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CONVOLUTION INTEGRAL EQUATION OF FREDHOLM TYPE
WITH CERTAIN TRANCEDENTAL FUNCTIONS

V. B. L. CHAURASIA AND VISHAL SAXENA

Abstract. The aim of this paper is to establish a solution of a certain class of convolution integral equation of Fred-
holm type whose kernel involve certain product of special function by using Riemann-Liouville and Weyl fractional

integral operators. Some interesting particular cases are also considered.

1. Introduction

The following is the special case of Raizada’s generalized polynomial set and defined as:

SZ"B’O[x; 1.4,A,B,k, €] = (Ax+B) " exp(Bx) T ,[(ax + b)*" 9" exp(~ fx")]

= Y ¢lepu vt (1.1)
e,p,u,v
where
EDPEv)u(=ple@p (—a—qgn)e (a+k+ru
U, v) = BIPen APBY, 1.2
¢le.pu,v) ¢ ul'vlel p! (l—a—p)e( V4 )n p (1.2)
L=¢n+p+rv, (p,v=0,1,...,n) (1.3)
and

n 14 n 14
PIEDIDIDIPI (14
ep,u,v  v=0u=0p=0e=0

The polynomial set defined by (1.1) is a very general in nature and it unifies and extends a
number of classical polynomials introduced and studied by various research workers such
as Chatterjea (1969, 1966), Gould and Hopper (1962), Krall and Frink (1949), Srivastava and
Singhal (1971) etc.

We have made an attempt, in the present paper, to derive an exact solution of the following
convolution integral equation of Fredholm type
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where g is a prescribed function, f is a unknown function to be determined and the kernel
u(x) is given by

(ep,Ep)
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also HM1 N‘ [z] is the well known Fox’ H-function (1961).
The H functlon defined by Inayat-Hussain (1987) as:
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which contains fractional powers of some of the I'-functions. Here Z may be real or complex
but is not equal to zero and an empty product is interpreted as unity, P, Q, M and N are
integerssuchthatl < M <Q,0< N <P, a’j(j =1,...,P), ,B’j(j =1,...,Q) are complex numbers.
The exponents A;(j = 1,...,N) and B;(j = M + 1,...,Q) can take non-integer values when
these exponents take integer values, the 'H function reduces to the familiar H-function due to
Fox.

Srivastava (1972) introduced the general class of polynomial

m/ml (—p1) 0k
SitlAl= 3 —— A A, (L.9)
k1=0 1:

where m, is an arbitrary positive integer and the coefficients A, , (11, k1 = 0) are aribitrary
constants, real or complex.
Let J denote the space of all functions f which are defined on R* = [0, 00] and satisfy
(i) feC™®R"
(i) xlglgo [x* £ (x)] = 0 for all non-negative integers k and r, and
(i) f(x)=01)asx—0

J corresponds to the space of good functions defined on the whole real line (Miller 1975).
For the present study, we shall also require the Riemann-Liouville fractional integral (of
order p) defined by

D™H{f(x)} = oD If(x)}
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F(u)f x—wH 1 fwydw, ®Re(w)>0; fe)), (1.10)

and the Weyl fractional integral (of order h) defined by

xD"’{f(x)}
f C=0" FQd Relh)>0; fe ). (L11)
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2. Preliminary Results

Lemma 1. Assuming the following that
(i) P, Q, M, N are integers such thatl1 < M<Q,0<N<P, a} (j=1,...,P), ,B’] (G=1,...,Q
are complex numbers;
(i) Re(u) > Re(h); Re(h+ pL+o0ng+ /1 ) >0, where j = 1,...,M, M is a positive integer,
Az20,(L=¢n+p+rv), p,sz,l,...,n, w=0,0=0;
(iii) |argw|< %an, where
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Proof. Making use of definition (1.11) and the series representations (1.1) and for the
generalized polynomial set and the Fox’s H-function (see Skibifiski, (1970)) respectively in the
left-hand side of (2.1), then expressing the Fox’s H-function in Mellin-Barnes type contour
integral and changing the order of summations and integration (which is justified under the
conditions stated), we find that left-hand side of (2.1)

G ico

- - ne L s
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y
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Now evaluating the inner ¢ integral in (2.2) with the help of a known result (Erdélyi et al. 1954,
p-201, Eq.(6)) and then reinterpreting the resulting Mellin-Barnes contour integral in terms of
H-function, we arrive at the desires result (2.1).

Lemma 2. Under the conditions stated with Lemma 1, we have
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Proof. Let A denote the left hand side of (2.3). Then using Lemma 1 and applying (1.11),

we get
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where it has been assumed that the change of order of integration is permissible as in the
proof of Lemma 1. Now by using (1.10), we get easily the right hand side of (2.3).

Main Theorem
If f € J, DF{f} exists, A > 0, x > 0, |argw| < 7Q0, Qp > 0, Re(u) > Re(h) > 0, then the
solution of the integral equation (1.5) is given by

A c+iy -$
f(x) = =—x*"! lim x—d)(s)ds, (2.6)
2mi Y=o Je—iy Y(s$,2,1,W)
where

P(s) = f x*lgxdx, 2.7)
0

and
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—poL-s—-0 stpL+ong
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provided that
s+pL+o
~ min Re(b;/B;) <Re[F="21%) < min Re((1-a;)/A;)
1<j<M A 1<jsN
whereL={¢n+p+rv:p,v=0,1,...,n.
Proof. Replace f by DH Iy f}in (2.3), we have
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Now taking Mellin transform of both the sides, we get
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where it has been assumed that the change of order of integration is permissible under the
conditions stated with the theorem. On evaluating the inner integral, (2.10) reduces to

AT(=9)p(s)  _  \pun .
r(h—S)w(s,z,r,w)_M{y DEHE 0 s} @2.11)

which on applying Mellin inversion theorem gives

c+iy —
D”_h[f(y)] - L lim yh—s—l L(p-9)pHx)ds

. (2.12)
270 Y—=00 Jo—iy T'(h-s¥Y(s, z1,Ww)

Now operating upon both the sides by D"# (defined by (1.10)) and then on changing the
order of integration which is permissible under the conditions stated with the theorem, we
obtain

lim e )
F(pw-h)2rivy—oJc—iy T'(h-9)y(s, z1,w)

x{foy(h‘s‘l(y—()“""ld(}gb(s)ds (2.13)

fy =




232 V. B. L. CHAURASIA AND VISHAL SAXENA

which on evaluating the inner integral by appealing to the well known definition of Beta func-
tion, finally yield the required result (2.6).

Lemma 3. If

(i) P, Q, M, N are integers such that1<M<Q,0<N<P, a’j(j =1,...,P), ,B’J.(j =1,...,Q)
are complex numbers;

(ii) Re(w) > Re(h);

(h+pL+anG+§kl +/12, ) ,

where j = 1,...,M, M is an positive integer, 0 =20, A =0, (L=¢n+p+rv), (p,v =
0,1,...,n);

(iii) my be an arbitrary positive integer and the coefficients Ay, i, (n1,k1 = 0) be arbitrary
constants, real or complex;

(iv) largw| < %nﬂg where Q; is defined by

Q P
QZ_Z|B|+Z|A10¢|— Y. IBjBil= Y la}|>0.
j=1 j=1 j=M+1 j=N+1
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Proof. To prove Lemma 3, firstly we use the definition of Weyl fractional integral given in
(1.11), express the generalized polynomial set, H-function in series representation, a general
class of polynomials and H-function, then we change the order of summations and integra-
tions (which is justified under the stated conditions), evaluate the ¢-integral and reinterpret-
ing the resulting Mellin-Barnes contour integral in terms of the H-function, we get the desired
result.

3. Special cases
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(1) Ifweset A=1,B=qg=k=0and ¢ =-1in (2.1), (2.3), (2.6) and (2.14), we obtain the
following
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has its solution given by
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[y ml]( Vul—a—ru)y (=11)my K A A Bl
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2 Ifwesetn=g=k=B=0,{=r=-1and A=1in (2.1), (2.3), (2.6) and (2.14), we get the
following results
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(3) The result obtained by Srivastava, H. M. and Raina, R. K. (1992) follow as special cases of
our result on assigning certain values to parameter in the functions involved.

(4) Ontaking A; (j=1,...,N)=B;j (j=M+1,...,Q) =1and o — 0in (2.1) and (2.3) the results
reduce to known result recently derived by Goyal, S. P. and Mukherjee, Rohit (2004) with t =0

(5) Letting Aj (j=1,...,N)=Bj (j=M+1,...,Q)=landoc —0in(2.6)and n=g=k=B=0
and ¢ =r = -1 and A =1, the result reduces to a known result derived by Chaurasia, V. B. L.
and Patni, Rinku (2001) with n = 0.

(6) Letting Aj (j=1,...,N)=B; (j=M+1,...,Q)=lando —0in(2.14)andn=g =k =B =0,
¢ =r =-1and A = 1, the result reduces to a known result derived by Chaurasia, V. B. L. and
Shekhawat, Ashok Singh (2005) with n =0

(7) Taking A; (j=1,...,N)=B; (j=M+1,...,Q) =1and o — 0in (2.6), we find a known result
of Goyal, S. P and Mukherjee, Rohit (2004) with 1 =0
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