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THE VARIANT OF THE GOURSAT PROBLEM
FOR THE SIXTH ORDER EQUATION

A. MAHER AND YE. A. UTKKINA

Abstract. Our study is considered as a continuation of results in [1-8]. More precisely we
investigate the Goursat problem in class C2t272(D) for the equation (1) below by Riemann

method variant from the works [8] and [9].

1. Introduction

In the domain D = {(z,y,2); 20 < x < 21, Yo <y < Y1, 20 < z < 21} we consider
the equation with variable coefficients:

2
o8B+,
L(U) = Z G/aﬁ»y(.f,y, Z)m = F(x,y, Z) (1)

a,8,7y=0

It may be considered as a special generalization of the investigation in [1-8]. Many
authors studied this problem in the different directions (e.g.,[1-8]). The most general
results were obtained in [7]. On the other hand, our aim in this paper is to consider the
equation (1) which is a complication to the works [8-11] with higher derivative wg,,. This
equation plays an important role in approximation and transformation theory and during
the description of vibration processes (see, [12]). The problem of integral transformation
representation of type of ordinary linear differential operator into others is reduced to
the similar equation in [13].

2. Main Results

Let X,Y, Z be bounds D for z = x¢, y = yo, 2 = 20, respectively. We consider that
asee = 1, and the smoothness of other coefficients (1) is defined by the inclusions:

Gapy € COTPTY(D),  F e C*T22(D). (2)
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Here, C*tA+7 describes the class of continuous in D together with derivatives 975+t

[0x"Oy* 02t (r=0,...,05 s=0,...,0; t=0,...,7).

Problem (Goursat). To find, in class C2*2+2(D), the solution of equation (1)
satisfying the following boundary conditions:

ulx =¢(y,2), uly =v(,2), ulz = 0(z, y);
U’l‘|X = 901(:(/)2)) uy|Y = ¢1($,2)7 uz|Z = 91($,y) (3)

where
¥, Y1 S C2+2(7) 1/)71/)1 € C2+2(?) 97 91 € 02+2(7)'

We suppose the satisfaction of the condition in ribs D
SD(yO,Z) :w($052)5 QD(y,Zo) :9($an)7 w(%ZO) :9(%?}0) (4)

Here the agreed values are continuously differentiated. We solve this problem by means
of the development of (using) the Riemann method variant from the works [8] and [9].
Riemann function R(x,y, z,(,n,<) is called the solution of following integral equation:

V(x,y,z) — /Z[azm(x, v,V (z,y,7) — (z — Y)agao(z, y, V)V (z,y,7)]dy
- / lasmae, B,2)V (. B, 2) — (y — Basoa(e, B, 2)V (. B, 2)]d

n
- / [axza (e 4, 2)V (@3, 2) — (& — @)aaoas (@, 2)V (00 9, 2)}da

/ / ana(a, B,2)V (@, 8,2) — (y — Baroa(a, B, 2)V (o, 6, 2)
—(z — a)aorz(a, B, 2)V (e, B, 2) + (z — a)(y — B)avoz (e, B, 2)V (e, B, z)|dBdox
¥ / | eV (0.99) = (= as(0.9)V (0.3:)
(z—a)aoa1(a, y, 1)V (a, y,7) + (2 —a)(z=7)aoz0( , y, V)V (a, y, 7)]dyder
/ [ e BV @.5.9) = (0= B (.. )V (2.5.)
—(2 = v)azio(z, 3,7V (z, 8,7) + (y = B)(z — v)azoo(z, B, 7)V (x, B,7)|dvdp
/j /ny [ [aul(a,ﬂ,’y)v(a,ﬁ,’y)*(yfﬂ)a1o1(a,6,’y)v(a,6,’y)

—(z — a)aoni(a, B,7)V (e, ,7) = (z = y)awo(a, B,7)V (e, 5,7)

(=P (z=7)aro(e, B,7)V (e, 8,7) + (z—a)(z=7)aoo (e, B, 7)V (a, 5,7)
+(z—a)(y—B)acor (o, B,7)V (v, 8,7)

—(z—a)ly—B)(z— )aooo(a,ﬁ,’y)V(a,ﬁ,v)}dadﬁd'y:1. (5)
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which exists and unique (see [14], pp.180). We may verify that the realization of the
identity for any function u from the class C2+2+2(D) directly by the inspection:

(UR)zzyyzz = RL(u) + (WA1)zayys + (UA2)zayze + (WAS)ayyze — (WB1)ayz2
—(uB2)gzyz— (UB3) gyyz — (UB4) soyy — (UB5)zzzz — (UB6)yyzz + (UC1)zy-
+(uC2)zzz + (Uci)zyy + (uc4)my + (uCs)gaz + (UCG)yyZ + (UC7)yZZ
—(uD1)zy — (uD2)sz—(uD3)y. — (uD4):> — (uDs)yy — (uDg)ws + (uB1)s
+(uE2)y+ (uE3) . +{u(aoo2R) . +ug(a102R) - +uy(a012R) 2 + Ugy(a112R)
Fgg(az02R) +Uyy(a022 R) 2 +Uazy(a212R) . + Usyy(a122R) 2 + Upayy Rz}
+H{u(a22R)zz + uy(a212R)zs + UyyRaoztoe + {u(ao22R)y: + uz(@122R)y-
FuzaRy: tye + {uRays}ays + {ula200R)s + uy(a210R)s + uyy(azeo0 R) s
Fuz(a201 R)p +Uzz(a202R) g + Uyz(a211R)z + Uyyz(a201R) g+ Uy 2z (a212R)
FyyzRa ba + {u(ao20R)y + tz(ai20R)y + uz(ao21 R)y + tzz(a121R)y
Fugy(a220R)y + Uzz (@022 R)y + Ugzz(a122R)y + Upgz(a221R)y
FUgrzz Ry by + {u(a220R) oy + Uz (0221 R) 2y + UzzRay oy, (6)

where the notation
Ay =R, —ap R, Ay =R, —ax2R, A3=R;—a1nR,
B1 = Ryy — (a212R) — (@122R)y + a112R, B2 = Ry, — (a221R)y — (a212R); + @211 R,
B3 = Ry, — (a221R)z — (a122R), + @121 R, By = R, — (a221R): + a220R,
Bs = Ryy — (a212R)y + az02R,  Be = Ryx — (a122R)s + a2 R,

C1 = Ray, — (0221 R) 5y — (a212R) 52 — (@122 R)y» + (a112R).
+(a211R)z + (a121R)y — a111 R,

Cy = Rayyy — (@212R) oy — (@122R)yy — (@112R)y + (a202R)z — a102R
C3 = Ryzr — (a221R) 32 — (a122R) .2 — (@121 R) . + (a220R)z — a120 R,
Ci=Ry.. — (a221R)y> — (a212R) > + (a211R)- + (a220R)y — a210R,
Cs = Ryy: — (a221R)yy — (@212R)y= + (@211 R)y + (a202R) . — a201 R,
Cs = Ruyzz — (a221R) gz — (@122 R) 5z + (@121 R) o + (a022R)y — @021 R,
C7 = Ryzy — (a212R) 2z — (@122R) 2y + (a112R)z + (ag22R)y — ao12R,
= Rzyzz (@221 R)zy> — (a212R) 22z — (@122 R)yzz + (@112R)2 + (211 R) 22
+(a121R)yz + (a220R)zy — (0111 R) > — (a120R)y — (a210R)z + a110R,
Dy = Ryyy> — (a221R) gy — (@212R) 5y> — (a122R)yyz + (a112R)yz + (a211 R) 5y
+(a121R)yy + (a202R) 2> — (@111 R)y — (@102R) > — (a201R)z + 101 R,
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— (221 R) gy — (212 R) 5> — (a122R) 3y + (@112R) 2z + (a211R) aa
+(a121R) gy + (a022R)y> — (a111R) 5 — (ao21R)y — (ao12R). + ao11 R,
Dy = Rypyy — (a212R) pay — (@122 R) gy + (a112R) 5y + (@202 R) 22
+(ao22R)yy — (a102R) e — (a012R)y + a2 R,

Ds = Rygzz — (a221 R) gz — (@122 R) 222 + (@121 R)2z + (a220 R) 2
+(ao22R).> — (a120R)2 — (a012R) - + ao20 R,
—(
)

DS awLyz

D¢ = Ryy.» — (@221 R)yy> — (a212R)yz2 + (a211R)yz + (a220R)yy
+(a202R).. — (a210R)y — (a201R): + az00 R,

E1 = Ryyyzz — (0221 R) ayyz — (a212R) ayzz — (@122 R)yyzz + (@112R)yzz + (@211 R) oy
+(a121R)yy- + (a220R)ayy + (a202R) 222 — (a111R)yz — (a102R) 22 — (a120R)yy
—(a210R)zy — (a201R) x> + (a110R)y + (a101R) 2 + (a200R)z — a100 R,

Es = Rygyzz — (0221 R) oy — (4212 R) 2022 — (0122 R) a2z + (@112R) 22 + (@211 R) g2
+(a121 R) 2y + (a220R) 2wy + (a022R)yzz — (0111 R) 2z — (@120 R) 5y — (a210R)ax
—(ap21R)yz — (ao12R).2 + (a110R)z + (ao11R)» + (ao20R)y — ao10R,

E3 = Rypyy> — (0221 R) payy — (@212R) gayz — (@122R) zyyz + (@112 R) 5y + (a211.R) gy
+(a121 R)zyy + (a202R)zaz + (a022R)yyz — (@111 R)zy — (a102R) 2z — (0201 R) 2
—(ag21R)yy — (@012R)yz + (@101 R)z + (a011R)y + (aco2R) > — aoo1 R. (7)

Here aqp, depend on (z,y, z), while R and its derivatives depend on (z,y, z,{,n,s). The
derivation (6) is a heuristics problem. The easiest way to check the identity itself is the
direct calculation. Here we consider that R with its first there arguments satisfies the
adjoint equation (1)

L*(V) = Vaayyzezr — (a221V)zayyz — (211V )aayzz — (@121V)ayyzz + (@112V ) ayzz
+(a211V)zayz + (@121V )ayyz + (a220V ) zayy + (@202V) 2222 + (a022V ) yyz-
—(a110V)ayz — (@102V)zzz — (@120V ) gy — (@210V ) zay — (@201 V) aaz
—(ap21V)yyz + (a012V)yzz + (@110V )y + (@101 V) ez + (@011 V)yz + (@002V) 22

+(a020V)yy + (a200V )2z — (@100V )z — (a010V )y — (a001V) 2 — ageeV = 0. (8)

It directly follows from (5)that

Ai(z,y,2,2,y,2) = As(2,y, 2,2, 9, 2) = As(2, 9, 2,2, 9, 2)
= Bi(z,y,2,2,Y,2) = Ba(x,y, 2,2, 9, 2) = Bs(x,y,2,2,9, 2)
= By(z,y,2,2,y,2) = Bs(z,y,2,z,y,2) = C1(x,y, 2,2,y, 2)
= Csy(x,y, 2,2,y, 2) = Cs(x,y, 2, x,y,2) = Cax,y, 2,2,Y, 2)
=Cs(x,y, 2,2,y, 2) = Cs(x,y, 2, x,y,2) = Cr(x,y, 2,2,y, 2)
= Di(z,y,2,2,y,2) = Da(x,y, 2,2,y, 2) = Ds(z,y,2,z,y, 2)
= Dy(z,y,2,2,y,2) = Ds(x,y, 2,x,y, 2) = Dg(z,y, 2, z,y, 2)
= Ei(z,y,2,2,y,2) = Es(z,y,2,2,y,2) = E3(z,y,2,2,y,2) = 0. (9)
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Now, we put for (6) x =, y =0, z=7, ( =z, n=y. and ¢ = z, and calculate the
triple integral in the bounds zo < a < z, yo < 8 < y, 20 < ¥ < z from the right and left
parts. Here, taking into account the identity (9), boundary conditions (3) and the fact

that u(x,y, z) is the solution of the equation (1) we obtain the formula:

z Yy
Ugyz = / / / (Oé, ’Yaxayaz)d'ydﬁda+(plyZ(yaZ)R(anyvzvx’:U?Z)
Zo “YYo v 2o

F122(2, 2) R(x, 90, 2,2, Y, 2) — P1y= (Y0, 2) R(20, yo, 2, 2, Y, 2)

012y (2, y) R(2, Y, 20, 2,Y, 2) = P1y2(Y, 20) R(T0, Y, 20, 7, Y, 2)

— Y1222, 20) R(2, Yo, 20, T, Y, 2) + @142 (Y0, 20) R(20, Yo, 20, T, Y, 2)

—A1 (0, Y, 2)p1y (Y, 2) — A1(x, yo, 2) Y1y (x, 2) + A1 (0, Yo, 2)p1y (Yo, )

— A1 (2, Y, 20)0zy (2, y) + A1(20,9Y, 20) P14 (Y, 20) + A1(2, Yo, 20)¥12(, 20)
—A1(wo, Yo, 20) 1y (Yo, 20) — A2(20, Y, 2)P12(y, 2) — A2(@, Yo, 2)Vay (2, 2)

+A2(20, Yo, 2) 12 (Yo, 2) — A2(2, Y, 20)6h12(2, y) + A2(20, Y, 20) 1y (Y, 20)

+

As(x, 90, 20)012 (2, yo) — A2(z0, Y0, 20)P12 (Y0, 20) — As(x0, Y, 2)py=(y, 2)
—Asz(z,y0, 2)¥12(2, 2) + A3(x0, Yo, 2)¢12 (w0, 2) — Az(x,y, 20)01y (2, Y)

+

(
(
(
(
(
As(xo,y, 20)b1y(z0,y) + As(x, Yo, 20)V12(2, 20) — Az(xo, Yo, 20)V12(T0, 20)
Bi(zo,y,2)¢:(y, 2) + Bi(x,y0, 2)¥: (2, 2) — Bi(wo, Yo, 2)¢= (Yo, 2)
Bi(z,y, 20)01(z,y) — Bi(o,y,20)01(z0,y) — Bi(@, Yo, 20)01(z, yo)
(
(
(
(
(
(
(
g(c

+ 4

(
+B1(20, Y0, 20)01 (0, Yo) + Ba2(xo, y, 2)p1(y, 2) + B2(x, Yo, 20) 12 (2, 2)
—Ba(z0,Y0, 2)¢1(Y0, 2) + B2(2, 9y, 20)0(z,y) — Ba(o,y, 20)91(y; 20)
—Ba (2, Y0, 20)02(x, o) + B2(z0, Yo, 20)¢1 (Y0, 20) + B3 (20, ¥, 2)i0y(y, 2)
Bs (2, yo, )¢ (2, 2) — Bs(wo, Yo, 2)11 (w0, 2) + Bs(z, y, 20)0y (2, y)
—Bs(20,Y, 20)¢y (Y, 20) — Bs (2, yo, z0)¥1 (@, 20) + B3 (20, Yo, 20)¢1 (20, 20)
—Ci(zo,y,2)p(y, 2) — C1(z,y0, 2)¥(x, 2) + C1 (20, Yo, 2) (Yo, )
—Ci(x y,Zo) (2,9) + C1(zo0,y, 20) (Y, 20) + C1(x, Yo, 20)1(x, 20)
—C1(w0, Yo, 20)(Yo, 20)

+

{Bg (v, yo, 2)¥12(av, 2) + Bs(a, y, 20)01y (e, y) + B (v, yo, 20)112 (v, 20)
o
—C@(O{, Yo, 2)¢1 (Oé, Z) - 06 (Oé, Y, ZO)ey(aa y) + Cﬁ(aa Yo, ZO)¢1 (Oé, ZO)
—Cr(a, yo, 2)=(a, 2) — Cr(a,y, 20)01 (o, y) + Cr (v, Yo, 20)01 (v, o)

+D3(Oé, Yo, 2)1/)(0% Z) + Dg(Oé, Y, 20)9(04, y) - D3(Oé, Yo, 20)7/1(047 ZO)}da
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Y
+/ {B5(1’)67ZO)9193($7B)+B5(x07ﬂ7z)¢12(672)7B5(1'056)ZO)801Z(6’ZO)
Yo

*02(9307572)302(622) 702(x7ﬂ720)91(x ﬂ)+02(930,ﬂ,20)91(930, )
_05(-%0757'2)(101(572)_05($5ﬁ720)9$($ ﬁ +C5($Oaﬁ720)§0 (ﬁaZO
+D2(I05ﬁ72)§0(ﬁ7’2)+D2($aﬁazo)9($a )_DQ(IQ,ﬁ,ZO) ( y 20 }dﬁ

z

{B4(1’0; Y, V)CPIy(ya 7) + B4(I’, Yo, ’Y)l/flz(ﬂ% 7) - B4(LL‘0, Yo, ’7)301y(y0a ’7)

20

—Cs(x0,y,7)ey (Y, Y) — C3(z,y0,v)¥1(x,7) + C3(x0, Yo, 7)1 (w0, 7)
—Cu(z0,y, 7)1y, 7) — Ca(x, Y0, 7))V (x,7) + Calwo, y0,7)e1(Y0,7)
+D1(20,y,7)e(y,7) + Di(x,90,7)¥(2,7) — D1(x0, Y0, V)¢ (Yo,7) tdy

/ / {D4 (0% 6720 91( ﬂ) - El(aa6720)9(aaﬂ)}dﬂda
+/10/z {D5(a’y0a7)w1(a”7) - Eg(()é, ay0,7)¢(aa’7)}d7da
+/y/ {Ds (0, B,7)¢1(8,7) — Er(z0, B,7)p(B,7) }dvdp. (10)

Hence, marking the right part (10) without the first addend as H(x,y, 2, z, y, ), we come
to the solution of the problem under our consideration (1) and (3):

u(z,y,z) - +w x Z) +9(l‘ y) <,0(yo, ) 1/1(99 ZO) 79(1‘07 )+¢(y0a20)

/ /yo/z H(e, 8,7, @, ,7)dvdfdo

+/ / / / / R(tl,t2,t3,a,ﬁ,’y)F(fl,tg,t3)dt3d’ydt2dﬁdt1da. (11)
ZoJxo Y Yo Yo v 20 20

Smoothness (differentiable) conditions (2) for coefficients of the equation (1) provide be-
longing to the solution class C?T2+2(D). If we consider the functions ¢, p1,v, 11,6, 61as
derivatives we many consider (10) and (11) as a general representation of the solution for
the equation (1), in the similar way as it is done in [15] for the equation with the higher
derivative u,,. Therefore, our results may be formulated as follows:

Theorem. The Goursat problem for the equation (1) with the boundary conditions
(3) and conditions (4) has the solution which is written by means of the formula (11).

Special cases

Formulas (10) and (11) provide for the solution of the problem (1)under the conditions
(3) in quadratures if the explicit form R is known. We shall mention some of these cases
that were obtained by means of direct solution (5).

Let us consider seven coefficients of the equation (1) age1, a212, a122, @112, G211, G121,
aq11 as different from zero while all the others are identically equal to zero. Here (5) has
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the same form as the equation (4) from the paper [11]. We consider that the following
identities are satisfied:

Hasag Oazzo
+ as0a121 — a120 = 0, + az20a211 — G210 = 0,
dy dy (12)
Oai21 B Oai20 _
+ aiz1a211 — a1 =0, + aizo0a211 — ayio = 0.
dy dy

Then, it follows from [11] that the Riemann function has the form:

Y

R(z,y,2,(,n,5) = exp {/ a22o(C,77’7)d7+/C a121(04,ﬁ,z)da+/ a211(a,ﬁ,2)dﬁ]
S n

If the last identity (12) is non-zero but of the product A(x)u(y)v(z) and when
asep = A(z) + dxy, aiz1 = B(x) +0yz, a1 = C(y) + dzz,
by using the formulas (18) and (25) from [11] we obtain the following

R(may727<77’7§) = RO(may727<77’7§)0F2(17 ]-aw)a

where ¢Fs- is the generalized (distributed) hyper-geometrical function (see, [16] pp,20)
while

z

Ry = exp| /C " Bla)da + / " oB)as + / A()dy + 8(zyz — (o)),

o= /< " Aa)da /ﬁ ’ u(ﬁ):lﬁ / ) V(v)dvg

In the similar manner we can also calculate V' in other cases when in (5) only one of
coefficients aqg-, having a defined structure, is different form the identical zero.
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