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ON STRONG APPROXIMATION BY MODIFIED
MEYER-KONIG AND ZELLER OPERATORS

L. REMPULSKA AND M. SKORUPKA

Abstract. We introduce certain modified Meyer-Koénig and Zeller operators M,,., in the space
of r-th times differentiable functions f and we study strong differences HZ . (f) for them.

n;r

This note is motivated by results on strong approximation connected with Fourier series ([7]).

1. Introduction

1.1. The Meyer-Konig and Zeller operators M,,, n € N = {1,2,...,},

M, (f;x) := kzzopnk(x)f(m) ifo<z <1, )
f(1) ifx=1,
o (n+k\ 4 ntl B
DPrk(T) = ( 1 >£E (I1—x)"", ke Ny=NU{0}, (2)

associated with bounded functions f : I = [0,1] — R, were introduced in [9].
Approximation properties of M,, were given in many papers (e.g. [1, 3, 5, 8, 9].
In many papers (e.g. [2, 4, 10]) were introduced certain modifications of operators
M, and were studied their properties in various functions spaces.
Let C7 be the space of all functions f : I — R, continuous on I with the norm

[fIl = sup{|f(z)] : = € T}. 3)

It is known ([1, 3, 8]) that M,, n € N, is a positive linear operator from the space
C; into Cy and for every f € C1 we have

[Mn (DI < NIfl, ne N, (4)

and

31 1
M, - <—w(;—), n € N, 5
5.0) = 11 < 2w (157 (5)
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where w(-,-) is the modulus of continuity of f ([11]), i.e.

w(f;t) =suwpf|f(x) = fW)|:zy €L, [z —y[ <t}, tel (6)

From (5) immediatelly follows
lim [ M, (f) = f]| =0,
n—oo

for every f € Cj.

Let r € Ny be a fixed number and let C7 := {f € Cr : f) € C;} and the norm in
C7 is defined by (3) (C} = Cr).

It is known ([1]-[3]) that if f € C7, r > 2, then

1

IMu(f) = £l =O(=), nen. (7)

and this result cannot be improved.

1.2. In this note we shall show that certain modification of the formula (1) improves the
approximation order (7) for functions f € C7, r > 2.
We introduce the following.

Definition. Let » € Ny be a fixed number. For f € C] and n € N we define the
following modified Meyer-Konig and Zeller operators:

= 9D (Enn) P
k() D0 =t (=& p)) 0 <2 <1,
M, (f;z) =< k=0 =0 7 (8)
f ifx =1,
where
k
€nk = m, nGN, k/’eNO, (9)

and pyi () is defined by (2).
Obviously M,,.o(f;x) = M, (f;z) for f € CY, x € I and n € N.

From (1), (2), (8) and (9) it follows that
Mn;r(l;x):ank(ac)zl for x€lI, neN, reNg. (10)
k=0

In Section 2 we shall prove that M,,., is a linear operator from the space C} into Cf.
The main approximation theorem will be given also in Section 2.

In this paper we shall denote by K;(a,b), i € N, suitable positive constants depending
only on indicated paramenters a, b.



MODIFIED MEYER-KONIG AND ZELLER OPERATORS 125

1.3. Let r € Ny and ¢ > 0 be fixed numbers. For f € C7 and M, (f) we introduce
strong differences with the power ¢ as follows:

L, (Fio) =4 LS 5 ok A
0 ifx =1,
In particular for f € C;, n € N and ¢ > 0 we have
_ N
Hpo(fi2) o= (kgop"k(zﬂf(gnk) f()] ) ifo<z<1, 12)

0 ifx =1,

The properties of HZ..(f) will be given in Section 2.

2. Lemmas and Theorem
2.1. First we shall give auxiliary results.
Lemma 1. For every s € N there exists K;(s) =const.> 0 such that
Mio(|t = 2% ) = My (|t — al*;2) < Ku(s)n” 5,
forallz el andn e N.
Proof. In [4] was given the following inequality
M, ((t —x)**;2) < Ko(s)n™® for x €1 and n,s € N,

where K>(s) is suitable positive constant dependent only on s.
Using the Holder inequality to M, (|t — x|*;x) and by (10) and the above result, we
immediately obtain the desired inequality.

Now we shall prove analogue of the inequality (4).

Lemma 2. Let n,r € N be fized numbers. Then M, (f) is a linear operator from
the space C7 into Cr and

1Mair (N <D 1D, (13)
=0

for every f € C7.

Proof. Let f € C} with r € N. By (2), (3) and (9) we have

S ] < S U, <3

|
=0 =0 =0 I
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forallz € I, k € Ny and n € N. From this and by (8) - (10) we deduce the continuity
of M,,..(f) on interval [0,1) and

| My (f52)] <Y NIFP| for z €[0,1), neN. (14)
j=0

Now we shall prove the continuity of M,..(f) at z = 1.

If f € Cy, r € N, then the functions h;(z) = 2°fU)(2), x € I, j,s = 0,1,...,7r,
belong to C and by properties of operators M, given in Section 1 we have also M,,(h; s) €
Cr and limg_,1— M, (hj s(t);z) = hj (1), i.e.

lim M, fO(t);z) = f9(1), 0<j, s<n (15)

r—1—

From the above and by (8) and (1) we get

I Y A VAR IR
M2 = 3= 5 52 (1) (0= aaa (59 00 (16)

7 S

for « € [0, 1), which by (15) and the equality

implies that

LI0)) I /i
i 4, (i) = 3 S (T) -0 = . (17)

r—1— |
7=0 J s=0

The formulas (8), (16) and (17) show that M,,., with n,r € N is a linear operator from
the space Cy into Cr. Moreover from (8) and (14) immedialely follow (13).

Applying Lemma 1 and Lemma 2 we can prove the following.

Lemma 3. Let r € Ny be a fized number. Then Hg;r(f;:c) is well-defined for every
feCi,zel, ne N and ¢ > 0. Moreover the formula (11) can be written in the form:

1

PRI LA (P o))" itae )
0 if x =1,

L0 (@ — )7 — f()

(18)

By elementary calculations we obtain.

Lemma 4. Suppose that f € C} with a fized r € Ny. Then for x € I andn € N we
have
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and
HE, (fi2) < HI,(fiz) if 0<p<q<oc. (20)

Proof. The formulas (8)-(10) and (1) imply that

My (Fi) — £(0)] = |32 (J;f” (2~ 1) — f(a)z),

Jj=0

)
< Mn( f j'(t) (2

—t) = f(@)];z)

j=0

for 0 <z < 1and M,,(f;1) — f(1) = 0, which by (18) yield (19).
Applying the Holder inequality and (10), we get

1

1 1
(M (lg(@)[7;2))r < (Mn(lg(t)|%;2))e, w€l, neN, (21)
for every g € Cy and 0 < p < ¢ < oco. From (18) and (21) immediately follows (20).

2.2. Applying the above lemmas we shall prove the main theorem.

Theorem. Let r € Ny and q > 0 be fixred numbers. Then there exists K5(q,r) =
const.> 0 such that for every f € C7 and n € N we have

| H(f: ) < Ks(grn~8 w (10 %)

Proof. First let r € N and ¢ € N. Analogously to [6] we apply the following modified
Taylor formula of f € C} at a fixed point z¢ € I:

) (g .
flay =S L) gy

(22)

=
(z—w0)" [ ) (r)
+W (1=t (f"Nxo+t(x —x0)) — f"(x0))dt, €. (23)
—1
Setting zo = _k = &, and using (23) to (11), we can write

)E for « €10,1),

T — fnk) 4
(ank ‘ ’I" — 1) In,k,r
where
1
Inkr = /0 (1= )" (O G+t — &ui)) — SO (Enr) )t
By (6) and properties of modulus of continuity ([11]) we have
) Gt + (@ — Ear)) — f1 (5nk)| < w (F7stlz — &)

< w (flr = &ul) < w (7 —=) (V7 o — Gl + 1),
\/_
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for 0 <t <1 and further
1
ol € 7 0 (£ 22) (Vi o = sl + D).

From the above and by the Minkowski inequality and (1) we get

Q=

i, (fia) < 5w (£ =) (ank Vi fo = il 1z = "))
< e (£ =) (Vi (i =0 a)) (= a7 )' ).

for x € [0,1), n € N. Now applying Lemma 1, we easily obtain
r 1
ng;r(f;x)SKG(q,T’)’IliE w (f(r)’%)’

for x € [0,1) and € N. From this and (11) and (3) follows (22) for ¢ € N and r € N.

If r € N and 0 < g ¢ N, then [¢] + 1 belongs to N and ¢ < [¢] + 1 ([¢] is the integral
part of ¢). Applying (20) and (3), we get

1HL(f: )] < IHET ()l ne N,

which by (22) for ||H7[Lq;]r+1(f; )|l implies (22) for r € N and 0 < ¢ ¢ N.
b) If r =0 and f € Cy, then by (12) and (6) we have

Hg;o(f;x) — { (M ([f(t) = f(2)|%;2))a %f 0<az<l, o
0 if z=1,
and
|f(t) = f(@)] < w(f; |t—x|)<w<f, \/_)(\/— a4 1) o5)

for ¢,z € I. Arguing as in the case 7 € N and using (25) to (24), we obtain (22) for
r=0.
Thus the proof is completed.

2.3. Finaly we shall give some corollaries and remarks.
From imequalities (19) and (20) and by (3) we deduce that

1Moo (f) = fIl < MHpop (D < THEL(HI, n €N, (26)

for every f € Cr, r € Ny, and ¢ > 1.
The inequality (26) shows that our theorem on the strong approximation (with the
power ¢ > 1) of f € CT by M,,.,.(f) implies the classical approximation theorem for them.
From Theorem and (26) we derive the following two corollaries.
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Corollary 1. For every f € C}, r € Ny, and ¢ > 0 we have
lim nf|[HL, ()] = 0
n—oo
and
n—oo

Corollary 2. Suppose that f € C}, r € Ny, and f) e Lip a with 0 < a < 1, ie.
w(f™it) = 0(t*), t € (0,1]. Then

r+a

|2 ()] =0(nF), nen,

for every fized g > 0. Consequently we have

T+

1M () = £ = O(n=5%), men. (28)

Remark. The given theorem (also the above corollaries) shows that the order of
strong approximation of f € C7, r € N, by M,..(f) is better than for classical Meyer-
Konig and Zeller operators M,,(f). Moreover, Theorem shows that the order of strong
approximation of f € C7 by M,..(f) improves if r increases.

The identical properties we deduce from (27), (28) and (5) for ordinary approximation
of f € C} by My,,, 7 € N.

References

[1] M. Becker and R. J. Nessel, A global approzimation theorem for Meyer-Konig and Zeller
operators, Math. Z. 160(1978), 195-206.
[2] W. Chen, On the integral type Meyer-Konig and Zeller operators, Approx. Theory and its
Applic. 2(1986), 7-18.
[3] R. A. De Vore, The Approximation of Continuous Functions by Positive Linear Operators,
Springer, new York, 1972.
[4] S. Guo, On the rate of convergence of integrated Meyer-Konig and Zeller operators for
functions of bounded variation, J. Approx. Theory 56(1989), 245-255.
[5] V. Gupta, A note on Meyer-Konig and Zeller operators for functions of bounded variation,
Approx. Theory and its Applic. 18(2002), 99-102.
[6] G. H. Kirov, A generalization of the Bernstein polynomials, Math. Balkanica 6(1992),
147-153.
[7] L. Leindler, Strong Approximation by Fourier Series, Akad. Kiado, Budapest, 1985.
[8] A. Lupas and M. W. Miiller, Approzimation properties of the My-operators, Aequationes
Math. 5(1970), 19-37.
[9] W. Meyer-Konig and K. Zeller, Bernsteiniche Potenzreihen, Studia Math. 19(1960), 89-94.
[10] M. W. Miiller, Ly-approzimation by the method of integral Meyer-Konig and Zeller opera-
tors, Studia Math. 63(1978), 81-88.
[11] A. F. Timan, Theory of Approximation of Functions of Real Variable, New York, 1963.



130 L. REMPULSKA AND M. SKORUPKA

Institute of Mathematics, Poznari University of Technology, ul. Piotrowo 3A, 60-965 Poznan,
Poland.

E-mail: lrempuls@math.put.poznan.pl

Institute of Mathematics, Poznan University of Technology, ul. Piotrowo 3A, 60-965 Poznan,
Poland.

E-mail: mariolas@math.put.poznan.pl



