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THE DEGREE OF APPROXIMATION OF FUNCTIONS, AND THEIR
CONJUGATES, BELONGING TO SEVERAL GENERAL LIPSCHITZ
CLASSES BY HAUSDORFF MATRIX MEANS OF THE FOURIER
SERIES AND CONJUGATE SERIES OF A FOURIER SERIES

B. E. RHOADES

Abstract. In this paper Hausdorff matrix approximations are obtained for a function and
its conjugate belonging to any one of several generalized Lipschitz classes.

1. Introduction

A number of papers have been written dealing with the degree of approximation of the
Fourier series representation of a function, or a conjugate function, by means of the matrix
product of (C, 1), the Cesaro matrix of order one, with (E, g), the Euler matrix of order q. (See,
e.g. [1] - [5], [7], and [8].)

In (3] three degree of approximation results were obtained for the product of an Euler
matrix (E, q) with a Hausdorff matrix and the trigonometric approximation of the conjugate of
a function belonging to certain Lipschitz classes. Since the product of two Hausdorff matrices
is again a Hausdorff matrix, these theorems suggest that it is possible to prove these results
using a single Hausdorff matrix. The main purpose of this paper is to show that this conjecture
is true.

A function f € Lip(a) if [f(x+ £) — f(x))]| = O(t%) for 0 < @ < 1. A function f € Lip(a,r)
if {fozn If(x+1)— f(x)lrdx}”r = O((1)(r = 1), where ¢ is a modulus of continuity; i.e., ¢ is a
nonnegative nondecreasing continuous function with the properties £(0) = 0 and ¢(t, + 1) <
(1) +&(f). A function f eLip(E,r) if {ff7 1f(x+ 1) — fFOI"dx}'" = O (D) (r = 1), where ¢
is a modulus of continuity; i.e., ¢ is nonnegative, nondecreasing, and continuous with the
properties {(0) = 0,& (1 + 12) < {(#1) +E(12).
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Let f(x) be a 2n-periodic function, Lebesgue integrable on [0, 2] and belonging to any

of the Lipschitz classes defined above. The Fourier series for f(x) is given by
1 X 1 &
fx)=—-ay+ Z(ancosnx+bnsinnx)= —ap+ Z Ay (x), @))]
2 n=1 2 n=1

with nth partial sum s, (f; x).

The series
oo oo
Z (apcosnx—bysinnx) = — Z B, (x) 2)
n=1 n=1

is called the conjugate series of series (1), with nth partial sum §,(f; x).

A Hausdorff matrix is a lower triangular matrix with nonzero entires

n
h — An—k ,
nk (k) 1993

where A is the forward difference operator defined by Apx = pp—pies1, and A" Ly = A(A ).
A Hausdorff matrix is regular; i.e. is preserves the limit of each convergent sequence, if and
only if

1
fo ldy ()] < oo,

where the mass function y € BV[0,1], y(0+) = x(0) and y(1) = 1. In this case the u; have the

representation
1
,unzf u"dy(u).
0

For any sequence {s,},

n
Iy = Z Rk Sk-
k=0

The norm L" = ||||" is defined by

1 2= 1/r
il ={ | ireorar”, r=

and the degree of trigonometric approximation H,(f) will be denoted by

Hn(f) :minllf— tnllr.

The norm || ||‘;) on the class of functions L(’ 0 is defined by
IfC+D)—fOI"

© _
171 = sup =17




DEGREE OF APPROXIMATION 391

For any regular Hausdorff transform, and y (¢, x) denoting one of the Lipschitz condi-

tions,

YD Zh esin(k+ = )tdt

(F)n = f(x) = o sin(z#/2) =,

=L+, say.

ForO<t<1/(n+1),|sint| <1, andsin(¢/2) = (¢t/m). Therefore

1 [+ "orln k sin(k+1/2)¢
L] =|— , n- - @
In] ﬂmfo wnn ) | (k) (- " dy ==
1/(n+1) n . . sin(k+1/2)t
SE A |1//(x,t)|z (k) 1-uw |dX(u)|T|dt
1 1/(n+1) n—k
sgf |1//(x,t)|Z ( ) u) |dx(u)|—dt
1 l/n+1) |w(x 0| “k
- _ )" Fldy(w)ldt
2/0 | kZO —w)" " ldy(w)

1/(n+1) 1/(n+1)
_HI |y (x, t)l|dt:0(f |y (x, t)lldt) 3)
0

1 (7 ) ! )
L=— v D f "k - wFdy ImEe * 2 ay
27 J1i(n+1) Sin(t/2) {ZpJo \k

1 (7 0 ! n )
_ 1 1{/(x ) Im[z n uk(l_u)n—kel(k+l/2)t]dx(u)dt‘
27 J1/(n+1) SIn(/2) Jo i—o\k

n (n . . n (n ueit n

Z (k)uk(l_u)n—ket(k+1/2)t:(l_u)nelt/zZ( )( _u)

k=0 k=

n itl2 ue'
—(1-w"e (1+1_ )
=e'"2(1 - u+ue')".
Define
1g(w, 1 = [Im[e""* (0 —u+ue™)"| < r"(u,1), 4)
where

rz(u, t)=(1—u+ucos L‘)2 + (usin t)2
=1-2u+2u(l—-u)cos r+2u’ = 1-2u(l—u)+2u(l—u)cost

=1-2u(l-u)(1—cost)=1—4u(l - u)/sinz(t/Z)
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= (1 —4u(l — w)sin®(t/2) + cos?(t/2)
= (1-2u)?sin®(¢/2) + cos®(t/2)
< (sin(£/2))? + cos(£/2))*> = 1. (5)

Using (4) and (5),
g ly (x, t)Ih(l‘)dt

1/(n+1) 1?
where h(t) =sin(z/2) = O(1). Hence h(t) = O(n+ 1), and it then follows that

1 T
I=0(— ][ 2ar
n+17J1/mn+1)

o)
n+l’a-1

|| = O(1)

’

1/(n+1)
_ 1 1 a-1 _ —a
_o(n+1)o(n+1) =0((n+1)79.
Theorem 1. The degree of approximation of a function f belonging to the class Lip(,r) by

means of the Fourier series (1) satisfies
1 r ¢
H)p- W =0ol— f ———dt),
Il In f(x)“r (I’l+1 Vin+1) tzu(t) )
where (1) and u(t) are the modulus of continuity such that

v oE(t) ﬂ
o tu(r) uv)

dt:O( ), O<v<m.

Proof. From properties of the class Lip(¢, r) established in [3], (3) becomes

~ 1/ (n+1)
111 = 0(ulyh) 2 o),
and (6) becomes ;
PN (1)
1l1=0(; 5 fl/(n+1) ulyD tzu(t)dt)‘
Thus
~ £/ (n+1) 1 (7 £(t)
I = £ = Oy = )+ 0 — fmm ully) 5, d),
and

H), - 1 1 1 T

sup Il (H)p = ()l :O( ¢/ (n+1) )+O( f f(t) dt).
u#0 u(lyh u(l/(n+1) n+1Ji/m+1) t7u(r)

Since ¢ and u are moduli of continuity such that £(#)/u(?) is positive and nondecreasing,

1 f” &) dt>§(1/(n+1))( 1 )fﬂ dr_ §1/(n+1)
n+1Juymeny Pu®  u@/(n+D)\n+1)Jipey 2 2ul/(n+1)

Then

/A

&/ (n+1)) :O( 1 f ¢ dt),
u(l/(n+1)) n+1J1/m+1) 2u(t)

and the conclusion follows. O
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Theorem 2. Let(f) be a modulus of continuity such that

@dt—O(f(v)), O<v<m. (6)
0

If f:10,2n] — R is 2m-periodic, Lebesgue integrable on [0,2r] and belongs to the class
L, r)(r 2 1), then the degree of approximation of f by the Hausdorff means of its Fourier series
(1) is given by

1 T t
I(H), - fl, = (Tlfl/( +1)%dt) for n=0,1,2,....

Proof. Applying condition (7) to (3), I; takes the form

1/(n+1)
n=(f ) =olel )

L= O( 1 fl/(n+1) E(t)d )

and, using (6), I, becomes

n+l 2
Note that
1 T t 1 1 T 1
f PP ¢ )f —dt
n+1Jim+n ¢ (n+1) " \(n+D/Jyym+ny t
1 1 1 1
= 1- > —=C|—].
€(n+1){ (n+1)n}>2€((n+1))
It then follows that
1 1 T ¢(n)
=0 Zdt
‘(((n+1)) ((n+1) U+ 12 )
and the conclusion follows. Oa

Theorem 3. If f : [0,27] — R is 2w -periodic, Lebesgue integrable on [0,2r] and belongs to the
class Lip a, then the degree of approximation of f by a regular Hausdorff mean of its Fourier
series (1) satisfies, forn =0,1,2,...,

17, flloo = ess sup {7, (x) -

0=x=<2m

~ Oo(n+1)™),0<ax<1,
f0o} —{

log(n+1)m _
o) a=1

Proof.

In this case, ¥ (x, t) = t%. Therefore, from (3),

1/(n+1)
I = O(fo t“_ldt) —0((n+1)79).
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Using (6),
1

/A
L= o( )f 124t = 0(n+1)"9).
n+1/Ji/n+1)

If « = 1, then one obtains the result that

log(n + l)n)‘ -

1D = f(@lleo = O = 5

Theorem 3 is Theorem 1 of [6]. However, the proofin [6] contains computational errors.

We now consider the corresponding results for the conjugate series (2).

1 Ut "o(n) g cos(k+1/2)t
Ll=|— N 1-w" P ——— " |aywadt.
|| |2nf0 W(x )kgo(k)u (1-u Sn(2) x ()

Since |cos(k +1/2)| <1, and sin(¢/2) = ¢/, (3) is unchanged.

For the conjugate series (2), I, takes the form

4

n 1
b= END (”)u"(l—u)”"‘dx(u)
i=odo \k

cos(k+1/2)t
¥dl’
27 J1/(n+1)

sint/2

1 [T xt) (L& (n
L y(x, 1) Y "uka -k aywRe(e® 120 ar
271’ U+ SINE/I2 )y =

1 (™ ywon ! =(n ok n—k, (k+1/2)0)
S g Re{) ur1-u)"" e Hdy(wdt
27 J1/(n+1) SINt/2 Jo k:()(k) X

@,folm[emzu w" Z( )((1_";)’6]dt

and one obtains the same expressions as (4) and (5). Therefore |I;| takes the same form as

I HI
< —
2 S+

(6). Consequently the analogues of Theorems 1 - 3 for the conjugate series take the following

form.

Theorem 4. The degree of approximation of a function (f) , belonging to the the Li p(&, 1) class
by the Hausdorff means of the conjugate series (2) is given by

Vi, f|| ( 1 fﬂ &) dt),

+1 )11y PPu(r)

where (1) and u(t) are the moduli of continuity such that

(1) di= (f(V)

. Tun ey )) O<v<m.
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Theorem 5. Let{(f) be a modulus of continuity such that

f f(—tt) =0¢Ww), O0<v<m.
0

If f belongs to the class Lip(&, ) (r = 1), then the degree of approximation of f by the Haus-

dorff means of the conjugate series (2) is given by

- ~ 1 7 t
1D~ il = O f ﬂdt], n=012,....

n+1Jimeny 12

Theorem 6. If f : [0,271] — R is 2 periodic, Lebesgue integrable on [0,27] and belongs to the
class Lip a, then the degree of approximation of f by the Hausdorff means of the conjugate

series (2) satisfies, forn =0,1,2,...,

_ ~ _ - on+1)7% O<ax<l,
(Hp) = flloo=ess sup [(Hy) - fl=

0<x<27m O(flo(gr(lriq)la)’ a=1.

Theorems 4 - 6 are generalizations of Theorems 1 - 3 of [3].
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