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SINGULAR RIGHT FOCAL BOUNDARY VALUE PROBLEM
WITH GIVEN MAXIMAL VALUES

YU TIAN AND WEIGAO GE

Abstract. In this paper, we prove existence results for the singular problem (—1)" P (®,,z("~1)’
(t) = pf(t,z(t), ..., V@), for0 <t <1, 2P0)=0,i=0,1,...,p—1, (1) =0, i = p,
p+1,....,n—1, max{z(¢t) : t € [0,1]} = A. The paper presents conditions which guarantee that
for any A > 0 there exists pa > 0 such that the above problem with © = pa has a solution
z € C"71([0,1]) with @,,(z(""P) € AC([0,1]) which is positive on (0,1). Here the positive
Carathédory function f may be singular at the zero value of all its phase variables. Proofs are

based on the Leray-Schauder degree and Vitali’s convergence theorem.

1. Introduction

The right focal boundary value problems has been widely studied by a number of
authors in recent years. For details, see [1, 7, 8, 9, 10, 15] and the references therein.
However the boundary value problems treated in the above mentioned references are not
allowable to process singularity. For studies about higher-order singular boundary value
problem, we refer to [2, 3, 4, 5, 6, 17].

Agarwal, O’Regan and Lakshmikantham studied the existence of solutions for right
focal boundary value problem in [3]:

(1) Py = o) f(t,y, ...,y Y), n>2, te(0,1),
y(0)=0, 0<i<p-1, (1.1)
yD(1)=0, p<i<n-—1,

where f € C([0,1] x (0,00)?, (0,00)), f(t,%0,---,Yn—1) may be singular at y; = 0, 0 <
i<p—1,¢¢€C(0,1) with ¢ >0 on (0,1) and ¢ € L[0, 1], ¢ may be singular at t = 0
and/or 1. However, by assuming that f has the following increasing condition

Z hl(uz) < f(t,’LLQ, . ,up_l) < Zgi(ui) + r(u) (1.2)
i=0 1=0
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on [0,1] x (0,00)P with h; > 0 continuous and non-increasing on (0,0c0) for each ¢ =

0,...,p—1, g; > 0 continuous and non-increasing on (0,00) for each ¢ = 0,...,p — 1,
and r > 0 continuous, nondecreasing on [0, 00), here |u| = max{ug,u1, ..., Un—1}.
1 .
/ @(5)gi(kisP™")ds < oo for each i =0,...,p — 1, (1.3)
0

here k; > 0(i =0,...,p — 1) are constant, and
if z > 0 satisfies z < ag + bor(z) for constants ag > 0 and by > 0, (1.4)

then there exists a constant K (which may depend only on ag and by) with z < K.

The authors obtain an existence result. In fact, condition (1.4) implies the degree of
variable u in the term r(u) must be smaller than 1.

In [6], the singular problem (—1)"2z®™ (t) = uf(t, z,...,z?*=2), 229 (0) = 22)(T)
=0, (0<j<n-1), max{z(t) : 0 <t < T} = A depending on the parameter x
is considered. The existence of at least one positive solution was obtained under the
assumption

2n—2 2n—2
Fltwo, -y wna) < O(8) + Y g5 (O)w; () + D hy(t)]a;]™
7=0 7=0

for a.e. t € J and for each (xo, ..., %an—2) € D, where ¢, h; € L1(J) and ¢; € Loo(J) are
nonnegative, w; : Ry — R, are non-increasing, o; € (0, 1).

Motivated by the above results, we consider the right focal boundary value problem
in the following form

(=1)" P (@ () (1) = puf (8, 2(t), ..., 2™7I(),  0<t<1, (1.5)
D0)=0, i=0,1,....p—1, z9D1)=0, i=pp+1,...,n—1 (1.6)
Together with the boundary conditions (1.6), we discuss the condition

max{x(t) : t € J} = A, (1.7)

where ®,,7 := |2|" 2z,m > 1, &, is the inverse operator of ®,,, where % + % =
1,n>2.

Let J = [0,1], R_ = (—00,0), Ry = (0,00), Ro = R\{0},

R+X"'XR+XR+XR,X"'XR+, n—p:2k+1,

P n—p
Ry x--+XxRyxRyxR_x---xR_, n-p=2k.

D =

p n—p

Nonlinearity term f satisfies local Carathédory conditions on J x D(f € Car(J x D))
and may be singular at the zero value of all its phase variables. By using Leray-Schauder
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degree theory we get a new result on the existence of solutions to boundary value prob-
lem (1.5)-(1.7). The method of obtaining priori bound of solution is different from [3,
6] In addition, the maximum degree of some variables among xg,...,%,—1 in function
f(t,zg,...,xn_1) are allowable to be 1.

Let A € R*. By a solution of BVP (1.5)-(1.7) we understand a function z € AC"~1(J)

(i.e., x has an absolutely continuous (n — 1)st derivative on J) such that
(i) 2®(t) > 0 on (0,1] for i = 0,...,p — 1 and (—=1)>*P~%z()(t) > 0 on [0,1) for
1=p,...,n—1,
(ii) z satisfies boundary conditions (1.6)(1.7),
(iii) there exists pa € Ry such that z fulfills (1.5) with u = pa for a.e. t € J.

By a solution of BVP (1.5), (1.6) we understand a function x € AC?"~1(J) such
that z(V(t) > 0 on (0,1] for i = 0,...,p — 1 and (—1)"""F12@=P=9(¢) > 0 on [0, 1) for
i=p,...,n— 1, z satisfies boundary conditions (1.6) and (1.5) holds a.e. t € J.

The purpose of this paper is to give conditions which guarantee the existence of a
solution to BVP (1.5)-(1.7) for each given A € R,.

From now on, ||z|| = max{|z(t)| : t € J}, ||z|1 = fol |z(t)|dt and ||z||cc = essmax{
|z(t)] : 0 < t < 1} stands for the norm in C°(J), L1(J), and Lo (J), respectively. For
any measurable set M C R, (M) denotes the Lebesgue measure of M.

The assumptions imposed upon the function f in (1.5) are listed as follows:

(Hy) f € Car(J x D) and there exists nonnegative functions ¢ € L1(J),q € Loo(J),
and continuous functions g; : [0,1] x R® — R*(i = 0,...,n — 1) and non-increasing
nonnegative continuous function w; : Ry — R such that for (t,z) € J x D,

n—1 n—1
i=0 i=0
where
lim sup Lxl)k =qw; >0, k;are any constants in (0,1),i=0,...,p— 1,
|zi|—00 1e0,1] (Pm (|2i]))*i
(1.9)
and (t.2:)
. gi\l, T4 .
lim sup ————==03;>0, i=p,...,n—1, (1.10)
|zi]—o0 te[0,1] o (|7il)
and w; satisfies
1 4 1
/ w;i(sP7)ds < 00, 0 < i <p—1, / wi(Pi(s))ds < oo, p<i<n-—1, (1.11)
0 0

where

P(t) = m /t (o oris,, ( /9 1 qb(r)dr) o),

and there exists A > 0 such that

wilwy) < Awy(@)wi(y) for @,y € (0,00). (1.12)
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The paper is organized as follows. Section 2 presents the priori bound of BVP (1.5)-
(1.7). Besides, we prove that some sets of functions containing solutions of our auxiliary
regular BVPs are uniformly absolutely continuous on J. Section 3 deals with auxiliary
regular BVPs of problem (1.5), (1.6), (1.7). First we prove the existence of solution by
applying the Borsuk antipodal theorem and the Leray-Schauder degree (see, e.g. [12]).
Then we prove the existence of solution for problem (1.5), (1.6), (1.7). Proof is based on
the Arzela-Ascoli theorem and the Vitali’s convergence theorem, see, e.g. [11, 12, 14].

2. Auxiliary Results

Lemma 2.1. If y is a solution of BVP (1.5), (1.6), then y(t) is a fized point of the
operator

1 1
(Ty)(t) = (—1)"7”71/ G(t,s) P (/ f(0,y(0),. .. ,y(”l)(ﬁ’))d9> ds, (2.1)
0 s
where G(t, s) is the Green’s function of the following BVP

V() =0, te(0,1),
P0)=0, i=0,....p—1, zP1)=0, i=p,....,n—2,

and G(t, s) can be expressed as

G(t,s) (n —2)! niz (n Z 2) fi(—s)n=i=2,  0<t<s<l
i=p
Furthermore,
(—1)"*1’*15—;G(t,s) >0,i=0,...,p—1, 02)
(—1)”_i_16—i.G(t,s)20, i=p,...,n—2, (t,5) € JxJ. |

ot

Proof. By integrating the equation in (1.5) from ¢ € [0,1) to 1 and using z(* =1 (1) =
0, we obtain that

(1) PP, (s (1)) = — / F(6,9(0), ...y™ D (0))db,

ie.

y ) = ()" gy (/tl f(0,y(0), ... ,y("”(@))d@) :
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By [15] we have the result is true.

Remark 2.1. Tt follows from (2.1) (2.2) that

(i) F _
yD(t) >0, i=0,....p—1, te(0,1]
{ (2.3)

(=) Py (t) >0, i=p,...,n—1, t€][0,1).

As in [5], for each m € N, define X, 9, € C°(R), Ry, C R and f,,, € Car(J x R")
by the formulas

uw, for u><L,
m

i Ei
—, for u< -,

1 1
—--, for u>7T
u, for u<—=-,

om(u) =

[ Xn(w), for n—p=2k+1,
Tm(u){gam(u), for n—p =2k,
and
fm(tawa"axnfl)

p—1

=o(t) + ZQi(t)wiGXm(wi)D + @p()wp (| Xm (7p)]) + gpr1 (O)wpr1 (|@m (Tpr1)])

+- 4+ anl(t)wnfl(h—m(mnfl”) + i gz(ta xz)
=0

for (t,zo,...,xn-1) € J x R™. Hence

0< ¢(t) < fm(tvxoa s 71'n71)

n—1 n—1
< é(t) + Z qi(t)wi(|zi]) + Z 9i(t, x) (2.4)
=0 i=0
for a.e. t € J and each (zo,...,z,—1) € Rj.

Consider auxiliary regular differential equation

(@ma ™Y (8) = pfn(t 2(D), .., 2D (1)) (2.5)
depending on the parameters 4 € R and m € N.

Lemma 2.2. Let m € N, then
D) > P70, i=0,...,p—1; (=170 > P(t), i=p,...,n—1, (2.6)

on J for any solution x of BVP (2.6), (1.6), where = (—1)"—P~! fol G(1,8)P,
( I8 ¢(9)d9) ds.
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Proof. By [2] we have
zD () > 7 x@W(1) forte J, i=0,...,p—1. (2.7)

Applying the inequality ||| > ||z||,i =0,...,n — 1, and (2.1), (2.2) to (2.7) we get

1 1
2O (1) > 0[] = (1) > (~1)nP L / G(1, ), ( / w(e)de) s
0 s
=, (u)tP~'T

forte J,i=0,...,p—1.
On the other hand, by (2.3) we have (—1)"Pz(™(t) > ¢(t),t € J. Integrating the
above inequality from ¢ to 1, we get step by step

(9 _ t)n7i72
(n—1i—2)!

(=1)2n=P=igl) (4) > /t1 D, (/91 d)(r)dr) do = Pi(t), i=p,...,n—1.

Lemma 2.3. Suppose that assumption (H,) is satisfied, m € N and A € R*. Denote
fix = Oy (£). Then there is no solution in BVP (2.5), (1.6), (1.7) for u > ..

Proof. Suppose z(t) is a solution of BVP (2.5), (1.6), (1.7). By (2.1) and (2.4) we
have

x(t) = (—1)" Pt /01 G(t,s)Ppy <u/sl fm(ryx(r), ... ,xnl(r))dr) ds

> (-t G )b (nf 1 o(r)ir ) ds.

max{z(t):t € J} > (=1)""P71d,, (1) max/o1 G(t,s)Ppy < 51 qb(r)dr) ds

teJ

ie.

= Oy ()T = A,

which contradicts to (1.7).
Lemma 2.4. Suppose 0 < u € L'[0,T],0 < € L*°[0,T] and
T
u(t) < K +/ u(s)(s)ds,t € [0,T], K > 0.
t

Then u(t) < K exp ftT P(s)ds, Vte[0,T].
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Proof. Let G(t) = K + ftTu(s)z/J(s)ds, then G'(t) = —u(t)yY(t) > —(t)G(t), i.e.

> —i)(t).

Integrating the above inequality from t to T" we have
T
InK —InG(t) > —/ P(s)ds,
t

ie. G(t) < Kexp ftT (s)ds. Then u(t) < G(t) < K exp ftT P(s)ds.

Lemma 2.5. Let assumption (Hy) be satisfied and A € Ry. Then there exists a
positive constant P depending only on A such that for any solution x of BVP (2.5), (1.6)
with a p € Ry satisfying

max{x(t) :t € J} = XA, A€ (0,1], (2.8)

we have
1< iy and ||z < P for0<j<n-—1, (2.9)
where p, is defined in Lemma 2.3.
Proof. Let z be a solution of BVP (2.5), (1.6) with u € Ry satisfying (2.8) for some
A € (0,1]. Then by Lemma 2.3, u < @,y (A) s and so p < fi.

Following we will show ||zU)|| < P, j = 0,...,n — 1. We finish the proof by three
steps.

Step 1. It follows from boundary condition that

xmayzé(é_?%;!(l(ifiméimﬁh”wmw)@,i:ow“m—L(zm)

(71)2"*p*i:c(i)(t):/t %Iﬂ"”(ﬂ)ld& i=p,...,n—2. (2.11)

It follows from (2.11) that

—i—1
| (i)(t)| < w| (n—l)(t)| i 1 (2.12)
x S i) T , 1=DP,...,M . .

From (2.10) we have

1
p—i—Dl(n—p—-1)

2@ < 2D, i=0,...,p—1. (2.13)

Step 2. Prove |z("~VD(t)| < Pt € [0,1].
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For any small € > 0, there is § > 0 so that

lgs(t, )| < (as + €)(Py(|25]))* uniformly for ¢ € [0, 1], k; € (0,1) and |z;| > 6,
1=0,...,p—1,

and
lg:(t, ;)| < (Bi + €)Pp(J2;]) uniformly for ¢ € [0,1], and |z;] > 4§, i =p,...,n— 1.

Let, for i =0,...,n —1,
Ari = {t:t€[0,1],[z:(t)] < 0},
Ag;={t:tel0,1],|z:(t)| > I},
gsi = tE[O,Iﬂ?)z(ilﬁtsgi(t’ x;).

For some m > 0,1 € [0, 1],

(=) P(D,, 2 DY () = pfn (8, 2(t), . .., 21 (). (2.14)

Integrating the above equality from ¢ to 1, noticing Lemma 2.2, (1.9), (1.10), (2.4) and
(2.12) (2.13) we have

D, (Jz" D (1)) < H*/t #(s) + i%(s)wi (sP7'T) + i: gi(s)wi(Pi(s)) | ds
))ds (s,x (@) ds
+Z/ tl] +Z/ t1] ( ))
<A+§:%Z+§:/‘ o sx”(»@)
4 o 2~ (0)]
“gg‘“;( i) (‘I””(@ Tl - p1>>)
/ Z Pi+e) (%) ‘I)m(|ﬂf("1)(8)l)dS] ,

ki

< p

a0 < (€40 (2n(a200) ) + [ B a0

where

=0

1 p—1
= [ )4 2 sl (57) (T +ZH%”°°“’ ! ] )
0
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C= 2 AJF”ZIQM] ,
i=0
D= 2#*]:2_;1(% +¢) <(I)m <(p—i— 1)!1(n_p_ 1)!>)k,_- |

By Lemma 2.4 and keep in mind k; € (0, 1), so there exists P(which does not independent
on A) such that |2("=1(0)| = |2~V || < P.

Step 3. Prove ||| < P fori=0,1,...,n—1.
By (2.12) (2.15) and Step 2, we have

. P
Ol —— < p
o) £ s < P

P
<P, fori:=0,... — 1.
m—p-Dlp—i—1n — Tl

Thus ||z || < P fori=0,1,...,n— 1.

fori=p,...,n—2,

=] <

Lemma 2.6. Let assumption (Hq) be satisfied and A € Ry. Let BVP (2.5), (1.6),
(1.7) has a solution ., for each m € N with p = pm, in (2.5). Then the sequence

{Mmfm(ta Im(t)a s 71‘57?_1)(0)} - Ll(J)

is uniformly absolutely continuous on J, that is for each € > 0 there exists § > 0 such
that

,um/ Fn(t, xm (), ...,V (8))dt < e
M
for any measurable set M C J, u(M) < 6.

Proof. With respect to (2.5) and properties of measurable sets, it is sufficient to
verify that for every ¢ > 0, there exists > 0 such that for any at most countable set
{(aj,b;)};es of mutually disjoint intervals {(a;,b;)}jes with > (b; —a;) < d, we have

jeJ

for each m € N,

b n—1 . n—1 .
Z/ $(t) + > ai(®willz)) + Y it 2 ()| dt < e. (2.15)
jEJ Vi i=0 i=0

By Lemma 2.2 we have

D) > P '®(t), i=0,...,p—1, teJ

; 2.16
28O > P). i=p.n—1 tel o
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In addition by Lemma 2.4
=) < P, i=0,....p—1. (2.17)
From (1.12), (2.16), (2.17) we have

>/

jeJ

n—1

o0+ GO (D) gult, 2 (1)) | de
1=0 0

1=

b, p—1 . n—1
<>/ oM D T O R ) s ()

jegva (t,z)€(0,1]x[0,P]

By (Hi), we know that ¢,h; € Li(J),qi € Loo(J), [y wi(t?~¥)dt < 00,i = 0,...,p —
1,f01 wj(Pj(s))ds < o00,j = p,...,n — 1. Consequently, for each ¢ > 0 there exists
d > 0 such that for any at most countable set {(a;j,b;)},cs of mutually disjoint intervals

(aj,bj) C J with Z (bJ — aj) < 4. So (2.17) holds.
JjeJ

3. Existence results

Theorem 3.1. Suppose that the assumption (Hy) is satisfied and A € Ry. Then for
each m € N there exists a solution x,, of BVP (2.5), (1.6), (1.7) with p = pm in (2.5),
and

|z < P formeN,j=0,...,n—1 (3.1)

and
0 < fim < fx. (3.2)

Proof. Fix m € N. Set
Q={(z,p) : (x,p) €C™(J) x R, |z || < P+1for j=0,...,n—1,|ul < pa +1}.

Then  is a bounded, open and symmetric with respect to (0,0) subset of the Banach
n—1 .
space C™(.J) x R endowed with the norm ||(z, )| = 3 ||z || + |p|. Define the operator

F1:Q— C"(R) x R by

=0

1 1
Falo,p) = ((1)”“ / G(t, )P (u / Fnlra(r), .. ,z<”1><r>>dr> ds,
0 s
max{z(t) :t € J} + min{z(t) : t € J} + p),
where G is defined in Lemma 2.1. We first show that

D(I*fl’Q,O)#O, (33)



SINGULAR RIGHT FOCAL BOUNDARY VALUE PROBLEM 327

where D stands for the Leray-Schauder degree and Z is the identity operator on C™(J) x
R. To prove (3.3) we define the operator H : [0,1] x Q — C"~!(J) x R,

O =107 [ G [N+ [ () s ] s,
Amax{z(t:t € J)} + min{z(t) : ¢t € J} + (1 — N)x(1/2) + ).

Then
H(Oa —Z, 7:”’) = <(1)np1/0 G(t, S)q)’m/ (‘LL)dS, 71’(1/2) - ‘LL) = *H(O,l’,ﬂ)

for (z,u) € Q and so ‘H is an odd operator. Due to the fact that f,, € Car(J x R"~1),
H is a compact operator. Assume that H (Ao, zo, po) = (o, to) for some Ao € [0, 1] and
(w0, po) € 0. Then

zo(t) = (4)%?*1/0 G(t, )P [M@Ao)ﬂm()/ fm(r,xo(r),...,xg”—”(r))dr] ds

(3.4)
for t € J and

Mo[max{zo(t) : t € J} + min{zo(t) : t € J} + (1 — Xo)wo(1/2) = 0. (3.5)
Also from (2.3) it follows that
20(0) = 0, zy(t) > 0,t € J.
So xo(t) > 0 for ¢t € (0,1) and min{xg(t) : t € J} = 0. Therefore

Mo[max{zo(t) : t € J} +min{zo(t) : ¢ € J} + (1 — Xo)z0(1/2)
= Mo max{zo(t) : t € J} + (1 — Ao)zo(1/2) > 0,

contrary to (3.5). If po < 0, then zo(t) < 0 for t € (0,1). By (2.3) z0(0) = 0,2,(0) <
0,t € J, so max{zo(t) : t € J} = 0. Hence

Mo[max{zo(t) : t € J} +min{zo(t) : ¢ € J} + (1 — Xo)z0(1/2)
=)o mln{xo(t) 1t e J} + (1 — )\0)$0(1/2) <0,

contrary to (3.5). If po = 0 and then (3.4) gives zo = 0. Consequently, (xo, o) = (0,0),
contrary to (2o, o) € 9. The Borsuk antipodal theorem and the Leray-Schauder degree
theory lead to D(Z — H(0,-,-),§,0) # 0 and

D(T - F,Q,0)=D(Z —H(1,-,),Q,0) = D(Z — H(0,-,-),,0)

which implies (3.3).
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Finally, let F : Q — C™(J) x R be defined by the formula

Flz,p) = ((1)"”1 /1 D,y { / fm(rz(r), ..., ™=V (r))dr| ds,
max{x(t) : tEOJ}erm{:c yiteJ}—A+u).
We claim that to prove our theorem it is sufficient to verify:
D(T — F,Q,0) # 0. (3.6)

In fact, if (3.6) is true, then there exists a fixed point (Z, i) € Q of the operator F. Hence

f(t) = (71)n7p71/0 G(ta S)q)m’ |:ﬁ/ fm(rv E(T)a cee 7x(n71)(7n))dr ds (37)

for t € J and

max{Z(t) : t € J} + min{Z(¢) : t € J} = A. (3.8)
Moreover, i > 0 since in the case of i < 0 (3.7) and Lemma 2.1 gives for Z(¢) < 0 for
t € J, so max{Z(t) : t € J} = 0, contrary to (3.8). Therefore (see (3.7)) Z is a solution
of BVP (2.4), (1.6) with 4 = & in (2.4), and for ¢t € (0,1). So min{Z(t) : t € J} = 0.
Then, by (3.8), max{Z(t) : t € J} = A, and we see that T is a solution of BVP (2.4),
(1.6), (1.7).

In order to prove (3.6) we consider the operator H : [0,1] x @ — C™(J) x R,
1
H()\,SL',,LL) = ((1)np1/ m/ |: / fm T, l‘ . az(nil)(r))dr dS,
0
max{z(t) : t € J} + min{z(t) : t € J} — NA+ p)
Then, H(1,-,-) = F,H(0,-,-) = F1 and, by (3.3),

Assume that H(A1, z1, 1) = (21, p1) for some Ay € [0,1] and (1, 1) € 0N If 3 =0
then from the equality

x1(t) = (—1)"_”_1/0 G(t,s)Pp {,ul/ fm(ryze(r), ... ,xgnfl)(r))dr ds,  (3.10)

for t € J, we get 1 = 0, contrary to (z1,p1) = (0,0) € 9Q. let 3 < 0. Then (see
(3.10)) x1(t) < 0 on (0,1) and max{xi(¢) : ¢ € J} = 0, contrary to max{z;(t) : t €
J} + min{z1(t) : t € J} = MA. hence p; > 0 and then z; is a solution of BVP
(2.5), (1.6) with max{z(t) : t € J} = AA. Moreover, by Lemma 2.5, ||£L'(IJ)|| < P for
0<j<n-1and0< p < pu. Consequently, (x1,u1) € 99, a contradiction. we have
proved F(A, z, u) # (z,p) for each A € [0,1] and (x, 1) € 012, and since H is a compact
homotopy,

D(I*J’T7Q,O):D(I7H(1,,),Q,O)ZD(I*H(O,7),Q,O)
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and then (3.9) gives (3.6), which finishes our proof.

Theorem 3.2. Suppose the assumptions(H;) be satisfied and A € Ry. Then there
exists a solution of BVP (1.5), (1.6), (1.7) for each A € Ry.

Proof. For each m € N, there exists a solution z,, of BVP (2.5), (1.6), (1.7) with
a = um by Theorem 3.1. Consider the sequence {z,}, {ttm}. By Lemma 2.2, Lemma

2.5, {:c } {tm} are bounded for ¢ =0,...,n — 1.
For tl,tQ S J,tg < tl,

2D (1) — 27D (t)|

— (} /Otl ,umfm(t,:vm(t),...,xﬁ,’j_l)(t))dtD
P <‘ /;2 fimfon(ts o (), - - ,zg,f;—”(t))dt‘) .

We can use Lemma 2.6 and obtain that the sequence fip, fin (¢, Zm (1), . ngfl)(t)) is
umformly absolutely continuous on J. Moreover by the continuity of ®,,, we have
{ T }n - is equi-continuous on J. The Arzala-Ascoli theorem guarantees the existence
of a subsequence, such that {xmk} {ftm, } is convergent in C™(J) and R respectively.
Let khm Ty, = T, hm fm, = M, then x € C"~1(J), z satisfies boundary condition (1.6),
(1.7) and0<u<u*

We now prove (—1)""P~1z(=1(t) > 0,¢ € [0,1). If not, there exists ¢; € (0,1) such
that

(=) P > 0.t € [t,1), (=) P e D@) = 0,t € (0,t4] (3.11)

From (2.3) we obtain z(? has at most one zero & on [0,4] for i = 0,...,p— 1. Now
from the construction of f,,, € Car(J x R"1) it follows that there exists a set M €
J, (M) = 0 such that f,, (,,...,-) are continuous on R"~! for each ¢t € J \ M which
implies that

kh—{go Mmkfmk (t7xmk (t)7 : 'Ssk 1)( )) = ﬁf(t,x(t), T ’x(n_l)(t))

for ¢t € [0,¢;]\ M. By Lemma 2.6 {tim, fm, (t, Tm, (£),. :Es,?k 1)(t))} is uniformly abso-
lutely continuous on [0,#;]. Then ff(t,z(t),..., ="~ 1)( )) € L0,t1] and

t1

t1
klin;o g S (8smp (8)y vy 5,2; U(s))ds =i f(s,z(s),...,2" "V (s))ds
- t t

for t € [0, t1] by Vitali’s convergence theorem. Noticing :cgff,: 1 (t1) is bounded, we assume

it is convergent, and let hm x(n 1)(t1) = d. Taking the limit as £ — oo in the equality

ty
Z%L;:U(t) - :L'%Ll:l) (tl) - (71)nikq)m/ (,ufmk / fmk (Ta Ty, (T)v s 71'%1 1)( ))dT)
t
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we get
) V@) =d — (=1)"FD,, <ﬁ/ttl f(r2(r),... ,z<"1>(7))d7)

There are two cases to consider:

Case(i) If i = 0.2"=Y(t) = 0 for t € [0,t;], and the equality (=Y (t;) = 0 yields
d = 0. Hence 2(»~1(t) = 0 for ¢ € J, contrary to (3.10).

Case(ii) If 7 > 0. By (2.4), we have

1
|xf§;1)(t)| > @y (Mmk/ ¢(9)d9) ke N (3.12)
t

Letting k — oo in (3.11) we have

1
D @) > @y (ﬁ / ¢<9>d9) ded
t

Hence [z("~V(t)] > 0 for t € [0,1), contrary to (3.11). Thus |z~ Y (¢)] > 0 for

t € 10,1). So z®(t) > 0,0 < i < p—1on (0,1],(=1)>"P2®{) > 0,p < i <
n —1 on [0,1). Noticing {z%’,:l)(O)} is convergent. Let klim m%’,:l)(O) = d. Since
{tomy, frog, (6 Ty, (£, - - - ,ngf,:l))} is uniformly absolutely continuous on J and

klim on, fg, (6 Ty, (£) - - 7$§7?k_1)(t)) = pft,z(t),. .. 7$(n_1)(t))'

By the Vitali’s Convergence theorem to get fif (¢, z(t),..., 2"~V (t)) € L1(J) and letting
k — oo in the equality

m%lljl)(t) = 9357?,:1)(0) + (*1)nik@m/ <Nmk /lt S (85 @y (5), - .. 7xfnk1(s))ds> yted
0
we get
R t
V) =d+ (—1)" D, (ﬁ/ f(s,z(s),. .. ,x”l(s))ds) ,ted (3.13)
0

Iffi = 0. 2V (¢) = dfor t € J and condition 21 (1) = 0 givesd = 0. So 2 (¢) =0
for t € J. Without loss of generality, we suppose ||z | = z(¢;).

, G-De 1) — -1 ,
||1,(’L)|| > X (gz—l) X ( )‘ N ”x(z—l)”’ 0<i <p-— 1
Gi—1
and (i-1) (i-1)
- =D (1) — 2l-D(G _ .
o) > [P > a0, psign
— Gi—1

Thus [|2@| > 20D > --- > ||z = A,0 < i <n — 1. The fact 2(»~V(t) =0 for t € J
contradicts [|z("~ V|| > A.
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If 7 > 0 and from (3.13) we see that x € AC"~1(J) and =z satisfies (1.5) a.e. on .J.
We have proved that z is a solution of BVP (1.5)-(1.7) with u = i in (1.5).

4. Example

Example 4.1. Let us consider the following fourth-order boundary value problem

(@ (¥ (1)) = p 1*t+iqi(t)y[%+go()Sm(%(yo))% i i(1) P (yi) |
=0 €, S (4.1)

y(0) =0, ¥'(1)=y"(1) =y (1) =0,

with max{y(t) : t € [0,1]} = A, ¢; € L([0,1]),9; € C[0,1],m =3,p=1for i =0,1,2,3.
Corresponding to BVP (1.5)-(1.7) we have

3
;

_1
Fty0,y1,y2,03) = 1—t+ > qi(t)y; ° + go(t) sin(®a(yo))?
1=0

(I)S yz

H'Mu

where ¢(t) = 1_t’wi(|yi|) = |yi|_%ai =0,1,2, 3,go(t, yO) = go(t) Sin(q)3(y0))%agi(ta yi) =
gz(t)q)3 (yz)az =1,2,3.
Then for any A > 0, there exists pa < p. = ®3(£) such that BVP (4.1) has a
solution y € AC3([0,1]).
To see (4.1) has a solution y € AC3([0,1]), we apply theorem 3.2, It is easy to verify
(H1) .40
go\l, Yo
e o0y @l )72

(T
lim sup 9i(t, y:) = sup g;(t) >0,
lyil =00 te(0,1] P3(|ysl) t€[0,1]

1
/w,( Pi(s))ds < o0, i =1,2,3
0

hold. So applying Theorem 3.2, for any A > 0, there exists p4 such that BVP (4.1) has
a solution y € AC3([0, 1]).
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