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DEDEKIND ZETA FUNCTIONS OF CERTAIN REAL QUADRATIC
FIELDS

RONGZHENG JIAO AND HONGWEN LU

Abstract. Using analytic and modular transformation methods, we represent the value of the
product of two Dedekind zeta functions of certain real quadratic number fields at —3 by Dedekind
sums of high rank in this paper.

1. Introduction and Results

The values of Dedekind zeta function of a number field K at rational integers are
closely related with the algebraic character of the number field K itself. To represent
these values as clearly as possible is one of the important tasks of algebraic number
theory. In history many mathematicians had some work on this project. Hasse (see
ref.[1]) expressed Dedekind zeta function of a number field as product of Riemann zeta
function and usual Dirichlet L-functions. Siegel (see ref.[2]) got some properties of explicit
values of Dekind zeta functions of quadratic number fields at negative integers, and a
particular interesting case is at —1, using modular transformation method. Zagier (see
ref.[3]) also obtained another expression of the values of Dedekind zeta functions of real
quadratic fields at negative integers using Kronecker limit formula. Shintani (see ref.[4,
5]) using astonishing linear programming method expressed Dedekind zeta functions as
a sum of Dirichlet series of some real cones.

In reference [6], we represented the value of the product of two Dedekind zeta functions
of certain real quadratic number fields at —1 by Dedekind sums of high rank. Using the
reciprocity law of Dedekind sums (see ref.[7]) and software of Mathematica 4.0, we got

Theorem 1. If the class number of the real quadratic number field Q(\/q) is 1, with
prime ¢ = 4n® + 1. Then

1 Y
(:Q\/E(—l):4—5(26n —41n+9),ifn =+2 (mod 5).
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The main result of this paper is the following Theorem 2.

Theorem 2. Let real quadratic fields K1 = Q(/p), K2 = Q(\/q), where p 1
(mod 4) be different primes. Let the class number of Ky be 1, and write ¢ = % and

K3 = Q(/pq), then we have
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where Si(u,m) = 32, (mod m) Be({7n })Bl({“”}) be Dedekind sum; and B, (x) be the
usual Bernoulli polynomaal, with [z and {z} denote the integral part and fractional part
of x respectively; dx, = l?oggéj , with € and €4 denote the fundamental and totally positive

T+U /g

fundamental unit of Ko respectively; x be the Kronecker symbol mod p; e+ =
with positive integer j such that p | U. From the define equation of Dedekind sums one
can see that Sk i(u1,m) = Ski(uz,m), if u = ug (mod m); Ski(u,m) = Sy x(@,m), if
vt =1 (mod m).
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Of course Theorem 2 is a effective computing formulae in the case of the the conditions
in Theorem 1.

2. Main Lemma

Let K = Q(v/A) be a real quadratic number field with basic discriminant A, and
let A = Ia, %] be a integral ideal of K. Set A* = VAA, B = |[a, b+§/Z]7 where
a,b, c be rational integers with 0 <| a |[< b, A = b? — 4ac and g.c.d(a,b,c) = 1. Let
Fu(Z) = aZ? —bZ + c and F(Z) = aZ* 4+ bZ + c. Denote w = %, W' = %,
71’;(1‘/5, w = ’bga‘/z. let €4 be a totally positive fundamental unit of the number
field K, For positive rational integer j, set

w =

]7Tj+Uj\/A . €+ +Z€+
+= T o5 Pi= "=
€7 — ey

b VA b VA

Zai=—+—~—p, Tpi=——t 4 Y2
A3 = 5q T g P B 2a " 2a P
- NNE ~ b A_
P97 5a T P PBIT T T P

Let I" denote the upper half circle with center —a and radius QL, and I' 4 ; denote the

arc of I' located between Z4 ; and ZA,]'-
We write Z = X +¢Y, where X and Y denote real and imaginary part of Z respec-
tively. Let x be a real primitive Dirichlet character of mod k. Define

X A/N(D
(s,x, A Z O))/N(A) ,Re(s) > 1, (1)

A>>0
)\EA/€+

where N denote the norm map of K/Q. Obviously, such defined L(s,x, 4) is a ideal
class function of A.
We got the following Lemma 1 in ref. [8]:

Lemma 1. With notations above, and let s be complex variable with Re(s) > 1, then
we have

s—1

| Ps)AF [ E(s,Zx.A)
J(L(s,x, A) + x(—=1)L(s,x,A")) = — S / dZz, 2
(Lo A XDEsxA) =~ | Sk 2)
where the Fisenstein series
+o0 2 2 s
x(am* + bmn + cn?)Y
E(s,Z,x,A) = g
(s,2Z,x,A) o | m+nZ |2

m,n=—o0



370 RONGZHENG JIAO AND HONGWEN LU

We got the Fourier expansion of E(s,Z, A, x) in ref. [7], i.e.

2/l (s — H)y1=s

E(s, Z,x, A) = 2Y*x(a)((2s) [J(1 = p7*) +

olF kT'(s)
= D SR 2muY
x o' x(am® + bnn + en®) + T douTEE ()
n=1 m mod k u=1
2mu( 4+ X)
1-2s 2 2 n
X Z n Z x(am® + bmn + en”) cos 3 , (3)
1<n|u m mod k
where K(z) be Bessel function, i.e.
1 oo —dz(t+1) 1s—1
Ks(z):§ exp” 2 57 dt, z > 0.
0

It is easy to know that the Eisenstein series E(s, Z, A, x) have the analytic continua-
tions to the whole complex plane by (3). It is well known that

L(f,x,A) and T'(s) could also have the analytic continuations to the whole complex
plane.

Taking the limit of both sides of (2) when s — —3, substituting (3) into (2), and
then write the R.H.S of (2) as three summands, i.e. I; + Iz + I3, and let’s compute each
summand individually.

Firstly, by the well-known functional equation of ((s) and lims_,_3 F(%)2 = 167“ we
get
. 135x(a) A%¢(7) 6 / v
lm [ =——F"+—"—>"°(1— dz. 4
a3 1 (27T)7 ( p ) 1"ij FA(Z) ( )

It is not difficult to get YdFdA—Z(Z) = —iF4(Z) for Z € T 4 ;. Hence substituting it in (4)
we get

[T - vear@ + SE2@) o
plk 7

. 135x(a)A2((7)

Secondly, let’s calculate lim,, 3 Io. It is easy to get S, n!=2Y  v(am? +
bmn4-cn®) = 321 < n<k x(am2+bmn+en?)¢(25s—1,n/k)k' =25, where ((*, x) be the Hur-
witz zeta function. We know that ((—7,n/k) = —$Bs(n/k) and I'(—7/2) = 16,/7/105,
so through a not difficult computation, we have

3A%ES

lim .[2 =

n. 64A%U3; B 16A2%
s——3 35840a4 1

E)(ng TQJ) (6)

Z x(am? + bmn + cn?) Bs(
1<m,n<k

Finally, we deal with lim,_._3I3. In ref.[9], we get K, 1(2) = \/% exp(—2) >

(n+1)!
G

(22)~L. So applying the similar integral techniques as in ref.[6] though, through a
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long but not tough calculation we have:

A2 3t
Jim 75 = 9167:1 Z -4 Z Z x(am? + bmn + en?)
1<n|u m  (mod k)

(( k 5k2F(Z) 30ak?i N 5Ak3i )
2riuFa(Z)  An?ulF3(Z)  8m3ulF3(Z)  8m3ulF3(Z)

2mi Zay

-exp( mu(ﬂ +Z)) A

n Za;
( k 5k2F(Z) B0ak% | 5AKY )
2miuFp(Z)  An?ulF3(Z)  8m3udFi(Z)  8mulF3(Z)

2m'u(7% n Z))

By (2), (3), (5), (6), and (7) we have:

EB,J') )

ZB,j

-exp(

Main Lemma. Notations as explained above,

Jim 5(L(],x0 A) + x(=00)L(f, X, A7)

135x(a)A2¢(7) ; L Ao Zay
=i 2XVS ST 60 - )+ =F3 (2
¢ (2m)7 ‘k(p 1)(2aF~(Z) + 31 (2)) Zn,
P
3A2]€6 9 n 64A3U23 U2'
o= b B —— 2 1A ZE
Smaoad D X(am®+bmnten®)By(p)( 3T, AT,
1<m,n<k
NGRS

167 Z -4 Z Z x(am? + bmn + cn?)

1<n|u m  (mod k)
(( k 5k2F(Z) 30ak?i N 5Ak3i )
2miuFa(Z)  4r2u?F%(Z)  8m3udF3(Z)  8miulF3(Z)

2miu ,m Za,
. —+Z
exp(G (o + 7))
+( k 5k:2F]’3(Z) 30ak?i n 5Ak3i )
2riuFp(Z) 47r2u2F§(Z) 87r3u3Fj_%(Z) 87r3u3Fg(Z)
2miu, m Zp,;
. ——+Z 8
exp(T (20| ) (®)

3. Proof of Theorem 2

L(s,x,A) and x as in the last section. We define L(s,x) = >4 L(s, x, A), where
A runs through representative set of the narrow ideal class group of the real quadratic
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number field K = Q(\/Z) with basic discriminant A. Obviously, £(s, x) is analytic for
Re(s) > 1, we also proved

Theorem 3. Symbols as explained above, we have

L(s,x)L(s, xxa) = L(s, x), 9)

where xa is the Kronecker symbol (£), and L(s,x) together with L(s,xxa) is the usual
Dirichlet L-function.

To prove Theorem 2, we need to apply Theorem 3 to the Main Lemma.
In the Main Lemma, we may assume k to be a prime p with p = 1(mod4) and
g.c.d(p,A) = 1, and take an integral ideal A described in the beginning of the second
1

section satisfying a =b=1,c = %A. If the class number of the real quadratic number

field K is 1, and x be a real primitive Dirichlet character of module p then using the
well-known fact that ((s)L(s,xa) = (q(ya)(s) and ((s)L(s,xxa) = Cq(ypn)(s) with
¢(—3) =1/120, we can easily get as s — —3

L.H.S of (2) = 1440058k (—3)Cq(/mzm) (—3) (10)

To calculate the R.H.S of (2), we set

o .
Qm(z) = 2 ¢2m+1) —|—Z 27721:;1 exp(2minz), Im(z) > 0, (11)

Using standard summation techniques in the R.H.S of (2), we have

Jim e, = (ﬂj(F;(Z)[p-lcz;:<p2>+pm(§m L e
e TR SRR j
m(modp)
+F§(AZ)[p‘3Q3(pZ)+P3 > X(m2+m+c)Q3(m;Z)] Z:

m(mod p)



DEDEKIND ZETA FUNCTIONS OF CERTAIN REAL QUADRATIC FIELDS 373

1 7 ZB,j
@l B2 tr Y xmt e m @it
B m(mod p) p B
5FL(Z 7 1Zb;
ez 2 X @y "2y
m(mod p) 7
30 7 NB,j
e PR SRR e )l
B m(mod p) p B
5A 7 NB,j
+F%(Z)[p*3Qs(pZ)+p3 > X(m2+m+C)Q3(m; )]j ) (12)
m(mod p) B

To calculate the last equation above, we need some modular transformation formulae
for Q3(2), Q5(Z), and Q5(Z). Thanks for the work of Apostol (ref.[10]) and Carlitz
(vef.[11]).

AB

Lemma 1. Qr(Z) as in (10), for M = (C’D

with C' > 0, we have

) be an element in modular group,

(CZ+ D) Qu(M < Z >) = Qi(2)

(— 1)k (27)2k+14 SLARYD YN .
+ 2@ 1 ,,; T NCZA D) S kg2 (D, ©), Im(Z)>0. (13)

For M as in the condition of Lemma 1, Fixing k£ = 3 and taking derivations of Z on
both sides of (13) we get

Q3(2) 6CQs(2)

GM<Z>) =7 D7~ ©Z+ Dy
. 8
+ (sﬂgl > =y (:1) (m—T)C(CZ+ D)™ °Spms-m(D,C),  (14)
" m=0
and
" 5(2) 10CQ5(2) | 30C2Qs(Z)
(M<Z%) = e T pF ~ @7+ DF T €7+ D)

4_1-2 ( >m7)(7”6>02(CZ+D>’“"’Sm,sm<D,C),<15)

It is easy to prove the following two lemmas:

Lemma 2. Let FA(Z), w, and &' as explained in the beginning of Section 2. Matrix
M as in Lemma 1 above, in addition that w and W' are fized by M, then

(CZ + D)*Fs(M < Z >) = Fa(Z), Im(Z)>0. (16)
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Lemma 3. Let Fp(Z), W, and @' as explained in the beginning of Section 2. Matriz
M as in Lemma 1 above, in addition that @ and @' are fived by M, then

(CZ + D)*Fp(M < Z >) = Fp(Z),Im(Z) > 0. (17)

Finally, we have already found the modular matrix translate the variables in (12);

€4 = M denote the fundamental and totally positive fundamental unit of K,
VA T1+bUy —CU1
set el+ = ILZL— and matrix M = ( al_gfl T172bU1 ) For any integer [, set matrix
Ti4+bUp  _ 7,
My=M'=( 2 ).
l ( all, Tl;bU)

Let’s choose an positive integer j such that p|Uj, then all the following matrixes are
in the modular group:

T +bUsz; T 40Uz, 2 Us;
M. M(p)* : 2 : _6pU2j M(p’m) - 2 - +ma’U2j - (a’m +bm+C)TJ
27 25 — a% Ty —bUs; ’ 27 Ty —bUz; ’
2 2

T —bUs; .
M= 2 nad, |,
aUgj 27 2 =

Ty, —bUs; T2;~bUs; U;
M(p) (% —cpUs; ) 7M;§,m) <%maUgj - (am2+bm+c)72> '

apUQj — maUQj

2 = Uaj  T2j+bUs, Ty +bUs;
J a% % apUgj 7%2 27 +maU2j
- . . Za
And it is not difficult to check that these matrixes transfer Z4 ;, pZa j, m+p“‘”, ZB.j,

m+Zp,; m+Za m+EB,j

PZB,j, to %AJ, D EAJ, , EB,j, p %B,j, respectively. And it is
also easy to check that these matrixes satisfy the conditions in Lemma 1, and Lemma 2
or Lemma 3. So by a long and tedious calculation,using corresponding modular transfor-
mation (13)-(17) in (12), and we feel at ease at the end, for the irrational part disappears.
Comparing (10) and (12), and the R.H.S of (2) equal I; + I + I3, further more let the
fundamental discriminant A be a prime ¢ =1 (mod 4) we get the proof of Theorem 2.

At the end of this paper, we would add a remark, though the methods are a little
similar to Siegel’s [2], our start point is different from his, and the results obviously are
different from his.
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