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CLASSES WITH NEGATIVE COEFFICIENTS AND STARLIKE
WITH RESPECT TO OTHER POINTS II

SUZEINI ABDUL HALIM, AINT JANTENG AND MASLINA DARUS

Abstract. A class S;T (o, 3,0, k) of functions f which are analytic and univalent in the open
unit disk D = {z : |z| < 1} given by f(z) =z — > 57 ,a, 2" and satisfying the condition

L <] 2D e

f(z) = f(== z) = f(=2)

for0<a<1,0<8<1,0<0< % < k <1,z € D, is introduced and studied. An analogous
class S;T(«, 8,0,k) and S} T (a, 3,0, k) are also examined.

1. Introduction

Let S be the class of functions f which are analytic and univalent in the open unit
disk D = {z: |z| < 1} given by

f(2) =24 anz" (1)

and a, a complex number. Let S’ be the subclass of S consisting of functions given by
(1) satisfying
2f'(2) }
Re { —————— >0, z€D.
{f (2) = f(=2)

These functions are called starlike with respect to symmetric points and were introduced
by Sakaguchi [4]. El-Ashwa and Thomas [2] obtained various results concerning functions
in S} and two other classes namely the class S} of functions starlike with respect to con-

jugate points and the class S}, of functions starlike with respect to symmetric conjugate
points.

Now, we denote 7 the class consisting of functions f of the form

f) ==Y ans” @)
n=2
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where a,, is a non negative real number.

For f € 7, Halim et al. [3] studied the class S?T(a, ), 0 < a < 1,% < p <
1, consisting of functions f € 7 and starlike with respect to symmetric points. An
analogous results are also obtained for the class ST («, ), 0 < a < 1, % < pg <1,
consisting of functions f € 7 and starlike with respect to conjugate points and the class
SrT(a, ), 0<a<l, % < 3 <1, consisting of functions f € 7 and starlike with respect
to symmetric conjugate points.

For this paper, we consider a class S*T(a, 5,0,k), 0<a<1,0<(3<1,0<0<
% < k < 1, consisting of functions f € 7 and starlike with respect to symmetric points
as follows:

Definition 1. A function f € S¥T(«, 8, 0,k) if it satisfies

o (2)
&) - F(—2) ’“‘ </ ‘ &) — ()

forsome0§a§1,0<ﬁ§1,0§a§%<k§1andz€D.

— (20— k)

An analogous results are also obtained for the class of functions f € 7 and star-
like with respect to conjugate points and functions starlike with respect to symmetric
conjugate points. These classes are defined as below:

Definition 2. A function f € S¥T(«, 8, 0,k) if it satisfies

ozf'(z) (20 — k)

“Nro+70

‘f(z) + f(2)
forsome0§a§1,0<5§1,0§a§%<k§1andz€D.
Definition 3. A function f € S.T(«a, 5,0, k) if it satisfies

azf'(2)

e R

\ )
() =72

.

forsome0§a§1,0<5§1,0§a§%<k§1andz€D.

2. Coefficient Inequalities

We first state some preliminary lemmas, required for proving our result.
Lemma 1.([5]) If f € T then > o>, nla,| < 1.

Lemma 2. If f € T then Y o~ , (na+ (k —20)(1 — (—=1)")) |a,| < o+ 2(k — 20).
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Proof. We note that

oo

Y (na+ (k—20)(1— (=1)")) |an]

n=2

_ Z na |an| + Z(k —20)(1— (=1)") |ax|

7042 |an| + (k= 20) Y (1= (=1)")an]

n=2

< a(l) + (k—20)2(1) =a+2(k—20), by (Lemma 1),

as required.

Lemma 3. If f € T then Y o, (na+ 2(k — 20)) |an| < a+ 2(k — 20).
Proof. We note that

oo

Z (na+ 2(k — 20)) |an|

n=2

—Z na |an|+z k—20) |ay]
:az n|an|+2(k720)z ||
n=2

n=2

a(l)+2(k—20)(1) = a+2(k — 20), by (Lemma 1),
as required.
For S*T(«, 8,0, k), we have the following:
Theorem 1. Let f € T. A function f € ST («, B,0,k) if and only if

oo

(14 Ba)n Bk —20)(1—(-1)") — k(1 - (=1)")
> (6(2(k20)+a)(2k1) T Rk —20) ra) — (k1) )“" s1

n=2

3)

f0r0<a<1l<6<1and0<o< <k<1.

Proof. First we prove the ‘if’ part. We adopt the method used by Clunie and Keogh
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[1]. We write

21'(2) = k(f(2) = f(=2))| = Blazf'(2) — (20 = k)(f(2) — f(=2))]

o

=[(1=2k)z =Y (n— k(1L = (=1)"))anz"| = B|(2(k — 20) + @)z

n=2

ZnaJr —20)(1 = (=1)"))anz"|

<> (n— Y Nlan|r™ + (2k — 1)r — B2(k — 20) 4+ a)r

n=2

Z (na+ (k—20)(1 = (=1)"))|an|r"

n=2

—D)")lan|+ 2k = 1) = B(2(k — 20) + @)

\M8

- Zﬂ(na + (k= 20)(1 = (=1)")lanl|r

= [+ Bayn + Blk = 20)(1 = (=1)") = k(1 = (~1)"))an

(e 20) ) — 2 D)

<0 by (3).
Thus,
z2f'(z) —k
OmieD)
<p
a2 (2)
a7 — (20 —F)

and hence f € ST («, 3,0, k).

To prove the ‘only if’ part, we write

S
ook
e
a7 — (20 —F)

M UL (-1)")ane"!
20k —20)+a—> ", (na+ (k—20)(1 — (=1)"))a,z"""

< p.

Since f is analytic, continuous and non constant in D, the maximum modulus principle
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states that

‘ (=2 -3, (= k(1= (- ))anznl
20k —20)+a—> ", (na+ (k—20)(1 —

)
1) Zn—l
} 2k_1+2n2(”_k(1—(—)))an2
2(k — 20) =3, (na+ (k—20)(1 — (—1)"))a,z""t

Qk—l )+ 30t (n = k(1 = (=1)"))]an||2]" "

~2(k - 20)+0< Yoy (na+ (k—20)(1 — (=1)" ))|a ||zt
2k -1+ 7, (n—k(@1 - (=D)"))apr"" ()
20k —20) +a—> ", (na+ (k—20)(1 = (=1)"))a,r"! '

by (Lemma 2)

<

Since f € S¥T(«, B,0,k) and |z| < r < 1, we obtain

(2k— 1)+ 307 (n— k(1 = (=1)"))anr"!
{Z(k —20)+a—> o, (na+ (k—20)(1—(=1)"))a,r"! } <p

for any z € D. Now letting » — 1 in (4), we obtain

2k~ 1)+ (0~ k1~ (~1)")a,

<p <2(kz —20)+a— Z (na+ (k—20)(1 — (—1)n))an>

n=2
and hence, we obtain

(1+ Ba)n Bk —20)(1 - (=1)") —k(1 - (=1)")
Z=:< F—20)ta)— (k-1 Bek-20)ta) - (k-1 )“"Sl

as required. This completes the proof of the theorem.
Remark 1. We note that the case 0 < 8 < % remains open.

The result in Theorem 1 is sharp for functions given by

L B@(k —20) +a) — (2k — 1) o
fn(Z) = (1 + ﬂa)n + ﬂ(k — 20)(1 — (*1)71) - k(l - (71)71) 7 =%

Corollary 1. If f € StT(«, 8,0,k) then

B2(k — 20) + a) — (2k — 1)
T+ payn+ Bk —20)(1 = (1)) — k(1 - (=1)")

n > 2.

Next, similar coefficient properties for functions which belong to ST («, 5,0, k) and
Sr.T(«a,B,0,k) are obtained. Similar method of proving is used for Theorem 2 and
Theorem 3.
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Theorem 2. Let f € T. A function f € S¥T(«, 8,0,k) if and only if

,;2 (B(Q(k —20)+a)—(2k—1) + B2k —20) + @) — (2k — 1)) an, <1 (5)

foro<a<1,i<pB<land0<o<i<k<l.

Proof. First we prove the ‘if’ part. We write

|2/ (2) = K(F(2) + FED)| - Blazs'(2) = Qo = W)U (2) + TB)|

=1[(1—-2k)z— Z(n —2k)an2"| — B|(2(k — 20) + )z — Z(na +2(k — 20))an,z"|
n=2 n=2

< Z(n —2K)|an|r™ + (2k — V)r — B(2(k — 20) + a)r + Z Blna + 2(k — 20))|an|r"

n=2 n=2

<D _(n—2k)|an| + (2k — 1) = B2k — 20) + @) + Y _ B(na +2(k — 20))|an]]r

n=2 n=2

=D (14 Ba)n +2(B(k - 20) = k))an — (B2(k — 20) + ) — (2k — 1))]r

n=2
<0 by (5)
Thus,
2f'(z)
f(2)+f(2)
’ < ﬁ
ezl _ (95 — k)
F(2)+f(2)

and hence f € ST («, 3,0, k).
To prove the ‘only if’ part, as before we write

zf'(2)

fova P (1—2k) — 3°°°, (n — 2k)anz""" iy
%'(f% (20 —k)| [2(k—20)+a-3.2, (na+2(k—20))anz"|

Since f is analytic, continuous and non constant in D, the maximum modulus principle
states that

‘ (1—2k) =3, (n—2k)a,z""!
2(k —20) +a—> 07, (na+ 2(k — 20))apz"1

n=2
(2k—1)+ >0, (n—2k)a,z""1
2(k —20) +a— >0, (na+ 2(k — 20))apz"1

n=2

(2= 1)+ 355 (1 2R a2l

T2k —20)+ -7, (na+2(k — 20))|a,||z|*1’
(2k—1)+> 7, (n—2k)a,r" ! .

20k —20) +a—> 7", (na+2(k — 20))anr™! '

by (Lemma 3)
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Since f € S¥T(«, B,0,k) and |z| < r < 1, we obtain

(2k —1) + > 2y (n = 2k)anr" !
{Q(k —20)+a—> ", (na+2(k—20))a,r"! } <0 )

for any z € D. Now letting » — 1 in (6), we obtain

(2k—1)+ i (n—2k)a, <p (2(k —20)+a— i (na+2(k — 20))an>

n=2 n=2

and hence, we obtain

> (1+ Ba)n 2(8(k —20) — k)
> (B(Q(k 20) 1 a)— 2k —1) " B0k —20) T a) = 2k = 1)) an <1

n=2

as required. This completes the proof of the theorem.
The result in Theorem 2 is sharp for function f, given by
B2k —20)+a)— (2k—1)

) =2 = T Bayn + 26— 20) — B ©

Corollary 2. If f € S*T(«, 8,0,k) then

W < BR(k—20) +a) — (2k 1)
" (L4 Ba)yn +2(B(k —20) — k)’

n > 2.

For completeness, we state the following result with regards to the class S¥.T(«, 3,
o, k).

Theorem 3. Let f € T. A function f € SX.T(a, 8,0,k) if and only if

oo

3 (1+ Bajn LBk —20)0 - ()M - kA - (UMY
=\ B2k —20) +a) — (2k—1) B2k —20)+a)— (2k—1) "=
f0r0§a§1,5<6§1 and0§0§%<k§1.

The result in Theorem 3 is sharp for functions given by

B2k — 20) + @) — (2k — 1)

In(&) = 2 = A ayn + Bl —20) (1 — (~1)%) — k(I — (—D")

Corollary 3. If f € S:.T(«, 8,0, k) then

B2k — 20) + @) — (2k — 1)
(1+ Bajn + Bk —20)(1 — (=1)") — k(1 — (=1)") ’

an <

n > 2.
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3. Growth Theorem
A growth property for functions in the class S¥T(a, 8,0, k) is given as follows.

Theorem 4. Let the functions f be defined by (2) and belongs to the class S¥T(«, 3,
o,k). Then for {z:0 < |z| =r < 1},

CBR(k—20)+a)—(2k-1) , Bk —20)+a) = (2k—1) ,

<[f@l<r+

2(1 + Ba) "= 2(1+ fa)
The result is sharp.
Proof. First, it is obvious that
2(1 + Ba) =
B2k —20) +a) — (2k—1) nz:;“"
- (14 Ba)n Bk —20)(1 - (=1)") — k(1 - (=1)")
§§<ﬁ(2(k—20)+a)—(2k—1) + B2k —-20)+a)—(2k—1) >an,

and as f € S*T(a, B, 0,k), using the inequality in Theorem 1 yields

> B(2(k — 20) + a) — (2k — 1)
;2 Gn = 2(1+ fa) ' ®)

From (2) with |z| = r(r < 1), we have

[f(z)] <r+ Zanr” < T+Zanr2
n=2 n=2

and
o0 oo
lf(z)| >r— Zanr” >r— ZanTQ.
n=2 n=2

Finally, using (8) in the above inequalities, give the result in Theorem 4.
The result in Theorem 4 is sharp for functions given by
B2k —20)+a)— (2k—1) .2
2(1 + fa)

f2(2) =2 —

at z = £r.
Next, similar growth results for functions which belong to S*T'(«, 5,0, k) and S*.T(«,
0,0, k) are obtained. Similar method of proving is used for Theorem 5 and Theorem 6.

Theorem 5. Let the functions f be defined by (2) and belongs to the class S¥T(«, 3,
o,k). Then for {z:0 < |z| =r < 1},

B2k — 20) + a) — (2k — 1)

- Bk —20)+a)— (2k—1)
"7 90+ Ba) + 2(B(k — 20) — k) '

PSS g s v e = 20) = F)
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The result is sharp.

Proof. First, it is obvious that

2(1+ Ba) + 2(8(k — 20)
B2k —20) +a) — (2k—1) Za”

(1+ Ba)n 2(8(k —20) — k)
<Z( 720) )(2k1)+6(2(k20)+a)(2k1))a"’

and as f € SXT(a, B, 0,k), using the inequality in Theorem 2 yields

oo

B2k — 20) +a) — (2k — 1)
2 9 S Ay By 1 3B 90) k)

n=2

From (2) with |z| = r(r < 1), we have

o0 o0
2)| < r+Zanr” §T+Zanr2
n=2 n=2
and
o0 o0
2)|>r— Zanr” > — ZanTQ.
n=2 n=2
Finally, using (9) in the above inequalities, give the result in Theorem 5.
The result in Theorem 5 is sharp for functions given by

B2k —20) +a)— (2k—1)

fo(z) =2 — 2(1+ Ba) +2(B(k — 20) — k) ¢

at z = =£r.
For completeness, we state the following result with regards to the class S7.T(«, 3,
o, k).

Theorem 6. Let the functions f be defined by (2) and belongs to the class ST («, 3,
o,k). Then for {z:0 < |z| =7 < 1},

PR @) =@k b BEHE=20) ) k=)

2(1 + Ba) - 2(1+ Ba)

The result is sharp.

The result in Theorem 6 is sharp for functions given by

Bk —20) +a)— (2k—1)
2(1 + Ba) :

fo(z) =2 —

at z = +£r.
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