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RECOVERING DIFFERENTIAL PENCILS ON GRAPHS
WITH A CYCLE FROM SPECTRA

V. YURKO

Abstract. We study boundary value problems on compact graphs with a cycle for second-
order ordinary differential equations with nonlinear dependence on the spectral parame-
ter. We establish properties of the spectral characteristics and investigate inverse spectral
problems of recovering coefficients of the differential equation from spectra. For these
inverse problems we prove uniqueness theorems and provide procedures for construct-
ing their solutions.

1. Introduction

In this paper we study inverse spectral problems for second-order differential pencils on
compact graphs with a cycle. Inverse spectral problems consist in recovering coefficients of
differential equations from their spectral characteristics. The main results on inverse spectral
problems for ordinary differential operators on an interval are presented in the monographs
[1]—[5]. Differential operators on graphs (spatial networks) often appear in mathematics, me-
chanics, physics, geophysics, physical chemistry, biology, electronics, nanoscale technology
and other branches of natural sciences and engineering (see [6-7] and the references therein).
Inverse spectral problems for Sturm-Liouville operators on compact graphs have been stud-
ied fairly completely in [8] —[14] and other works. Differential pencils (when differential equa-
tions depend nonlinearly on the spectral parameter) produce serious qualitative changes in
the spectral theory. In particular, there are only a few works on inverse spectral problems for
differential pencils on graphs. In [15] an inverse problem have been solved for differential
pencils on trees (graphs without cycles). Inverse problems for differential pencils on graphs

with cycles have not been studied yet.

In this paper we investigate inverse spectral problems for second-order differential pen-
cils on compact graphs having a cycle under generalized matching conditions in interior ver-
tices and boundary conditions in boundary vertices. For these inverse problems we prove
uniqueness theorems and provide procedures for constructing their solutions.
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The paper is organized as follows: Properties of spectral characteristics are established
in Section 2. In section 3 algorithms for the solutions of the inverse problems considered are
provided and the corresponding uniqueness theorems are proved.

Consider a compact graph T in R™ with the set of vertices V = {vy,..., v}, r = 1, and

the set of edges & = {e,...,e;}, where vy,..., v, are the boundary vertices, vy is the internal
r

vertex, ej = [vj,vol, j = 1,1, [ ] ej = {vo}, and ey is a cycle. Thus, the graph T has one cycle
j=0

eo and one internal vertex vo. Let T}, j = 0,7, be the length of the edge e j- Eachedge ej € &

is parameterized by the parameter x; € [0, T;]. It is convenient for us to choose the following

orientation: for j = 1,7, the vertex v j corresponds to x; = 0, and the vertex vy corresponds to

xj=Tj; for j =0, both ends xp = +0 and xo = Tp — 0 corespond to vy.

An integrable function Y on T may be represented as Y = {y;} =0 where the function
vj(x;), x; €10,Tj], is defined on the edge ej. Letg= {qf}jzﬁ and p = {pf}jzﬁ be complex-
valued functions on T; the pair (g, p) is called the potential. Assume that g (x;) € L(0, T;), and

p;j(x;) is absolutely continuous on [0, T;]. Consider the following differential equation on T
Vi) + (0% +ppj () +q;(x)yi(x) =0, xj€(©,T)), 05)

where p is the spectral parameter, j = 0, r, the functions yi(x)), y} (x;) are absolutely contin-

uous on [0, T;] and satisfy the following matching conditions in the internal vertex vy:
r
Y00) =a;y;(T}), j=0,r, ¥6(0) = (iphoy + hoo) yo(0) = Zﬁjy}(Tj), 2)
j=0

where a; and f§; are complex numbers such that a; 5 # 0, 1+ agfo # 0. Matching conditions
(2) are a generalization of Kichhoff’s matching conditions [9]. Let us consider the boundary
value problem By := By(q, p, h1, hg) on T for equation (1) with matching conditions (2) and

with the following boundary conditions at the boundary vertices vy, ..., v;:
Uj(Y)=0, j=1,r. 3)

where U;(Y) := y}(O) —(iphj1+ hjo)y;(0), hji are complex numbers, hy = {hjk}j:O_,r’ k=0,1,
and hj # +1 for j = 1, 7. We also consider the boundary value problems By := Br(q, p, h1, ho),

k=1,r, for equation (1) with matching conditions (2) and with the boundary conditions
yk0)=0, U;(Y)=0, j=1,r\k.

We denote by Ak := {pkn}nez the eigenvalues (counting with multiplicities) of By, k = 0,r.
In contrast to the case of trees (see [9, 15]), here the specification of the spectra Ay, k =

0, r does not uniquely determine the potential, and we need an additional information. Let
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A_1 :={p_1,n}nez be the spectrum of the boundary value problem B_; for equation (1) under
boundary conditions (3) and matching conditions of the form (2), but with a@_; instead of ag

(a_1 # ap).

Inverse problem 1. Given Ag, k = —1,r, construct the potential (g, p) on T and the coeffi-

cients hy, hy.

Let Ar+1 :={pr+1,n}nez be the spectrum of the boundary value problem B, for equation
(1) under boundary conditions (3) and matching conditions of the form (2), but with f_;
instead of By (-1 # Bo)-

Inverse problem 2. Given Ay, k =0, r + 1, construct the potential (g, p) on T and the coeffi-
cients hy, hy.

For these inverse problems we provide constructive procedures for their solutions and
prove their uniqueness. We note that the coefficients a j, ; from (2) are known a priori and
fixed. Denote

k

zg =ao(1F ho) + Po, 25, = Aka1Z; +Prs1 [[ @y k=0,r—1.
j=0
We assume that z; z; # 0. This condition is called the regularity condition for matching. Dif-
ferential operators on T which do not satisfy the regularity condition, possess qualitatively
different properties for formulation and investigation of inverse problems, and are not con-
sidered in this paper; they require a separate investigation. We note that for classical Kirch-
hoff’s matching conditions we have aj = ; = 1, hox = 0, and the regularity condition is satis-
fied obviously.

Let us formulate uniqueness theorems for the solution of Inverse problems 1 and 2. For
this purpose together with By we consider boundary value problems Bk = Br(q, P, fll, fzo) of
the same form but with different coefficients. Everywhere below if a symbol a denotes an
object related to By, then @ will denote the analogous object related to By.

Theorem 1.1. IfAy = Ay, k=—1,r, then qg=q4,p=p, h1 = le, ho = fzo. Thus, the specification
of the spectra Ay, k = —1,r uniquely determines the potential (q, p) on T and the coefficients
hy, ho.

Theorem 1.2. If Ay = Ay, k=0,r+1, thenq =G, p = p, h1 = hy, hy = hy. Thus, the spec-
ification of the spectra Ay, k = 0,r +1 uniquely determines the potential (q,p) on T and the
coefficients hy, hy.

These theorems will be proved below in Section 3. Moreover, we will give constructive

procedures for the solutions of Inverse problems 1 and 2 (see Algorithms 3 and 5). In Section
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2 properties of the spectra, characteristic functions and the Weyl functions are investigated

for boundary value problems on the graph.

2. Auxiliary propositions

Denote Ex(xx) = 5 [ pe(t) dt, wi = T Ex(Tw), E*(p) =[T_gexp(Filp +w ) T)),
I* ={p: +Imp =0}, [} = {p: argp € [6,7 51}, 5 = {p: argp € [m+5,2n - 5]}. Fix k=1, 7.

Let @y = {P} be the solution of equation (1) satisfying (2) and the boundary conditions

j=or
Uj@) =6, j=1r, @

where § j is the Kronecker symbol. Denote M (p) := ®ix(0, p), k =1, 7. The function M(A) is
called the Weyl function with respect to the boundary vertex v;. Clearly,

Dy (xXk, ) = Sk (xXk, 0) + Mr(0) i (X, 0), Xk €10, Tel, k=1,r, (5)

where Si(xt,p), ¢x(xk,p), k = 0,7 are solutions of equation (1) on the edge e; with the ini-
tial conditions Si(0,p) =0, S,.(0, p) = ¢ (0,0) = 1, ¢}.(0,0) = iphy1 + hyo. For each fixed x; €
[0, T%], the functions SECV) (X, 0), (pgcv) (xx,p), v =0,1, are entire in p of exponential type, and
(@i (XK, p), Prr(xk, p)) = 1, where (y,z) := yz' — y'z is the Wronskian of y and z. For k =0, ,
v=0,1, xx €0, T¢], |p| = oo, one has (see [15]),

1-hyp
2

o\ (i, p) = (—ip)" exp(—i(pxx + Ex(xx)) 1]
. wlthi .
+(ip) Texp(z(pxk+£’k(xk)))[l]. (6)

Similarly, for k=1,7,v=0,1, x; € [0, T}), p € H;—', lp| — oo,

O (xx, p) = exp(£i (pxi + Ec () 1], @

1
(*ip) V(1 F hyy)
(1]

— k=1,r. 8
(+ip)(1F hgy) d ®)

My(p) =
Denote M}Cj(p) = D;(0,p), ng(p) = q);cj(O,p) —(iphj1+ th)chj(o,p). Then
@y (xj, p) = M} (p)S;(xj, 0) + My (D)@ (xj,0), X €10,T;], j=0,r, k=T,r. )

In particular, Mgk(p) =1, M]ik(p) = Mj(p), and ng(p) =0forj= 1,7\ k. Substitutingﬁ) into
(2) and (4) we obtain a linear algebraic system s with respect to Mltj (p),v=0,1, j=0,r.The

determinant Ay (p) of s does not depend on k and has the form

Bo(p) = d(p) [ [ (ajo;(Tj,p)) +do(p) ) (Big;(Tip)) [] (ajep;(Tj,p)), (10)

r r
j:1 i=1 j:L]?fl



RECOVERING DIFFERENTIAL PENCILS ON GRAPHS WITH A CYCLE FROM SPECTRA 199

where
d(p) = aopo(To, p) + PoSy(To, p) — 1+ aoPo),  do(p) = apSo(To, p)- (11)

The function Ay(p) is entire in p of exponential type, and its zeros coincide with the eigen-
values of the boundary value problem By. Solving the algebraic system s; we get by Cramer’s
rule: M]ij (p) = Aij (0)/Ao(p), s=0,1, j =0, r, where the determinant Aij(p) is obtained from
Ao (p) by the replacement of the column which corresponds to M fcj (p) with the column of free

terms. In particular,

Ar(p) —
M =- , k=1,r, 12
€e) Ao(p) d (12)
where
Ak(p) = d(p) (@ SK(Tp)  [] (Otj(Pj(Tj,p))+do(p)(,5kS;C(Tk,p) [1 (ajo;Tjp)
j=1,j#k j=Lj#k
+@iSk(Tep) Y. Bigi(Tip) ] (ajwj(Tj,p))),k=1,2. (13)
i=1,i#k j=1,j#i,k

We note that Ag(p) in (13) is obtained from Ay(p) by the replacement of (pgcv) (Tx,p), v=0,1,
with S;V)(Tk,p), v =0, 1. The function Ay(p) is entire in p of exponential type, and its zeros
coincide with the eigenvalues of the boundary value problem Bj. The functions Ax(p), k =

0, r, are called the characteristic functions for the boundary value problems Bj.

3. Solution of inverse problems 1-2

Fix k =1, r, and consider the following auxiliary inverse problem on the edge ey, which is
called IP(k).

I P(k). Given the Weyl function My (p), construct qy(xg), pr(xx), Xk € [0, Til, hg1, hio-

In IP(k) we construct the potential only on the edge e, but the Weyl function brings a
global information from the whole graph. In other words, I P (k) is not a local inverse problem

related to the edge ey. Let us prove the uniqueness theorem for the solution of IP (k).

Theorem 3.3. Fixk=1,r. If My.(p) = Mk(p), then qi(xx) = qr(xx), px(xx) = Pr(xx) a.e. on
[0, T], and hy,, = hy,, v = 0,1. Thus, the specification of the Weyl function My(p) uniquely
determines the potential (qy, px) on the edge ey, and the coefficients hy, hig.

Proof. We introduce the functions

Pk p) = (1 i ot DL, Gtk 0) = 9 0k, )Pk (51, p)), 5=1,2. (14)
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By direct calculations we get

@k (xk, 0) = P (xk, 0)Pr (X, ) + Py Xk, 0)P ) (X, ) (15)

Denote Qp (xy) = cosé"k(xk), where é"k(xk) = &r(xx) — Er(x1). Since M (p) = Mk(p), it follows
from (8) that
iy = I (16)

Taking (6), (7), (14) and (16) into account we obtain
Pl (xx, p) = 015Qr(xp) +O(p™Y), pe I3, |p| — 0o, x¢ € (0, Tx), s=1,2. 17)
According to (5) and (14),

Pl G p) = (1@ 0o )52 ek, ) = Sicvk, P (xk, )
+(VIi(p) = Milp)pic (e, )G (ke )
Since My.(p) = M (p), it follows that for each fixed xy, the functions Plks(xk, p) are entire in p
of exponential type. Together with (17) this yields Pfl (X1, p) = Qp(x1), sz (xk, p) = 0. Substi-

tuting these relations into (14) and (15) we get

(@1 (X ) i (X1, ) = @i (x5, 0)) ' Ppr (X, ), 8
O (Xk, p) = Qi (X )P (X1, ),

for all x; and p. Using the asymptotical formulae (6) and (7) we obtain for |p| — oo, p € I1%,

@k (X ) L oi (X, p) = exp(FEL (X [1],  @px (X, 0)) " Pk (X, p) = exp(+&x (x)) [1].

From this and from (18) we infer exp(Zg’k(xk)) = 1. Since é"k(O) =0, it follows that é"k(xk) =0,
ie. P11(xg,p) = 1, @x(xp, p) = @i (X, p), Prr(xXk, p) = Pix(xk, ), and consequently, g (xg) =
Gr(xr), pr(xr) = Pr(xx) a.e. on [0, Ty], and hyg = hgo. O

Using the method of spectral mappings [5] for equation (1) on the edge e one can get a
constructive procedure for the solution of the local inverse problem IP(k) of recovering the

coefficients gy (xg), pr(xr) and hy; (for details see [5], [15]).

Let the spectra Ay, k = 0,7, be given. The characteristic functions Ax(p), k = 0,7, are

entire in p of exponential type. By Hadamard’s factorization theorem,

Ak(p) = Brexp(Axp)di(p), k=0,r, (19)
Sr) = p* ] (l—i)eXp(p/pkn), k=0,r, (20)
nen Pkn
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where A’k ={n: prn #0}, and ¢ = 0 is the multiplicity of the zero eigenvalue. In view of (12),

we deduce
Ox(p)

bo(p)’
where by = B/ By, ar = Ax — Ap. Using (8) we calculate for p € I1

k=1,r, 1)

My(p) = —byexp(aip)

+
5 1Pl — o0

50(p)[1]
Sk(P)Fip)AF hyy)’

brexp(ayp) =

and consequently,

ar= lim —In

0
lpl—o0 ;1) (M)

elly, k=1r. (22)
Here and below we agree that if z = Izlei‘(, ¢€[0,2n),thenlnz =In|z|+ié, and /z:= Izll/zeif/z.

Denote
£ lim Oo(p) exp(—agp)

M= o 6x(p)(Fip)

elly, k=1,r.

Then by(1F hy1) = i, hence

T ST !

by k1= ,
2 My + 1

k=1,r. (23)

Thus, we have uniquely constructed My (p) and hg; by (20)—(23). Solving auxiliary inverse
problems IP(k) for each k =1, r, we find g (x¢), pr(xx), hx1 and hyg for k=1, 7. In particular,
this means that the functions (pgcv)(Tk, p) and S;CV)(T/C, p), k= 1,r, v=0,1, are known. Denote
x = exp(2iwg Tp). Using (19)—(20), one can uniquely construct the functions dy(p), d(p) and

Ao(p) by the following algorithm (see [18] for details).

Algorithm 1.
(1) Calculate Ay, k=0,1, by

e . Indr(p)
Ap=-KTFi Ti, x::= lim , 0 eIlz,
k k j;) PR R T pells
where 6. (p) is constructed by (20).
(2) Findoy, k=0,1, via

1 r exp(k; p)
- __T]aFh, Fiw;Tj) lim ———, 5
70 2rﬂjljl( " ]1)jl:[16Xp(+zw] ])Ipllinoo 6o(p) P
ok = L lL[(l_h ) [] expiw;T) lim PG P). eIy
- = + . + . . y _-
P g L e S ) (Fip) o

3) ConstructA;C—'(p) = U;C—’ exp(Arp)8r(p), k=0,1.
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(4) Calculate
+ 1 : -1 + +
dE(p) = E( [T(@jo;(Tj,p»)  (@1(T1, A% (0) - $1(T1,P)A ().
j=2

(5) Find )
+ Qo . exp(FipTp)
e b i sl

— lim — —, eIl:
2 Ipl—oo dy (p)(Fip)

5.
(6) Calculate y = (z;ra;;)/(zr_az), k=0,1.

(7) Construct A} (p) = zE x*V2A% (p), k=0,1.
(8) FindF{(p), s=1,2:

1

F (0) = (830081 (T1, p) - A{ (0) (T1, ).
1

F 0) = (01 (T p) 87 (0) = $1(T1, )03 (0).

(9) Calculate dj(p) and d*(p) by

r -1
ds ) = ([1(@jo(Ty,00) F (o),
j=2
r -1
a*(p) = ([ (ajo;(T;,00)
j=2

r

<(Fl ()= d3 (0 Y. (Bigi (T [ (@jo;(Tj,p)).
i=2 Jj=2,j#i

(10) Finde: )
1 . Zo VX . Zy ) i

B l T —~ipTo)—d* (p))-

£ 1+ aofo Ipll—n})o( > exp(ip 0)+2ﬂexp( ipTo) (p))

(11) Constructd(p) = ed* (p), do(p) = edy (p), Ag(p) = A;(p).

Let A_;(p) be the characteristic function of the boundary value problem B_;. Similarly
to (10) we calculate

A_l(p)=d_1(p)1‘[(ocj<pj(Tj,p))+do(p)E Y Bigi(Tip) [1 (@joi(Tjp), (24
j=1 Qo j=1 j=1,j#i
where
d_1(p) = a—190(To, p) + BoSy(To, p) — (1 + a1 Bo)- (25)

Since exp(iwg Tp) and hy; are already found, it follows that the function A_; (p) can be uniquely

reconstructed from its zeros by the following algorithm.
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Algorithm 2.
(1) Calculate A_y by

_ ln5—1(P) +
A = —x* +1E)T], xt ) _|pl|—>oo , pelly,
5_1(p) = p*! I1 (1— P )exp(p/p_l,n),
neA’ P-1,n
-1

where A | ={n: p_y, #0}, and{_; =0 is the multiplicity of the zero eigenvalue.
(2) Findo*, via

exp(k*, p)

, pellt
0051() P

Ufl H(1+h]1)l_[exp(+lw]T]) 11 5

or+1
2 j=

(3) Calculate B_, =0* zr— 1exp(FiwgTy), where z;f_l is obtained from z by the replacement
of ap with a_;.

(4) ConstructA_1(p) = B_1exp(A_1p)6_1(p).

Using (24) we find the function d_; (p). Denote

to(p) :==@o(To,p), w1(p):=So(Ty,p).

Taking (11) and (25) into account, one can calculate py(p) and u; (p) by the formulae

_d(p)—d_(p) _
,u()(/t))—i%_a_1 +Po, (p) =

d
o) (26)
a

The functions pg(p) and p; (p) are the characteristic functions for the boundary value prob-

lems
=¥ (x0) + (0% + pPo(X0) + Go(x0)) Yo(x0) = 0, Xg € (0, Tp), ¥6(0) = (i pho1 + hoo) o (0) = y(Tp) =0,

and
— ¥4 (x0) + (p2 + ppo(xo0) + go(x0)) yo(x0) =0, x0 € (0, Tp), y0(0) = y(Tp) =0,

respectively. It was shown in [16] that the specification of py(p) and p;(p) uniquely deter-
mines the potential (g, po) on the edge ey, and the coefficients of boundary conditions. More-
over, a constructive procedure for this inverse problem is given in [16]. Thus, we have ob-
tained a procedure for the solution of Inverse problem 1 and proved its uniqueness. In other
words, Theorem 1 is proved, and the solution of Inverse problem 1 can be found by the fol-
lowing algorithm.
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Algorithm 3. Let Ay, k=—1,r be given.
(1) Constructdy(p), k=-1,r by (20).
(2) Calculate My.(p) and hy1, k=1,r via (21)—(23).

(3) For each fixed k = 1,r, solve the inverse problem IP(k) and find the functions qi(xi),
Pr(xr), xx € (0, Tt) on the edge ey, and the coefficient hy.

(4) For each fixed k =1, r, calculate the functions (pgcv) (T, p), SECV) (Tx,p), v=0,1.

(5) Construct the functions d(p), dy(p) and Ay(p) by Algorithm 1.

(6) Find the function A_(p) by Algorithm 2.

(7) Calculate the function d_,(p) using (24).

(8) Construct the functions py(p) and i, (p) via (26).

(9) Find qo(x0), po(xo), xo € (0, T) and hoo, ho1 from p(p) and p2(p), using results from [16] .
By similar arguments one can solve Inverse problem 2. Indeed, let A,;;(p) be the char-
acteristic function of the boundary value problem B;.;. Then

r

Ar1(p)=dr1(p) [[ (@ (Tj,p) +do(p) Y (Big(Ti,p)) [] (@jei(T},p)), 27
j=1 i=1 j=1,j#i

where

dri1(p) = aopo(To, p) + B-1S4(To, p) — (1 + g B-1). (28)
The function A+ (p) can be uniquely reconstructed from its zeros by the following algorithm.
Algorithm 4.
(1) Calculate Ay, by

" Ind,+1(0)
[=J— + 1 r+1 +
Ar+1 :_Kr+1+lj§)Tf’ K1 = |p1|1£,noo T’ p €Ily,

5r+1(P)=P:H1 H (1_

nen’ Pr+1,n

)eXp(p/pr+1,n),

where A’r+1 ={n: prs1,n #0}, and 41 = 0 is the multiplicity of the zero eigenvalue.

(2) FindoZ, | via

1 o r . . exp(ky,,p)
07 = o1 Hl(l Fhin[] exp(+leTj)|pl|1m e
]:

, pellt
j=1 —00 é‘r+1(P) p

5’

(3) Calculate B4y =07, lz;—tr 1 €Xp(Fiwo Tp), where z;—tr .1 IS obtained from z by the replace-
ment of By with B_;.

(4) ConstructAy41(p) = Bri1exp(Ar+10)6r+1(p).
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Using (27) we find the function d,1(p). Denote us(p) := Ss(To,p). Taking (11) and (28)
into account, one can calculate y;(p) and uy(p) by the formulae

d(p) —dr+1(p) do(p)
(p) = ————— +ay, (p) = . (29)
H2(p Bo—f o, H1(p %

The function p(p) is the characteristic functions for the boundary value problems

— Y8 (x0) + (> + pPpo(x0) + go (x0)) Yo (X0) = 0, X0 € (0, Tp), 0(0) = ¥'(Tp) = 0.

It was shown in [16] that the specification of y; (p) and u2(p) uniquely determines the poten-
tial (g0, po) on the edge ey, and the coefficients of boundary conditions. Moreover, a construc-
tive procedure for this inverse problem is given in [16]. Thus, we have obtained a procedure
for the solution of Inverse problem 2 and proved its uniqueness. In other words, Theorem 2 is
proved, and the solution of Inverse problem 2 can be found by the following algorithm.

Algorithm 5. Let A, k=0,r + 1 be given.
(1) Constructdy(p), k=0,r+1 by (20).
(2) Calculate My(p) and hy1, k=1,r via (21)-(23).

(3) For each fixed k = 1,r, solve the inverse problem IP(k) and find the functions q(xy),
Pr(xr), x € (0, Ty) on the edge ey, and the coefficient hyy.

(4) For each fixed k = 1,1, calculate the functions (pgcv)(Tk, 0), SECV)(T;C, p), v=0,1.

(5) Construct the functions d(p), dy(p) and Ao(p) by Algorithm 1.

(6) Find the function A, 41 (p) by Algorithm 4.

(7) Calculate the function d, 1 (p) using (27).

(8) Construct the functions u1(p) and 2 (p) via (29).
(9) Find qo(xp), po(x0), Xo € (0, Ty) and hyg, ho1 from p1(p) and po(p), using results from [16] .
Denote by B the boundary value problem on the edge ¢y for equation (1) with j = 0,

under the conditions y(0) = aoyo(To), Us(yo) = Po y(')(TO). Let Q = {w,} be the Q- sequence
for B (see [16] ).

Inverse problem 3. Given Ay, k = 0,7, and Q, construct the potential (g, p) on T and the
coefficients hq, hyg.

By similar arguments as above one can prove the uniqueness theorem for Inverse prob-

lem 3, and provide an algorithm for its solution (see [18] for details).
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