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SOME LANDAU TYPE INEQUALITIES FOR FUNCTIONS
WHOSE DERIVATIVES ARE OF LOCALLY BOUNDED
VARIATION

N. S. BARNETT AND S. S. DRAGOMIR

Abstract. Some inequalities of the Landau type for functions whose derivatives are of locally
bounded variation are pointed out.

1. Introduction

The following version of Ostrowski’s inequality for functions of bounded variation was
obtained by the second author in [2] (see also [3]):

Theorem 1. Let ¢ : [a,b] — R be a function of bounded variation on [a,b]. Then
for any x € [a,b] one has the inequality:
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where \/Z (¢) denotes the total variation of ¢ on [a,b]. The constant 1 is the best possible.

We now recall some classical results due to Landau [8].

Let I =Ry or I =R. If f: I — Ris twice differentiable and f, f” € L, (I),
p € [1,00], then f' € L, (I). Moreover, there exists a constant C}, (I) > 0 independent
of the function f, such that

17 < Co (D IAIZ L 17N (1.2)

where [|-|| , is the p—norm on the interval I, i.e., we recall

||h||1,oo :=esssup |h(t)],
tel
and
1
P
Il = ([mora)” it peioo.
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Landau considered the case p = oo and proved that
Cw (Ry) =2 and Cy (R) =2 (1.3)

are the best constants for which (1.2) holds.
In 1932, G.H. Hardy and J. E. Littlewood [5] proved (1.2) for p = 2, with the best
constants
Cy(Ry) =+2 and Oy (R) =1. (1.4)
In 1935, G. H. Hardy, E. Landau and J. E. Littlewood [6] showed that the best constant
Cp (Ry) in (1.2) satisfies the estimate

Cp(Ry) <2 for pe[l,00), (1.5)

which yields C,, (R) < 2 for p € [1,00). Actually, as shown in [7] and [1], C, (R) < v/2.

In this paper, by the use of the inequality (1.1), we point out some Landau type
results for arbitrary subintervals I of R and under more relaxed assumptions on the
derivative f’.

2. A Technical Lemma

The following technical lemma, that is important in the sequel, holds [4]. For the
sake of completeness, a short proof is outlined below.

Lemma 1. Let C,D > 0 and r,u € (0,1]. Consider the function g, : (0,00] — R
given by

C
gru (A) = 0 + D). (2.1)
Define
uC\ 7t
)\0 = (E) S (0,00),
then for A1 € (0,00) we have,
r+u

—Crru D if Ay > Ao,

u
’U,TJ;U crrtu

inf uw(A) = 2.2
/\EI(IOI,M] Iru ( ) C ) . ( )
W"'D)\i if 0< A1 < Ao
Proof. We observe that
rDXTT* — Cu
Gru (N) = B v A €(0,00).

The unique solution of the equation g,.,, (A) =0, A € (0,00) is
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The function g, , is decreasing on (0, \g) and increasing on (Ao, 00). The global minimum
for gy, on (0,00) is

C uC\
N)= ———+D.[—=
gr,u( ()) (ﬁ)w_u + <TD)
rD
__"tY odmpes
yru T

which proves (2.2).
The following particular cases are useful.
Corollary 1. Let C,D > 0 and r € (0,1]. Consider the function g, : (0,00) — R,
given by
C -
gr ()\) = X + DX".
Define

then for \; € (0,00),

r 1, ~
T—ﬂCT+1D7‘+1 if )\1 > )\07
rrtu

A irolf)\ gr ()‘) = (2.3)
€(0,A] A_ClJrD)\q if 0< A1 <.

Corollary 2. Let C,D > 0 and u € (0,1]. Consider the function g, : (0,00) — R
given by

Define

then for A1 € (0, 00),

LEL CTTDFT i Ay > N,
inf g,(\)=¢ """ N (2.4)
AC(0,M1] % + D)\ if 0< A< Ao

Remark 1. If r = u = 1, then the following result holds:

c 2VCD if A >4/%,
A0l £ DA 0< N < \/%.



304 N. S. BARNETT AND S. S. DRAGOMIR

3. The Case When f € L (I)
The following theorem holds.

Theorem 2. Let I be an interval in R and f : I — R a locally absolutely continuous
function on I. If f € Lo (I), the derivative f' : I — R is of locally bounded variation
and there exists a constant Vi > 0 and r € (0,1] such that

‘\/ W< Vila—b]" for any a,b€ I; (3.1)
then ' € Lo (I) and
274 I T 255 | 175
v e mn >~
7+1‘/r+1
(3.2)
e Vi(m (D) 27 | £
Lo it 0<m(l) < ———1=
m(I) 2 valwrl
Proof. Applying (1.1) for ¢ = f’, we deduce
b)—fla)| |1 - a+b|
| 1
O L V(s
for any a,b € I, a # b and = between them, giving, for x = a,
! < |f7 3.3
@) < FO=LEL N ) 33)
for any a,be€ I, a # b.
Using the hypothesis (3.1) and the fact that f € L, (I), we conclude that
b) — X
b — al
zﬂ—i-VU)—aV (3.4)
b—al " |

for almost every a,b € I, a # b.
Now, observe that for any @ € I and any s € (0, #) , there exists b € I such that
s =|b— a| and then, by (3.4),

[/ (a)] <

2
Lfsnl"” +Vis" (3.5)
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for almost any a € I and every s € (0, mTI)) . By taking the infimum over s on ( , w) ,
we have,
, I
|f (a)] < inf ——— =4+ Vis"| =K (3.6)
SE(O7 'HL;I) ) S

for almost any a € I.
If we take the essential supremum over a € I in (3.6), we conclude that

11700 < K. (3.7)
Making use of Corollary 1, we get
il A 2/l \
VT >
7"7+1 ( ) VI - ( ’
K =
2 m(I)\" 21 F o0\
= o () < ()
(r + 2wwfw
7|\f ’“V’“ it m(l) 2 ——=—,
rr+ T V1r+1
Vi(m(@D)" %HWW“
- if 0<m(l) < ————
m(I) 2 7+1vr+1

and the inequality (3.2) is obtained.

4. The Case when f is Holder Continuous
The following theorem holds.

Theorem 3. Let I be an interval in R and f : I — R a locally absolutely continuous
function on I. If f satisfies the Hélder condition

lf(b) = f(a)| < Kb—al* forany a,be I, (4.1)

where K > 0 and £ € (0,1) are given, and the deriwative f': I — R is of locally bounded
variation and the condition (3.1) holds, then f' is bounded in I and

117 00

1 1

r+ ]. — g K’!ﬁvrlfl Zf m(I) > 2 (I—Z)K r+1—2¢

(1 — O v ! - v ’

— r+1— rr 1-—
< (4.2)

2K Vi mID)] . (1—0)K ] 777
mor 2 g 0<m(n)<2[0E]T
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Proof. We know, from the proof of Theorem 2, that

£ (b) — f ()]

5] TVilb—all, forall abel askh (4.3)
—Qa

[f" (a)] <
Using the hypothesis (4.1), we conclude that

K r
If' (a)] < m + Vi |b—al (4.4)

for any a,be€ I, a # b.
By a similar argument to the one used in proving Theorem 2, we conclude that

K :
|f'(a)] <  inf 5 tVis"| =M (4.5)
se(0,P) LS

for any a € I.
If we now apply Lemma 1 for C' = K, u=1—¥¢, D = V;, we observe that

K
inf — + Vis"
se(OyLéI) ) Sl_e

_ 1
r+1}e—€ . K7ie Vj%lfz i mQ(I) > ((1;£I)K>r+14 7
(1 — g)m rrFi—¢

K m ()" . m(I) (1-OK =
1—e+VI( 9 ) if <(rv1> :

2

and the inequality (4.2) is obtained.
The following corollary holds.

Corollary 3. Let I be an interval in R and f : I — R be a locally absolutely
continuous function on I. If f' € L, (I), p > 1 and if f' is of locally bounded variation
and the condition (3.1) holds, then f' € Lo (I) and

1700

P
pr+1 A 1N\ 7

—r B Vr + if m(I)>2|—=

pvfﬂrpfﬁ ”f”I’p ! 1) = prVr ’

< (4.6)

20 fl;,  Vilm@D)] . £, \ 7
i . 1f0<m(I)<2(pT—VIp> .




LANDAU TYPE INEQUALITIES 307

Proof. If f' € L, (I), then we have

/ab 1 (s) ds

£ (0) = f(a)] =

<

lﬂf@n@

1
P

. b
<lo-alt| [ 1 ()P ds
a
_1 1 1
<b—al 7 |f,,, p>1, =+==1,
b=al " F S

for a.e. a,b € I.
Using Theorem 3 for £ =1 — % and K = [|f'[|;,, we deduce the desired result (4.6).

The following result may be proved as well.

Corollary 4. With the assumptions in Corollary 3, and if f' € Ly (I), then f' €
Lo (I) and

1

r+1 e . 11\
T it w22 (R
11l 00 < (4.7)
’ 1
20y Vim (D) NN\
. if 1 2 ——= .
D) + 5 if 0<m(I)< ( v, )
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