore Gy, , — ({vo, Vs, V-1, Un—2} U{vivp:i+j=norn-1,
1<1i,j<n-2})isisomorphic to unlabeled graph Gy, ,-4. This also follows from Theorem 1.6.
Relabeling the vertices vy, v3,..., V-3 in the resultant graph Gy, , — ({vo, vy, Vn-1, Un—2} U{v;v;:
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i+j=norn-1,1<1i,j<n-2})asuvgy,u,..., Vn—4 using the bijection i — i—1 among the vertex
labels and continuing the same technique of choosing the vertex subset {vg, v,,—4, Vn—5, Vp—g}
and the relabeled edge subset {v;vj:i+j=n—-4orn-5for0<i,j<n-4} Ufyr;:i=
1,2,...,n—6} (in the relabeled graph) which form a fan F;_.. The underlying graph of the
subgraph Go ;-4 — ({v0, Vn-4, Un—s5, Vn—6} U{vivj:i+j=n—-4orn-51<1i,j<n-6} of the
relabeled graph Gy, ;-4 is isomorphic to the underlying graph of Gy ,-g. Continue the above

process. And to complete the proof, we consider the following four cases of n.

Case (i): n=4m+1, meN.

In this case, Go,n = Goam+1 = Fy,, UFZ(m—l) U sz(m_z) U... UF§ UF; UP(mm+1) =
m—1

Poimm+1) u( U Fj(m_j)) where Fzm,FZ‘(m_l),FZ(m_z),...,Fg,FZ,Pz(m, m + 1) are edge dis-
j=0

joint subgraphs of Go 4m+1; here Fy, is the Fan with the handle (vy, v4m+1), apex vertex vg and
Pym = VamV1Vam-102 ... Vam+2V2m-1V2m+1V2m; |E(Goam+1)| = 4m+ 1+ |E(Gym+1)| =4m+ 1+
GmeD@m _2m — (2m+1)%|E(Py)| = 1 < |E(F})| = 8 <|E(F)| =16 <--- < |E(F}_J)| =2(n-5) <
|E(F*_ )| =2(n—1) = 8m; |E(P)| + |[E(E))| + | E(FS)| +-+++ |E(F:_ )| =1+8+16+--+8m =
Am?+4m+1=(2m+1)%? and v; is the vertex with integral sum label j in Gg 4,41, j € [0,4m+1].
Moreover, P, is a connected subgraph of F; which is a connected subgraph of Fg which is a
connected subgraph of ... which is a connected subgraph of F,,_. which is a connected sub-
graph of F_,, without vertex labels. Thus G 4,+1 admits CMSD into Fans with a handle and
one P,. The decomposition of Gy,13 into Fans with a handle and one P; is given in Figure 26

and its subgraph decomposition is shown separately in Figures 26.1 to 26.4.
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Case (ii): n=4m+2, meN.

In this case, Gy, = Goam+2 = Fj,, ., LJFZ(m_DJrl UF:(m—Z)H U...uFf UPs(m,m+1,m+2)=
m—1
* * * * *
Pg,(m,m+1,m+2)u(jL:JO F4(m_j)+1)whereF4m+1,F4(m_1)+1,F4(m_2)+1,...,F5,P3(m,m+1,m+

2) are edge disjoint subgraphs of Go 4m+2; Fy,,,, is the Fan with the handle (vo, v4m+2), apex

vertex vo and Pam+1 = Vam+1V1VamV2... Vom—1V2m+2V2mV2m+1; P3(Vm, Um+1, Um+2) is the path
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7(6)

Fig. 26.1. Fig. 26.2.
7(5)  6(4) 7. .6
8 o 53) Yo o
99 42) ) I4<1)
10e 31) 0@ 50)
1@ 11® o
2(0) 2
12® . o e o o
13 ! 13 o !
0 0
Fig. 26.3. Fig. 26.4.

UmVm+1VUm+2 in Go am+2 and v; is the vertex with integral sum label j in Go 4m+2, j € [0,4m+2].
Also |E(Goam+2)| = 4m+2+|E(Gama2)| = 4m+2+ E0E20mED _ Gl — 42 1 6m+2 = 2(2m+
D(m+1), |[E(P3)| =2 < |E(F;)| =10 < |[E(Fy)| =18 < --- < |E(F,_5)| = 2(n=5) < |E(F;,_))| =
2n-1)=24dm+1)=8m+2and2+10+18+---+(2+8m) =22m+1)(m+1). Thus Gy 4m+2
admits (2,8)-CMSD into Fans with a handle. Here P; is the trivial fan with a handle. (2,8)-

CMSD of Gy 1o into Fans with a handle is shown in Figure 27 and its subgraph decomposition

is shown separately in Figures 27.1 to 27.3.

5 6 X
R 4
7 7
’ 3
8 “‘¥‘g~‘ 5 8
SO 9 )
\\\‘V// \ 1
10 0 0 h
Fig. 27. Fig. 27.1.
Case (iii): n=4m—1, meN.
m-—1

3 _ _ ¥ * * * * *
In this case, Gon, = Goam-1 = F,,,_, UF,,, ¢ UF;, o0 U... UFf UF; = U F4(m_].)_2,

j=0
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54) s
6(5 6 )
. 40) . 42)
7o
7(6) " )
8 @ 8§ e
21) . 2(0)
9
9 @ °
. ° 1(0) 0 ° 0. 1
10 0
Fig. 27.2. Fig. 27.3.

|E(Gogm—1)| = 4m—1+|E(Gym—1)| = 4m—1+42=008m=2) _ G-V — 42 | E(F)| = 4 < |E(F)| =
12 < |E(Fj)| =20 < - <|E(F}, _¢)| = 2(4m—86) < |E(F},,_,)| = 2(4m—2) where F}, ,,Fy . ,,
FZ(m—Z)—Z’ ..., F§, F; are edge disjoint subgraphs of Go 4,,-1; F},,_, is the Fan with the handle
(vo, vam-1) and v; is the vertex with integral sum label j in Go4/n-1, j € [0,4m — 1]. This im-
plies Go 4m—1 admits (4,8)-CMSD into Fans with a handle. (4,8)-CMSD of Gy,;; into Fans with
a handle is shown in Figure 28 and its subgraph decomposition is shown separately in Figures

28.1to 28.3.

6 5
; 4
8 3
9 2
10
1
11 0
Fig. 28.1.
6(5)  5(4) 6 53)
7®) 4(3) 7 ° 4(2)
[ ]
8(7) 3Q2) 8 o 3(1)
0 ® 2(1) 9 ® 20)
[ ]
10 10) 10° °
® b4 ° °
11 0 1 0
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Case (iv): n=4m, meN.

m-1
In this case, Go,, = Goam = Fy,,,_, UE,,,_5s UF;,, _oU... UF; UF; = ‘Uo F:(m_j)_l, |E(Goam)| =
]:

Am+|E(Gyp)| = 4m+ 28 _ 21 — 9 m@m+ 1), |E(F})| =6 < |[E(F})| = 14 < |[E(F})| =22 <

Z
- <|E(F},,_5)| =2(4m~-5) < |E(F}, ;) =2(dm~-1) and 6+14+---+(6+8(m—1)) =2m2m+1)
where Fj,, 1, Fyo 1y 1 Ffon o) 1r--- F7, Fy are edge disjoint subgraphs of Goam, F,,,_ is the

Fan with the handle (vo, v4m) and v; is the vertex with integral sum label j in Go 41, j € [0,4m].
Thus Go 4, admits (6,8)- CMSD into Fans with a handle. (6,8)-CMSD of Gy 12 into Fans with a
handle is shown in Figure 29 and its subgraph decomposition is shown separately in Figures

29.1t029.3.

Thus in all the above four cases we could prove the result. O

4(3) 4(2)

10 3(2) 100 3(1)

2(1) 2(0)

12 3 1(0) 12 [ ]

Fig. 29.2. Fig. 29.3.

Theorem 2.11. The necessary condition for the existence of (a, d)-CMSD of K,, into families of
Fans with a handleisn= 0,1 mod(4).

Proof. Let K;, admit (a, d)- CMSD into families of Fans with a handle for some a,d € N. And let
Kn=F, UF, U... UF, whereF, ,F, ..., F, areedge disjoint Fans with a handle for some
ny,ny,...,ng €Nand 1< ny <np <--- <ng. Then |E(Ky,)| = |E(F, )| +|E(Fp)| + -+ |E(Fy)|
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which implies, nC, =2n; +2ny + - -- + 2ng. This implies, n(n—1) =4(n; + ny + - - - + ng) which
implies n=0,1 mod(4). Hence the result. O

Conjecture For n € N, Ky, admits (2n,2)-CMSD of Fans with a handle and Ky,+; admits
2(n+1),2)-CMSD of Fans with a handle.

The above conjecture is verified true for n = 1 and 2. Figures 30, 31, 32, 33 show (2,2)-
CMSD, (4,2)-CMSD, (4,2)-CMSD, (6,2)-CMSD of K, into Fans with a handle for n = 4,5,8,9,
respectively.
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1 0 1 0 1 0 1
: _ % * : _ % *
Fig. 30. Ky = F] UF;. Fig. 31. Ks =F, UF;.
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Fig.32. Kg=F; UF; UF; UF].
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Fig. 33. Ko = Ff UF} UF! UF}.
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