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A STRENGTHENED SCHWARZ-PICK INEQUALITY
FOR DERIVATIVES OF THE HYPERBOLIC METRIC*

WENFA YUAN, DONGLI CHEN AND PINGAN WANG

Abstract. This paper is to investigate the Schwarz-Pick inequality for the hyperbolic derivative.
Our result is not only a contraction but also a contraction minus a positive constant and this

improves Beardon’s theorem greatly.

1. Introduction

In the open unit disk D C C (where C is the complex plane), the hyperbolic metric
p is defined by
1 1+ pw(2)|
p(z,w) = 5 log ————=,
2 71— [pw(2)]
where 7 € D, ¢, € Aut(D), Aut(D) denotes the automorphism on D given by
o T=A
17N
The Schwarz-Pick Lemma says that any analytic function f : D — D is nonincreasing
under p, equivalently

or(N)

p(f(2), f(w)) < p(z,w), Vz,weD.

[4].15] proved a strengthened Schwarz-Pick inequality:

Mercer

Lemma 1. Let f : D — D be analytic and 7 € D. Then

p(f(z)af(w)) Sp(z,w)—B, (B ZO) (1)
1 2| (w))]
p(f(z),f(w))gp(z,w)+§log 17(1714)%}, Vz,weD
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where
= L iee o1 - a2l
B = 21 g|l—(1 A)(1+|<,Dz(w)|)2 (2)
and
% if p(z,7) < p(z,w),
A= % if p(1,w) < p(z,w), (3)
(9w (2)| ~a) (w2 +1) + 2ualpu () ~ 1) o
2u (o (2) — )+ (e (2) — 1) (u2+1) otherwise (u=max{|p.(2)|,|¢-(w)[}).

Note that A = ¢, (—2u/(u? + 1)) in the last line and hence 0 < A < 1 in all cases,
where a = @q (Jpw(2)])-

Dieudone! proved the following result:

Lemma 2. If f : D — D is analytic and f(0) =0, then

FEIS 9 14 222

T if |z > V2 -1

4fz|(1 = |z?)

Later he pointd out that the above inequality, i.e., the so-called Schwarz Lemma for
the derivative of f is best possible for each value of z € D.

The dick D is endowed with the hyperbolic metric ds* = 2dz/(1 — |z|?), and the

hyperbolic derivative f*(z) of f at z is given by
1— 1z

) = (t=7ap) @

Beardon!""?) obtained a Schwarz-Pick Lemma for derivatives, i.e.

Lemma 3. If f : D — D is analytic but not a conformal automorphism of D with
f(0) =0, then
p(f7(0), f7(2)) < 2p(0, 2). (4)

Furthermore, “=" holds for each z if f(z) = 2.

Below we use Mercer’s result to improve Beardon’s.
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2. Main Result and Its Proof

Let w = 0, then from (2) and (3), we get

1 2|z
0 5 og ( 0)(1+|z|)2 ) (5)
where
a+|T| ;
<
1 +a|7—| lf P(Za'r) — p(Z,O),
o+ |- (2)] -
4= ) atler(G f p(r,0) < p(2,0), 6
°=\ T¥alpr () o = e .
J— 2 -
(2] = ) (u +1)+2u(a|22| ) otherwise u = max{|p,(2)|, |7}
2u(|z| — a) + (afz] — 1)(u2 + 1)

We have as a consequence:

Theorem. If f : D — D is analytic but not a conformal automorphism of D with
f(0)=0, z € D, then

p(f7(0), f(2)) < 2p(0, 2) — 2By, (7)
1— 2
where By and Ao are defined as in (5) and (6), and f*(z) = Wm - f'(2) is the
—f(z
hyperbolic derivative. Furthermore, “=" holds for each z if f(z) = 22,

We begin with a preliminary Lemma:

Lemma 4. Let zg,wo € D and |wo| < |20|. If f : D — D s analytic with f(0)=0,
f(z0) = wo, then both f*(0) and f*(zo) lie in the closed hypertolic disc D={z|p(z,wo/z0)
< p(0,20) — Bo}.

Proof. As in [1], we are given zo and wg in D, so we define maps h : D — D and

g:D — D by
h:f(z) f(Z)—f(Zo_): z) 2 =20
=7 1= f(2)- (o) 1 —Zoz"
Then
WPHW#W%M@z%,MF%,WW#Ww

Using (1) and (5), then we get

p(f*(0),wo/z0) = p(h(0), h(20)) < p(0, 20) — Bo
(Bo > 0) (8)
p(f*(20), wo/20) = p(g(0),9(20)) < p(0, 20) — Bo

This completes the proof of Lemma 4.
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Proof of Theorem.
From the Lemma, we have

p(f7(0), f*(20)) < p(f7(0), ZJ—S) + (7 (20); Z)—j) < p(0,20) = Bo + p(0,20) — Bo
= 2p(07 Zo) - 230,

where By and Ag are given by (5) and (6) respectively. If f(z) = 22, then f*(0) = 0,
1
f*(z) = and By = 0. Therefore p(0,z) = log 7 + :Z:
— |z
proof.

2
TTP’ and this completes the
z
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